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ABSTRACT

Associated with the third-order linear differential operator, we present the Marchenko integral equation using as
input the bound-state poles of a transmission coefficient and the time-evolved bound-state dependency constants.
We derive the N-soliton solution to the Sawada-Kotera equation, for an arbitrary positive integer N, by recovering
that soliton solution from the solution to our Marchenko integral equation. Our method explains the origin of the 2N
real parameters appearing in the N-soliton solution formula obtained by the ad-hoc method of Hirota. We show that
N of those parameters are related to the N bound-state poles of the left transmission coefficient and the remaining
N parameters are related to the bound-state dependency constants. Our Marchenko integral equation corresponds to
the “GLM (Gel'fand-Levitan—-Marchenko) integral equation” Kaup relentlessly but unsuccessfully tried to obtain.
AMS SUBJECT CLASSIFICATION (2020): 34A55, 34M50, 35C08, 37K10

1 | Introduction

In this paper, we present the derivation of the N-soliton solution, where N is an arbitrary positive integer, to the integrable
evolution equation known as the Sawada-Kotera equation [1], that is,

Qt + Qxxxxx +5Qx Qux +5Q Qxxx +5 Q2 Qyx =0, X, t €R, @y

with x and ¢ being the spacial and temporal independent variables, respectively, taking values on the real line R. The
subscripts in (1.1) denote the corresponding partial derivatives. The mathematical significance of our paper comes from
the fact that we obtain the N-soliton solution to (1.1) from the solution to a linear integral equation associated with the
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inverse scattering problem for the third-order linear differential operator on the full line. We refer to our linear integral
equation as the Marchenko integral equation.

A Marchenko integral equation [2-8] is used to solve the inverse scattering problems related to various linear differential
operators such as those associated with the KdV (Korteweg-de Vries) equation [9] and the NLS (nonlinear Schrédinger)
equation [10]. The Marchenko integral equation for the KdV equation arises in the analysis of the inverse scattering
problem for the second-order linear differential operator, and the Marchenko system of linear integral equations arises
in the analysis of a linear differential operator associated with a system of first-order equations. Our primary goal in this
paper is to establish the Marchenko integral equation corresponding to the N-soliton solution to (1.1) in such a way that our
method also applies to other integrable evolution equations associated with the third-order linear differential operator, and
those evolution equations include the Kaup-Kupershmidt equation [11-13], the good Boussinesq equation [14], the bad
Boussinesq equation [15, 16], and a modified version of the bad Boussinesq equation not containing the second x-derivative
term [17, 18].

In order to obtain solutions to (1.1), Kaup initiated [11] the study of the inverse scattering problem for the third-order linear
operator. He derived [11] the one-soliton solution to the Sawada-Kotera equation as well as the one-soliton solution to the
Kaup-Kupershmidt equation. He tried to formulate the scattering theory for the third-order operator, but as he indicated
[11] he was unsuccessful even in defining the scattering coefficients properly. The “scattering matrix” a,,, introduced in
(2.9)-(2.11) of [11] is not the analog of the scattering matrix S(k) used in the second-order case, but it is the analog of
the transition matrix A(k) used in the second-order case. For the distinction between the scattering matrix S(k) and the
transition matrix A(k) in the second-order case, we refer the reader to (1.2) of [19] for S(k) and to (2.1) of [19] for A(k).
On p. 190 in [11], Kaup stated that “Due to its complexity, at the present time we leave many questions unanswered. We
shall point out what these are in a summary at the end.” Kaup tried to deal with various other difficulties. On p. 203 in
[11], Kaup stated that “With all of this, we may now obtain integral ‘dispersion relations’ for all of our eigenfunctions in
terms of the others and the scattering data. To do this, we shall assume compact support, so that all functions are entire.”
For other difficulties Kaup encountered, we refer the reader to Sections 3 and 5 of his 1980 paper [11]. On p. 2706 of [20],
Hirota stated that “Kaup [11] tried to solve the inverse scattering problem of the class ¢ + 6Q%y + 6RY = A1), but was
unsuccessful.”

Kaup relentlessly but unsuccessfully tried [12] to find the analog of the Marchenko integral equation corresponding to
(1.1). Kaup’s strong desire and unsuccessful efforts in this direction were described in the last section entitled “Unsolved
Problems” in his 2002 paper [12]. He stated that “Now we will discuss what the hard problems are. They are hard because
they haven’t been solved. This is not a complete list, but is the start of a list of problems in need of solutions. Although
we have a solution for the IST of the cubic eigenvalue problem, there still is no equivalent of the GLM equations for this
system. What we do have is the solution of the Riemann-Hilbert problem for the eigenfunctions. What is next needed is a
representation of the eigenfunctions in terms of some transformation kernels (like the K(x, y; t) for the KdV). Once these
are known, then the equivalent GLM equations will follow.” The GLM (Gel’fand-Levitan-Marchenko) equation Kaup
wanted to obtain is exactly the Marchenko equation we present in our paper for the Sawada—Kotera equation (1.1) with its
N-soliton solutions. The IST of the cubic eigenvalue problem mentioned by Kaup refers to the inverse scattering transform
for the third-order linear differential operator.

A Marchenko integral equation is at times referred to as the GLM equation, as Kaup mentioned it in [12], but this is a
misnomer [21]. The Gel’fand-Levitan integral equation and the Marchenko integral equation are two separate integral
equations [3, 5, 7, 8] used to solve various inverse spectral and scattering problems, respectively. The kernel and the
nonhomogeneous term in the Gel'fand-Levitan integral equation [22] are related to the spectral measure [2, 3, 5, 7, 8, 22].
The Gel'fand-Levitan integral equation is normally used to solve an inverse problem on a half line or on a finite interval,
and the integral in the Gel’fand-Levitan integral equation is over a finite interval such as [0, x]. On the other hand, the
kernel and the nonhomogeneous term in the Marchenko integral equation [4, 6, 23] are related to the Fourier transform
of the scattering matrix or of a reflection coefficient and the bound-state information [2, 3, 5, 7, 8, 22]. The Marchenko
integral equation is used to solve an inverse scattering problem either on a half line or on the full line, and the integral in
the Marchenko equation is over a semi-infinite interval containing either +oco or —oco at one of its end points.

The N-soliton solution to the Sawada-Kotera equation was first provided by Hirota [20], in which the dressing method [24]
of Shabat and Zakharov was used. In [20], Hirota formulated an integral equation whose solution yields soliton solutions
to the BKP (B-type Kadomtsev-Petviashvili) equation. In that N-soliton solution [20], by letting y = 0 and using a partial
integration in the x-variable, one obtains the N-soliton solution to the Sawada-Kotera equation (1.1). However, Hirota’s
integral equation presented in [20] is not the analog of a Marchenko integral equation for which Kaup was looking. There
are two main issues with Hirota’s integral equation. The first issue is that its integrand involves Hirota’s bilinear form
[25]. The second issue is that the kernel and the nonhomogeneous term in that integral equation are specified in an
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ad-hoc manner with no connection to the third-order linear differential operator or to any physical quantities. In other
words, the input to Hirota’s integral equation does not use any scattering data set related to the third-order operator.
Unsatisfied with the complications due to the use of Hirota’s bilinear form, Hereman and Nuseir [26] provided a simplified
version of Hirota’s method without needing a bilinear representation. Although the N-soliton solution is formulated by
the simplified version of Hirota’s bilinear method, it still remains an ad-hoc method, and the parameters appearing in the
N-soliton solution have not been shown to be related to any physical parameters. The unsatisfactory aspects of Hirota’s
integral equation in [20] motivated Parker [27] to try to use a modification of the dressing method so that Hirota’s integral
equation could be transformed into a linear integral equation resembling a Marchenko integral equation. Although Parker
was not successful, his paper [27] is still informative and relevant.

We refer the reader to the papers [11, 17, 28-30] for the general study where the scattering and inverse scattering problems
associated with the third-order linear operator are analyzed. We recently presented a method [28, 31] for the derivation of
the N-soliton solution formula for the Sawada-Kotera equation by analyzing the inverse scattering problem for the third-
order linear differential operator. In this method, by formulating a Riemann-Hilbert problem in the complex plane and
by solving that Riemann-Hilbert problem in a closed form, we obtain an explicit expression for the N-soliton solution,
for any positive integer N, to the Sawada-Kotera equation. The input used to solve the aforementioned Riemann-Hilbert
problem consists of the bound-state information for the third-order operator in the reflectionless case, namely, the bound-
state values of the spectral parameter and the bound-state dependency constants. A summary of the derivation of that
N-soliton solution formula via our formulation of the Riemann-Hilbert problem is presented in Section 4 in our present
paper. We remark that, in solving inverse scattering problems, it is customary [3, 5, 7] to formulate a Riemann-Hilbert
problem by recovering a sectionally analytic function from the jump determined by the scattering coefficients and the
bound-state information. In our own formulation of the Riemann-Hilbert problem for the third-order linear operator, we
recover a sectionally meromorphic function from the jump solely determined by the reflection coefficients. This approach,
that is, the detachment of the bound-state information from the jump, offers a significant advantage in solving the inverse
scattering problem for the third-order linear operator in the reflectionless case.

In the present paper, by using the appropriate Fourier transformation on our aforementioned Riemann-Hilbert problem
formulated in [28, 31], we derive our Marchenko integral equation associated with the N-soliton solution to the Sawada—
Kotera equation. The input to our Marchenko integral equation is the same input used for our Riemann-Hilbert problem.
In fact, we show that our relevant input data set can be expressed in terms of 2N positive parameters, as in the case
where a typical N-soliton solution formula to an integrable evolution equation is expressed in a closed form by using 2N
parameters associated with N simple bound-state energy values and N time-evolved bound-state normalization constants.
We refer to this procedure as the Marchenko method as it is similar to the procedure used in the Marchenko method to solve
other integrable evolution equations [32-36] via the inverse scattering transform method [37]. In this case, our Marchenko
integral equation has a separable kernel, and hence, it can be solved explicitly in a closed form by using the methods of
linear algebra. We then show how the N-soliton solution formula is obtained from the solution to our Marchenko integral
equation. By comparing the N-soliton solution formula obtained from the solution to our Riemann-Hilbert problem or
the solution to our Marchenko integral equation with the corresponding expression obtained from Hirota’s method, we
reveal how the parameters in Hirota’s method are related to the bound-state information for the third-order linear operator
in the reflectionless case.

Our paper is organized as follows. In Section 2, we provide a summary of the connection between the Sawada-Kotera
equation and the third-order linear differential operator, by making the distinction between the two cases SK1 and SK2,
where the two potentials in the linear equation are related to each other in two specific manners. In Section 3, we briefly
describe the scattering problem for the third-order linear operator in the reflectionless case, and we indicate how the
two potentials are obtained from the large spectral asymptotics of the so-called left and right Jost solutions to the third-
order linear equation. In Section 4, we establish our Riemann-Hilbert problem associated with the inverse scattering
problem for the third-order linear operator in the reflectionless case. We use as input the input data set consisting of the
bound-state poles and the bound-state dependency constants, and we show how the solution to the Riemann-Hilbert
problem yields the two potentials in the third-order linear operator. In Section 5, we show how the restrictions on the
time-evolved dependency constants yield the N-soliton solution to the Sawada-Kotera equation. In Section 6, we derive
our Marchenko integral equation associated with the third-order linear operator in the reflectionless case. This is done
by using the appropriate Fourier transformation on our Riemann-Hilbert problem. By using the same input used in the
Riemann-Hilbert problem, we show how the solution to the Marchenko integral equation yields the potentials in the third-
order operator in the reflectionless case. We then show that the appropriate restrictions on the time-evolved dependency
constants yield the N-soliton solution to the Sawada-Kotera equation. Finally, in Section 7, we provide the conclusion by
summarizing the significance of our results and the relevant planned work in the near future.
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To help the reader quickly concentrate on the main issue in our paper, that is, the establishment of the Marchenko
integral equation and the construction of the N-soliton solution to the Sawada-Kotera equation, we provide the following
guidance. We associate the Sawada-Kotera equation (1.1) with two cases of the third-order linear equation (2.4). We refer
to the first case as the SK1 case and to the second as the SK2 case. In both cases, the potential Q in (2.4) corresponds to
the unknown Q in the Sawada-Kotera equation. In the SK1 case the potential P in (2.4) is given by P = 0, and in the SK2
case the potential P in (2.4) is related to Q as P = Q.. In Section 6, we establish the Marchenko integral equation (6.27)
associated with the third-order linear equation (2.4). The kernel Q(¢, y) in that Marchenko integral equation is given in
(6.28) and that kernel is constructed by using the bound-state poles of the left transmission coefficient Tj(k) and the time-
evolved bound-state dependency constants D; and D;.k in (4.5) and (4.6), respectively, for 1 < j < N. The nonhomogeneous
term in the Marchenko integral equation is given by Q(0, y), and hence that nonhomogeneous term is also constructed
by using the same input data set used to construct the integral kernel. The time-evolved dependency constants D; and D;f

can equivalently be expressed in terms of the time-independent dependency constants E; and E;k as in (4.7) or they can
be expressed in terms of the modified-dependency constants y; and y;‘ appearing in (4.19) and (5.1). We use an asterisk to
denote complex conjugation. As in (5.1), we write y; in terms of its real and imaginary parts r; and s;, respectively. The
modified dependency constants y; and yj are uniquely determined in each of the SK1 and SK2 cases by using the ratios
sj/rj in (5.34) and (5.35), respectively, in terms of the real parameters r; for 1 < j < N. In fact, instead of using the real
parameters r j, we can use the positive parameters c¢; given in (5.42) and (5.43) in the SK1 and SK2 cases, respectively. Thus,
the input to the Marchenko integral equation is equivalent to {kj, ¢ j};\':l. Consequently, in each of the cases of SK1 and
SK2, we have the equivalence of the input data sets indicated in the diagram

N N N N
tkj, Dj}i_y <= k) Bjyily <= kg yjdis, <= ikjrl;

=1 «—> {kj,Cj}N (12)

j=1

Using our input data set, we construct the kernel Q(¢, y) and the nonhomogeneous term Q(0, y) of the Marchenko integral
equation (6.27). In this case, the Marchenko integral equation has a separable kernel, and hence we obtain the solution to
(6.27) explicitly in a closed form, by using the methods of linear algebra, as in (6.41). We then recover the potential Q as
in (6.45), where det[m(x)] is the quantity expressed as in (6.47) and A(x) is the quantity in (5.44), explicitly expressed in
terms of the input data set {k;, c; }?T:l. Thus, the potential Q, constructed as in (6.45) or equivalently as in (5.46), yields the
N-soliton solution to the Sawada-Kotera equation (1.1).

2 | The Sawada-Kotera Equation

In this section, we relate the Sawada-Kotera equation (1.1) to the third-order ordinary differential operator associated with
(2.4). This is because our goal is to obtain soliton solutions to (1.1) by analyzing the scattering and inverse scattering for
the corresponding third-order linear operator in the reflectionless case. For the analysis of the scattering problem for the
third-order operator when the reflection coefficients are not zero, we refer the reader to [28, 38].

Being an integrable nonlinear evolution equation, the Sawada-Kotera equation (1.1) can be derived [28] by using either of
the two Lax pairs (L, A1) and (L, A;) given by

Ly :=D3+QD, (2.1)

Ay :=9D° +15QD% +15Q, D* + (10 Qxy +5Q)D, |
L, ::D3+QD+Qxa (22)
Ay = 9D5+1SQD3+30QXD2+ (25Qxx+5Q2)D+(10Qxxx+10QQx)’ |

where we use D to denote the derivative operator by letting D := d/dx and D" := d"/dx" for n > 2. In other words, the
two Lax operator equations [39]

Li+11A; —A1L1 =0, Ly+L,A, — AL, =0, (2.3)

where the overdot denotes the ¢-derivative, are satisfied provided that the Sawada-Kotera equation (1.1) is satisfied. Letting
Ly = k33, we see that the Sawada-Kotera equation (1.1) is associated with the third-order ordinary linear differential
equation

" +Qy¥ +PyYp=k’y, x€eR, (2.4)
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where ¢ is the wavefunction, k3 is the spectral parameter, x is the independent variable, the prime denotes the x-derivative,
t now appears as a parameter, and the coefficients Q and P are real-valued functions of the independent variable x and
the parameter ¢. We refer to the coefficients Q and P as the potentials. The dependence of Q and P on the parameter ¢ is
governed by either of the linear operators A; and A, in (2.1) and (2.2), respectively. For simplicity, we assume that Q and
P in (2.4) belong to the Schwartz class in x € R for each fixed ¢ even though our results hold under weaker restrictions on
Qand P.

The direct scattering problem for (2.4) consists of the determination of the scattering coefficients and the bound-state
information when the potentials Q and P are known. On the other hand, the inverse scattering problem for (2.4)
involves the recovery of Q and P from an appropriate input data set including the scattering coefficients and the
bound-state information.

From (2.1), (2.2), and (2.4), we see that the linear operator L; corresponds to the case P = 0 and the linear operator L,
corresponds to the case P = Q,, and that the same Q appears in both L; and L,. That same Q also appears in the Sawada-
Kotera equation (1.1), whereas P does not appear in (1.1) at all. Consequently, if (1.1) is analyzed without connecting it to
the inverse scattering problem for (2.4), we do not need to make a distinction between the case P = 0 and the case P = Q.
On the other hand, if the solution to (1.1) involves a method related to the solution of the inverse scattering problem for
(2.4), we need to make a distinction between those two cases. We refer the reader to [28, 31] for more information on this
issue. As already mentioned, we use SK1 to refer to the case P = 0 and we use SK2 to refer to the case P = Q,,.

For the analysis of soliton solutions to the Sawada-Kotera equation (1.1), the aforementioned distinction is as follows.
When Q is real valued, it is known [28, 31] that the third-order equation (2.4) in the cases of P = 0 and P = Q,, respectively,
comprises two linear third-order adjoint equations, for which the corresponding transmission coefficients coincide and
hence also the bound-state spectral values for the two equations coincide. On the other hand, the bound-state dependency
constant at each bound state is not the same for the two equations. Hence, both of the cases P = 0and P = Q,, in (2.4) can be
analyzed by using the zero reflection coefficients, the same set of left and right transmission coefficients, but two different
sets of bound-state dependency constants. In our paper, we derive the N-soliton solution to (1.1) by solving the inverse
scattering problem for (2.4) in the reflectionless case. We use the input data set consisting of a particular left transmission
coefficient, the bound-state poles of that left transmission coefficient, and the dependency constants at those bound-state
poles by explicitly mentioning whether we use the bound-state dependency constants for SK1 or for SK2.

3 | The Third-Order Equation in the Reflectionless Case

In this section, we present a summary of the basic results for the direct scattering problem for (2.4) in the reflectionless
case. We refer the reader to [28, 38] for the general case when the reflection coefficients are not zero. We recall that we
assume that the potentials Q and P in (2.4) belong to the Schwartz class in x € R for each fixed ¢.

We divide the complex k-plane into four open sectors Q1, Q,, Q3, Q4 as indicated on the left plot of Figure 1 by using the
directed half lines £, £,, L3, L4, which are parametrized as

Ly :={keC:k=zsforse[0,+0)} (3.1
L, :={keC:k=zsforse[0,+)}
Ly :={keC:k=-zsfors €[0,+0)}, (3.2)

L, :={keC:k=-z*sfors € [0,+c0)},

27mi/3

where z is used to denote the special complex number e , which is also expressed as

1 .3
zZ .——§+IT. (33)

The open sectors Qq, Q,, Qs, Q4 are described by using the parametrizations given by

[of] :={keC : 2?7T<arg[k]<4?ﬂ},
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FIGURE 1 | The complex k-plane is divided into the four sectors Q;, Q,, Q3, and Q, as shown on the left plot, with the
directed half lines £, £,, £3, and £, acting as the boundaries. The k-domains of T)(k)f(k, x), m(k, x), g(k, x), and n(k, x),
respectively, are shown on the middle plot. The right plot shows the plus and minus regions in the complex k-plane
separated by the directed full line £, as well as the plus and minus functions in their respective k-domains.

Q, = {keC : _2?71 <arg[k]<—§},
Q3 = {keC : —% < arglk] < %}

T

3

m::{keC: 3

< arglk] < il }

with arg[k] denoting the argument function taking values in the interval (—27/3, 47 /3). We use Q;, Q,, Q5, Q, to denote
the closures of the open sectors Q, Q,, Q3, Q4, respectively, where we recall that the closures are obtained by adding the
boundaries to the corresponding open sectors.

There are two relevant particular solutions to (2.4), that is, the left Jost solution f(k, x) and the right Jost solution g(k, x).
The left Jost solution f(k, x) is the solution to (2.4) satisfying the spacial asymptotics as x — +oo given by

fk,x) = e¥*[1 +0(1)],
f!(k,x) = kek*[1 + o(1)], (3.4)
Ik, x) = k? e*[1 + o(1)],

and its k-domain is given by Q;. The left transmission coefficient T;(k) appears in the spacial asymptotics of f(k, x) when
X — —oo, Where we have

flkx) =T [1+0(D], ke (35
The right Jost solution g(k, x) is the solution to (2.4) satisfying the spacial asymptotics as x - —oo given by

gk, x) = e**[1 + 0(1)],
g'(k,x) = ke*[1 + o(1)], (3.6)
g (k,x) = k? e¥[1 + 0(1)],
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and its k-domain is given by Q_3 The right scattering coefficient T.(k) appears in the spacial asymptotics of g(k, x) when
X — +o0 as

glk,x) = X T(k) 1+ 0(1)], keQs. (3.7)

In the reflectionless case, the transmission coefficients Tj(k) and T',(k) have meromorphic extensions from their respective
k-domains Q; and Q5 to the entire complex k-plane, and those extensions satisfy [28, 31]

1

Tr(k) = T](k) s

keC.

It is known [28] that (2.4) has the particular solutions m(k, x) and n(k, x) with the respective k-domains (2_2 and 9_4, and
in the reflectionless case they satisfy the spacial asymptotics given by

m(k,x) = e*[1+0(1)], x— -0, ke€Q,, (3.8)
m(k, x) = e T\(z2k) 1 T (zk)[1 + 0(1)],  x — 400, k€ Qy, (3.9)
n(k,x) = e*[1+0(1)], x—-o00, keEQ, (3.10)
n(k,x) = X T)(zk) 1 To(Z2K)[1 + 0(1)],  x — +o0, k € Qy, (3.11)

where we recall that z is the cube root of unity appearing in (3.3).

For fixed real values of x and ¢, the large k-asymptotics of the basic solutions f(k, x), g(k, x), m(k, x), and n(k, x) are,
respectively, given by [28, 31]

F(k, x) = ekx [1 + “f“) + “?{(;) + o<%>] k — o0 in Oy, (3.12)
g(k,x):ekx[l+$+Uzk(zx)+0<%>], k - oo in Qs (3.13)
m(k,x):ekx[1+0<%>], k > oo in Oy, (3.14)
n(k,x)=ekx[1+0<%>], k — oo in Qg (3.15)
where we have defined

u(x) = % / dy Q(y), x €R, (3.16)
e i=-3 [ e -rwl+ | [ avem| . xer G17)
0y(x) := —é / dyQ(y), x€R, (3.18)

1 [ 1[ /" ?
o= [ wleo-ro)+ | [ wew|.  ser (319)

Using (3.16)—(3.19), we express the potentials Q and P in terms of u;(x) and u,(x) as

Q(x)=-3 dul(x), x €R, (3.20)
dx
dui(x)  d?ui(x)  duy(x)
P(x) = 3[u1(X) e d;2 - ] x eR, (3.21)
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or in terms of v;(x) and v,(x) as

0 =3P Lep, (3.22)
dx
dvi(x) d?vi(x)  duy(x)
P(x)=3 [vl(x) x T dz T ax | x € R.

Since (2.4) is a linear homogeneous equation, any constant multiple of a solution is also a solution. In terms of the solutions
f(k,x)in(3.4)and (3.5), the solution g(k, x) in (3.6) and (3.7), the solution m(k, x) in (3.8) and (3.9), and the solution n(k, x)
in (3.10) and (3.11), we introduce the solution @ (k, x) to (2.4) with the k-domain Q; U Q, and the solution ®_(k, x) to
(2.4) with the k-domain Q_3 U Q_4, where we have defined

_n fkx)., ke,
@, (k,x) := {m(k, . ke (3.23)
o_(kx) = {800V K€D G24)
o nk,x), keQy.

Using the directed half lines £ and £3 defined in (3.1) and (3.2), respectively, we obtain the directed full line £ by letting
L := L4 U(—L3), where we recall that —£3 is obtained from £3 by changing its direction. The parametrization of L is
given by

L:={keC:k=2zsfors € (—oo0,+00)} (3.25)

The directed line £ divides the complex k-plane into two half planes P and P~ as shown on the right plot of Figure 1.
The open left-half complex plane P+ and the open right-half complex plane P~ can be parametrized as

Pt:={keC:k=zsforseC'},

P~ :=tkeC:k=zsforseC},

where we use C* and C™ to denote the upper-half and lower-half complex planes. We refer to P+ as the plus region and
refer to P~ as the minus region, as indicated on the right plot of Figure 1. We use P+ and P- to denote their closures.
Hence, we have P+ := Pt uLand P~ := P~ UL.

In the reflectionless case, it is known [28, 31] that the two quantities T}(k) f(k, x) and m(k, x) become equal to each other
when k € £, and that the two quantities g(k, x) and n(k, x) become equal to each other when k € L£,. Furthermore, in
the reflectionless case, f(k, x), m(k, x), g(k, x), and n(k, x) are each analytic in k in their respective domains Q;, Q,,
Q3, and Qy, respectively, and they each are continuous in the closures of those respective sectors. Consequently, in the
reflectionless case, we have the following properties for @, (k, x) defined in (3.23) and ®_(k, x) defined in (3.24) for each
fixed x € R. The solution ®_(k, x) is analytic in k € P~ and it is continuous in k € 7. In the reflectionless case, when
the left transmission coefficient T}(k) has its poles confined to Q;, the solution ®_ (k, x) is meromorphic in k € Pt with
the poles occurring at the poles of T}(k) in Q, and it is continuous in k € P+ except at those poles.

4 | The Riemann-Hilbert Problem Related to the N-Soliton Solution

Since our main goal in this paper is to obtain the N-soliton solution to the Sawada-Kotera equation (1.1) with real-valued
Q and P, the corresponding transmission coefficients for (2.4) must be chosen in a particular way. We choose the left
transmission coefficient T(k) as

_ T(k)
=1 g keC (4.1)
where I'(k) is given by
N
Ik = [Jk+kpk+k9),  kec, (4.2)
j=1
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by recalling that the asterisk denotes complex conjugation. From (4.1) and (4.2), we see that the poles of T}(k) are simple
and they occur atk = kj and k = k7 for 1 < j < N. As indicated in Section 3, we would like to choose the poles of Ty(k) in

the sector Q; and we would like the corresponding potentials Q and P to be real valued. These requirements impose the
necessary but not sufficient restrictions on the location of each k; so that we must have arg[k;] = 57 /6 or arg|k;] = 77 /6.
Since the poles occur atk = k; and k = k; for 1 < j < N, there is no loss of generality in using arg[k;] = 77 /6. Then, we

automatically have arg[k;‘.‘] = 57 /6. Because we only consider simple bound states, the restriction can be presented as
kj=izm; 1<j<N, (43)

where each 7); is positive and we recall that z is the special complex constant in (3.3). Without loss of generality, we can
assume that0 <7 < --- < 9p.

From (4.1) and (4.2), we see that the left transmission coefficient T}(k) is defined on the whole complex k-plane and that
it has 2N poles located at k = k; and k = k;.‘, respectively, for 1 < j < N. The large k-asymptotics of T}(k) is given by

Ti(k) =1+ =% + - +0( 5

23N 2Ey 1
kK k2

), k—> o00inC,

where we have defined

N :=§:<kj+k;f). (4.4)
j=1

From (4.4) we see that Xy is a real-valued constant.
With the left transmission coefficient given in (4.1), it is known [28, 31] that (2.4) has bound states at k = k; and k = k;.k

for 1 < j < N. In other words, (2.4) has a square integrable solution at each of those 2N k-values. In fact, f(k;,x) and
f (k;f, X) each correspond to a bound-state solution to (2.4). Since (2.4) is linear and homogeneous, any constant multiple

of f(kj,x) is also a bound-state solution at k = k; and any constant multiple of f (k;’.‘, x) is also a bound-state solution at
k= k;.‘. It is known [28, 31] that g(zk;, x) is a bound-state solution to (2.4) at k = k; and that g(sz;f, x) is a bound-state
solution to (2.4) atk = k;.‘. Thus, there exists a constant D s which we call the bound-state dependency constantatk = k s
such that

f(kj,x) = D; g(zkj, x), x eR. 4.5

We recall that we suppress the t-dependency in our notation for the potentials Q and P and the Jost solutions f(k, x) and
g(k, x). It is known [28, 31] that the bound-state dependency constant at k = k;.‘ in this case is given by D; that is, we have

f (k;’.‘,x> = D;'.‘g (zzk;.‘,x> , x € R. (4.6)

When the potentials Q and P are evolved in time in a way compatible with the linear operator A; or A, defined in the
second lines of (2.1) and (2.2), respectively, the time evolution of the dependency constants D; and D;.k are given by [28, 31]

5 5
—9[kj5.+<k;> ]t -9 [k§+<k;‘> ]t
D] =Ej€ , D;k =E;.ke , (47)

where E b and Ej denote the values of the dependency constants D i and D;.‘, respectively, at t = 0.

In the reflectionless case, it is known [28, 31] that the solution ®,(k,x) and the solution ®_(k, x) coincide on the
intersection of their respective domains P+ and P~. We recall from the right plot in Figure 1 that the intersection of
those domains is given by the directed full line £ defined in (3.25). Thus, we have

D, (k,x) = d_(k,x), kecL. (4.8)

We remark that (4.8) constitutes a Riemann-Hilbert problem as follows. The left transmission coefficient T}(k) described
in (4.1) and (4.2) is used as input to our Riemann-Hilbert problem. For each fixed x € R, we are interested in finding
a sectionally meromorphic function ®(k, x) in such a way that @, (k, x) is the meromorphic section in the region P*
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with the poles coinciding with the poles of T}(k) there and that ®_(k, x) is the analytic section in the region P~. As seen
from (3.12)-(3.15), (3.23), and (3.24), the sectionally meromorphic function ®(k, x) has the behavior 1 + O(1/k) ask — o
in C. As indicated on the right plot of Figure 1, it is appropriate to refer to 7™ and P~ as the plus and minus regions,
respectively, and refer to @, (k, x) and ®_(k, x) as the plus and minus functions, respectively. We refer the reader to [28,
38] for the generalization of that Riemann-Hilbert problem when the reflection coefficients are nonzero.

For the solution of the Riemann-Hilbert problem given in (4.8), we refer the reader to [28, 31]. In order to have a unique
solution, it is appropriate to use the input {k;, E; }?:1. The solution steps are summarized as follows:

(a) We multiplying both sides of (4.8) by e k* T(=k), and we get
e D(—k) @, (k,x) = e ** T (-k)®_(k,x), kecL, (4.9)

where we recall that I'(k) is the quantity defined in (4.2). For each fixed x € R, from the properties of @ (k, x) and
@_(k, x), it follows that the left-hand side of (4.9) is analytic in k € P* and the right-hand side is analyticin k € P~.
As a consequence of the equality in (4.9), those two sides are analytic continuations of each other and that each side
is entire with their respective analytic continuations in k € C. Furthermore, using the generalized Liouville theorem
[40], we conclude that each side of (4.9) is equal to a monic polynomial in k of degree 2N, where the coefficients may
depend on x and t. We suppress the t-dependence of those coefficients and write the solution to our Riemann-Hilbert
problem as

o KN+ V(k) A(x)

, kePt, xeR, 4.10
& x (4.10)

o, (k,x)=¢e
e KN+ V (k) A(x)

, keP-, R, 41
&) € X € (4.11)

d_(k,x)=e

where V (k) is the row vector with the 2N components defined as
V(k) := [k2N"1 k2N=2 ...k 1], keC, (4.12)

and A(x) is a column vector with the 2N entries that are functions of x and t. We write A(x) in terms of its components
as

Apn-1(x)
ApN—2(x)
A(x) = : , x € R. (4.13)
Aq(x)
Ap(x)

(b) Using (3.23) and (4.10), with the help of (4.1) we obtain

e KN+ V(k) A(x)

flk,x)=e 0O , ke, xeR. (4.14)
Similarly, from (3.24) and (4.11) we get
2N .
g(k,x) = ekx L(")A(x), keQ;, xeR. (4.15)

I'(-k)

From (4.14) and (4.15), we observe that f(k, x) and g(k, x) have meromorphic extensions from their respective original
k-domains of analyticity to the entire complex k-plane.

10 of 29 Studies in Applied Mathematics, 2026



(©

©))

(e)

Using (4.14) and (4.15) in (4.5) and (4.6), we obtain a linear algebraic system of 2N equations in the 2N unknowns
Aj(x) for 0 < I < 2N — 1. With the help of (4.7), we write that linear system as

5
e BNV A0 ol () P vk A
) Tk)) : 5 I(=zk)) ’ (4.16)
K PN AVIDAG) [k§+(k;‘) ] e G 4 VEK) A
r(c) j F(-22k7) :

where we have 1 < j < N. We remark that the second line in (4.16) is obtained by taking the complex conjugate of
the first line due to the fact that A(x) is real valued and we have

L'(k*) =Tk)*, V(k*)=V(k)*, k eC, (4.17)

which directly follow from (4.2) and (4.12), respectively.

We introduce the quantities y; and y; as

5
—<kj+k".‘>x—9[k5.+<k".‘> ]t
. J i\ .
Xji=e , 1<j<N, (4.18)

:=-E rek;) 1<j<N (4.19)
}IJ T J F(—ij), sJs N .
From (4.18), it follows that ; is a real-valued function of x and ¢ and that we have y; — 0 as x — —oo for each fixed
t. From (4.19), we observe that y; is a complex-valued constant directly proportional to the dependency constant E;
at t = 0. We refer to y; as the modified dependency constant at ¢ = 0 for the bound state at k = k;. From (4.7) and
the first equality of (4.17), it follows that y;‘.‘ corresponds to the modified dependency constant at ¢t = 0 for the bound
state at k = k;.k. Using (4.18) and (4.19) in (4.16), we write the linear algebraic system (4.16) as

KN+ V() AX) =~y 15[k N +V(ZkAX)], 1<) <N,

(4.20)
PN+ VKD AG) = 7' 1 [(zzk;f)zN + V(zzk;‘.‘)A(x)], 1<j<N.
The linear algebraic system (4.20) can be written as
M(x) A(x) = —B(x), (4.21)
where we have defined the 2N x 2N matrix M(x) and the column vector B(x) with 2N entries as
[ mon-1(k1)  mon—a(ky) -+ my(k)  mgo(ky) ]
myn_1(ky)  mon_a(ky) o my(ky)  mo(ky)
M(x) := : : : : , (4.22)
mon-1(kn)  mon_o(kn) - my(kn)  mo(kn)
[mon-1(ky) mon-a(ky) o ma(ky)  mo(ky) )
[ mon(ky) |
mon(ky)
B(x) := : , (4.23)
mon(kn)
| mon (k) ]
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with the entries in (4.22) and (4.23) defined as

my(k;) :=k§+(zkj)lijj, 1<j<N, 0<I<2N, 20
mk) = () + @Ky g 1<j<N, 0<I<2N. '

From (4.24) we observe that
m(k?)=mky)*, 1<j<N, 0<I<2N. (4.25)

We remark that we have suppressed the ¢-dependence in our notation for M(x), B(x), and m(k;). In fact, the only
dependence on x and ¢ in those three quantities is through the scalar function y; for1 < j <N.
(f) We recall that the input to our Riemann-Hilbert problem (4.8) is {k i Ej }}\Ll. From (4.2) and (4.19), it follows that our

input data set is equivalent to {k, 7 ; }?I:l. From (4.22)-(4.25), we see that M(x) and B(x) are each uniquely determined
by our input data set. We solve (4.21) and obtain the column vector A(x) in (4.13) as

A(x) = —=M(x)"'B(x). (4.26)

We refer the reader to [28, 31] for further details and other equivalent expressions for A(x) given in terms of the input
data set {k;,y j};\‘:l. From (3.12), (3.20), (3.21), and (4.14), it follows that the potential Q is determined by A,n_1(x)

alone and the potential P is determined by Ayn_1(x) and Ayn_»(x) only. The remaining entries A ;(x) when we have
0 < j < 2N - 3 are used only to determine the solutions to the third-order equation (2.4). In the special case when
N = 1, we only have A;(x) and Ay(x).

(g) Having determined A;n_1(x) and Ayn_»(x) via (4.26) by using the input data set {k;, 7 ; }?zl, we next determine the
potentials Q and P in (2.4). Using (4.2), (4.12), and (4.14), we obtain the asymptotics of f(k,x) when k — oo in C
as

fk,x) = ek |1+

An—1(X) = 2N Aan—2(x) = ENAon-1(X) + Ty 1
X + 2 +0 F s (4.27)

where Xy is the constant in (4.4) and ITy; is the constant defined as

Ty =y (g + K+ oo kg + k) + (I Ky + -+ Ky + k)

(4.28)
o (ky + 5 + - ey + k) + o+ ke (e + k) + ke (k) -
Comparing (3.12) with (4.27), we get
up(x) = Aon-1(x) — 2N, (4.29)
uy(x) = Ayn—2(x) — ZnAon-1(X) + TIN. (4.30)
With the help of (3.20), (3.21), (4.29), and (4.30), we recover Q and P appearing in (2.4) as
dArN—
Q(x) = —3 H41 ) (4.31)
dx
_ dAmn-1(x)  d?Apnaa(x)  dAn—2(X)
P(x) = 3<A2N_1(x) P - 12 - o . (4.32)

Since the potentials Q and P vanish as x — +o0, it follows from (3.16) and (3.17) that u;(x) and u,(x) each vanish as
X — +o0. Consequently, from (4.29) and (4.30), we get

. _ . / _ . _ 2
x1—1>Too Ayn-1(x) = 2N, xl_lgloo A (x) =0, xl_lgloo AN (x) =2 — IIN. (4.33)
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5 | The N-Soliton Solution to the Sawada-Kotera Equation

Our goal in this section is to provide an explicit expression for the N-soliton solution to the Sawada-Kotera equation (1.1).
We achieve our goal by solving the inverse scattering problem for the linear equation (2.4) in the reflectionless case with
the input data set consisting of the bound-state poles of the transmission coefficient T}(k) in (4.1) and the corresponding
bound-state dependency constants. The reason for the choice of the k;-values given in (4.3) is due to the fact that the
soliton solution Q must be real valued. There is a further restriction that we must impose on our solution to the inverse
scattering problem, namely, we must have P = 0 in the SK1 case and have P = Q, in the SK2 case.

In this section, we show that the appropriate restrictions in the SK1 and SK2 cases can be imposed by using certain
constraints on the complex-valued modified bound-state dependency constants y; appearing in (4.19). A lengthy initial
part of our section is devoted to derive the appropriate restrictions on the modified dependency constants y;. Those
restrictions amount to expressing the ratio of the imaginary part to the real part of each y; in terms of the bound-state
parameters ki, k,, ..., ky appearing in (4.3). Consequently, we express the N-soliton solution Q to (1.1) by using the
parameters k; and the real parts of y; for 1 < j < N. Later, we replace each real part of y; by the parameter c; by using
(5.42) and (5.43) in the SK1 and SK2 cases, respectively, for 1 < j < N. We then express the N-soliton solution to the SK
equation in terms of the 2N real parameters in the set {7, c j}?zl, where the parameters 7); are distinct and positive. The
advantage of using c; instead of the real part of y; in our input data set is the following. The function Q does not contain
any singularity when x and ¢ take all values in R if each parameter c; takes any positive value, whereas to avoid any
singularity in Q, the real part of y ; may need to be restricted to positive or negative values or to a constrained range.

In Section 4, we have solved the inverse scattering problem for (2.4) in the reflectionless case by using the input data set
{kj, Ej }3.\7:1 or the equivalent data set {k;, y; }?:1' We have recovered the Jost solutions f(k, x) and g(k, x) and the potentials
Q and P as in (4.14), (4.15), (4.31), and (4.32), respectively, where A(x) is expressed in terms of our input data set via (4.26).
In the determination of each of Ayn_1(x) and Ayn_»(x), we have used the modified dependency constants y; and y;.“ for
1 < j < N.In order for Q to satisfy the Sawada-Kotera equation (1.1), as indicated in Section 2, the potential P must satisfy
the restriction P = 0 in the SK1 case and the restriction P = Q,, in the SK2 case.

Let us use r; and s; to denote the real and imaginary parts of the complex-valued y; so that we have

i=ril1l *=ri1 2 1<j<N 5.1)
Vi=Tj +lr—j, vi =T —lr—j, <Jj<N. (5.

Our motivation behind separating the complex-valued dependency constant y; into its real and imaginary parts r; and
s, respectively, can be explained as follows. The N-soliton solution Q to the Sawada-Kotera equation (1.1) is a real-valued
function of x and ¢ containing the parameters related to the bound-state poles and the bound-state dependency constants.
Hence, it is natural that we use real-valued parameters when we express the real-valued solution Q to (1.1). From (4.3), we
see that we can use the positive parameter 7; instead of the complex-valued parameter k; for 1 < j < N. Similarly, instead
of using the complex-valued parameter y;, we can use the real parameters r; and s; for 1 < j < N. It turns out that the
two aforementioned restrictions in the SK1 and SK2 cases comprise the specification of the ratios s;/r; for 1 < j <N in
each case. Consequently, the N-soliton solution to the Sawada-Kotera equation (1.1) is determined by the input data set
{kj.r j}?:l when the ratios s /r; for 1 < j < N are specified. Since the N constants k; appear symmetrically in the input
data set, without loss of generality, it is sufficient to determine the ratio s; /r;. Then, using the symmetry, we can get the
remaining ratios s;/r; for 2 < j < N. We have the explicit formula for the ratio s; /r; presented in (6.14) of [31] covering
both the SK1 and SK2 cases. In this section, we use a slightly different method, but still a general method, to determine
the ratios s /77 in each of the SK1 and SK2 cases.

We know from (4.31) and (4.32) that either of the two aforementioned restrictions in the cases of SK1 and SK2, respectively,
involves the corresponding restrictions on A,N_1(X) and A;n_»(x) only. By using Cramer’s rule, from (4.21) we get

_ det[M;(x)]

An-1(x) = ~ I M)’ (5.2)
_ det[M(x)]

AyNn_o(x) = " I M)’ (5.3)

where M (x) is the 2N x 2N matrix obtained by replacing the first column of the matrix M(x) with the column vector B(x)
and that M,(x) denotes the 2N x 2N matrix obtained by replacing the second column of M(x) with B(x). It is known [28,
31] that the determinant of M;(x) can be expressed in terms of the determinant of M(x) and the x-derivative of det{M(x)]
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as

d det[M(x)]

det[M; (x)] = Zy det[M(x)] + I , (5.4)
where we recall that Ty is the constant defined in (4.4). Using (5.4) in (5.2), we get
1 d det[M(x)]
Arn— =-XN— s 5.5
aN-1(%) N~ JetMO] i (5.5)
and then, using (5.5) in (4.31), we express the potential Q in terms of the determinant of M(x) as
d 1 d det[M(x)]
=3 . 5.6
Q) =3 7% (det[M(x)] dx (56)

From (4.22) and (4.24), we see that the quantity det{M(x)] is a polynomial of degree 2N in the 2N variables y; 1, yik Xlr--n>
YNXN> 7';1 XN»> where each of those 2N variables appears at most to the first power. The appearance of each y; in det[M(x)]
is symmetrical. By letting y; = 0 for 2 < j <N, from (4.22) we obtain

ka_l +(zk)"Ny o kit+zkiyixyn 1+ )(1_
kDN @ZRDN Myl - K+ 2Ky 1+rina
det[M(x)] = det : : : . (5.7)
IZN—1 kn 1
(I 2N-1 K 1
Let us write (5.7) as
det[M(xX)] = v + [vigy1 + Vo1 Vi1 x1 + vi1 11 Vi X1 (5:8)

where the coefficients v, 19, vg1, and vy; are explicitly expressed in terms of the parameters in the set {kj, k;’.‘}?]:l. The
coefficient v is obtained by letting y; = 0 in (5.7), from which we have

[ N1 N2
2N-1 ©\2N—2
(k) (k) e k1
v 1= det s s PR (5.9)
kIZ\IN—l klz\TN—z e ky 1
2N-1 2N-2
(k) (k) ey 1]

The right-hand side of (5.9) can be expressed as a Vandermonde coefficient as an ordered product, as indicated in (5.49)
and (5.50) of [31]. We have

v = [(ky — kD) (kg = ko) -+ (ky = K)II(KT = ko) -+ (kT = k)] -+ [(kny = k)] (5.10)

The coefficient vy is obtained from v by replacing k; with zk;, the coefficient v; is obtained from v by replacing kf with
zzki“, and the coefficient v, is obtained from v by replacing k; with zk; and k; with zzk;‘. In other words, we have

Vig =7V , Vo1 =V

> V11 =V ki—zkq - (511)
kq~zkq ky 22k}

K22k
We remark that the variable x appears on the right-hand side of (5.8) only through y;. Thus, when we let x; = 0 for
2 < j <N, from (4.18) and (5.8) we obtain

ddet[M(x , . .
c[ix S —(ey + kD) [vi0v1 +vor v = 20k + kD vy v xgs (5.12)
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d? det[M(x)]

I = (ky + k)2 vio vt + vor v 1 xa + 4k + KD vy 7175 x5 (5.13)

We recall that the matrix M,(x) appearing in (5.3) is obtained from the matrix M(x) in (4.22) by replacing the second
column by the vector B(x) in (4.23). Consequently, det{M,(x)] is a polynomial of degree 2N in the 2N variables y; x1,
yik X1 -5 YNXN> y;[ XN»> Where each of those 2N variables appears at most to the first power. The appearance of each y;
in det[M,(x)] is symmetrical. By letting ; = 0 for 2 < j < N, from (4.22) we obtain the reduced form of the matrix with
the determinant given by

N+ (zk)™N "y KN+ (k) Ny e 14 1)
KN+ RNy oy (DN +@ERDNy o - 1+yia
det[M,(x)] = det : : S (5.14)
klz\rN_l klz\IN 1
()N ()N 1

In analogy with (5.8), we write (5.14) as

det[M,(x)] = u + [0 71 + Hor Vi1 X1 + B V1 Vi X5 (5.15)

where the coefficients u, (19, o1, and 7 are explicitly expressed in terms of the parameters in the set {k;, k;’f}?zl. The

coefficient u is obtained by letting y; = 0 in (5.7), from which we have

[N N L g
(kDZN—l (kik)ZN ki 1

u :=det : : IS (5.16)
kb kg kw1
(k;)ZN—l (k;)ZN k; 1

Using (4.4), (4.28), and (5.16), we write u in terms of the quantity v in (5.10) as

p=(TIy - Z§,) ». (5.17)

The coefficient 1 is obtained from u in (5.17) by replacing k, with zk;, the coefficient ), is obtained from u by replacing
ki with zzk;‘ , and the coefficient y;; is obtained from u by replacing ki with zk; and k] with zzkf . In other words, we
have

Mi0 *= M Mot =M o M 1=I«l‘ ky—zky - (5.18)
- ok e

In order to determine the ratio s; /r; in the case of SK1, we proceed as follows. In this case, since P = 0, any antiderivative
of the right-hand side of (4.32) must be equal to a constant and that constant must be equal to the value of the chosen
antiderivative at x = +oc0. Hence, with the help of (4.33), we integrate (4.32) and obtain

1 2 1
A1 (0] - Al (0) = Apno(x) =TIy — 3 =0 (5.19)

where we recall that the prime denotes the x-derivative. Using (5.3) and (5.5) in (5.19), after some simplification, we obtain
the equivalent expression given by

ddet[M(x)] d?det[M(x)]
dx + dx?

(23 — M) det[M(x)] + Zn + det[M,(x)]

(5.20)

! ddetfM(x)]\*
© 2 det[M(x)] < dx > '
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Multiplying both sides of (5.20) by 2 det[M(x)], we obtain the equivalent equality given by

2
2(2%, - Ty ) (det[M(x)])” + 2 Ey det[M(x)] w 2 det[M(x)] %
) (5.21)
+2det[M(x)] det[M,(x)] - <w> o

Ifwelet y; = 0for 2 < j < N in (5.21), we see that the left-hand side of (5.21) becomes a polynomial of degree four in y;.
Using (5.8), (5.12), (5.13), and (5.15) in (5.21), we observe that the equality in (5.21) is satisfied if and only if the coefficient
of y; on the left-hand side is chosen as zero. Using (5.1), we see that the aforementioned coefficient vanishes if and only
if we have

+vo1) + (1o +
51 _ ;91 (W10 + vou) + (o + Ho1) (5.22)

ri ay (v19 = vo1) + (M10 — Mo1)’

where we have defined
ap 1= (Ex —TIn) — (ky + k) En + (kg + k)2 (5.23)

Thus, we have shown that the ratio s, /r1 in the case of SK1 is uniquely determined by the parameters in the set {k, k; }}\Ll.

To determine the ratio s; /r; in terms of the parameters in the set {k s k;‘f}?zl in the case of SK2, we proceed as follows.
This time, we have P = Q, or equivalently we have P — Q, = 0. Using (4.31) and (4.32), we see that the latter equality is
equivalent to

AN () Al () = Ay ,(x) =0. (5.24)
Integrating (5.24) and using (4.33), we get
1 2 )
E[AZN—l(x)] — AN—2(x) = IIN - S Iy (5.25)

Using (5.3) and (5.5) in (5.25), after some simplification we obtain the equivalent expression

(23 — ) det[M(x)] + Zy

d det[M(x)] 1 < d det[M(x)] )2_ (5.26)

dx T aetMa)] = — o o] dx

We remark that (5.26) is the counterpart in the SK2 case for (5.20) given in the case of SK1. Multiplying both sides of (5.26)
by 2 det[M(x)], we obtain the equivalent equality given by

2(22N - HN)(det[M(x)])2+2ZN det[M(x)] w
) (5.27)
+ 2det[M(x)] det[M,(x)] + <w> =0.

Ifwelet y; = 0for2 < j <N in (5.27), we observe that the left-hand side of (5.27) becomes a polynomial of degree four in
x1- Using (5.8), (5.12), (5.13), and (5.15) in (5.27), we see that the equality in (5.27) is satisfied if and only if the coefficient
of y; on the left-hand side is chosen as zero. Using (5.1), we see that the aforementioned coefficient vanishes if and only
if we have

51 _ . B (1o +vo1) + (K10 + Ko1)
re B (vio = vor) + (o — k1)’

(5.28)

where we have defined
ﬁl = (212\1 - HN) - (kl + kik) ZN' (529)

Comparing (5.23) and (5.29), we see that a; and 8; differ from each other by only one term. Thus, we have shown that the
ratio s1 /r; in the case of SK2 is uniquely determined by the parameters in the set {k;, k;.k }}\1:1'
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As we have already indicated, because of the symmetry in the input values k; for 1 < j < N, the knowledge of the ratio
s1/r1 in both SK1 and SK2 cases allows us to uniquely determine all the ratios s; /r; for 1 < j < N. By using those ratios in

(5.1), we express each y; and y;.k in terms of the real parameter r; and the elements in the set {k;, k;.k 5.\7:1. In analogy with
(5.11) we define the coefficients v j0s Voj>and vj; as

VjO =7

, VOj =V
ijij

VJJ =V kJHij > (530)

9
® Dk
kjmzk; a2kt

and in analogy with (5.18) we define the coefficients 1o, uoj, and u;; as

Kjo 3=#‘ s Moj =M b Mjj = | kjezk; - (5.31)
kjozk; K322k 2
J J
Similarly, in analogy with (5.23) and (5.29), we define the quantities a; and f8; as
a; :=(22N—HN)—(kj+k;'f)zN+(kj +k;‘.‘)2, (5.32)
Bj 1= (Z§, —TIn) — (kj + k3)Zn. (5.33)

Then, using (5.30)—(5.33), in analogy with (5.22) and (5.28), respectively, we obtain the ratios s; /r; in the SK1 case as

8j . aj jo+ o)) + (Wjo + ko)

= , 1<j<N, (5.34)
ri o aj(Wjo—voj)+ (Hjo — Koj)
and we obtain the ratios s;/r; in the SK2 case as
S; i (Vjo +vo;) + (Kjo + Moj)
_]_ ,ﬁ] jo 0j /"]O /"O] 1SJSN- (5'35)

=i ,
ri Bj(vjo—voj) + (kjo — Hoj)

We then recover Q by using (5.6), where det[M(x)] is uniquely determined by the input dataset {k;, r; }}\Ll. The constructed
Q becomes the N-soliton solution to the Sawada-Kotera equation (1.1). We remark that although the parameters r; when
we have 1 < j < N are each real, the range values for each r; may need to be restricted to ensure that Q does not have
any singularities. We deal with those restrictions by using the following simple procedure and by introducing the positive
parameter c; instead of using r; for each value of j for 1 < j < N.

We remark that the use of the ratios s; /r; in both cases of SK1 and SK2 not only ensures that the resulting det[M(x)] via
(5.6) yields the potential Q satisfying (1.1), but it also results in a significant simplification in det[M(x)]. The simplification
occurs as follows. The ratio det{M(x)]/v, where v is the constant appearing in (5.9) and (5.10), becomes the square of a
polynomial of degree N in 1, ..., ¥N, Where each y; for 1 < j < N appears at most to the first power. Furthermore, that
polynomial reduces to 1 when we let y; = 0 for 1 < j < N. We use A(x) to denote that polynomial. We refer the reader to
[28, 31] for further details on the introduction of A(x).

We now briefly describe the properties of A(x). We first remark that the justification for the existence of A(x) can be found
in (5.20) in the SK1 case and in (5.26) in the SK2 case. Each term on the left-hand side of (5.20) is a polynomial of degree
2Nin xq, ..., YN, Whereas the right-hand side is the ratio of a polynomial of degree 4N to a polynomial degree 2N. Hence,
that right-hand side must be a polynomial of degree 2N. This is assured by choosing det[M(x)] as

det[M(x)] = v A(x)?. (5.36)
The same argument also applies for the equality in (5.26). In other words, (5.36) must hold also in the case of SK2. We

already know each coefficient in det[M(x)] explicitly in terms of the parameters in the data set {k , k;‘, rj }?:1. Furthermore,

we know the explicit expression for v in terms of the parameters {k;, k;f}?zl. Thus, using (5.36), we can determine each
coefficient of y; in the polynomial A(x). For this, we proceed as follows. We would like to write A(x) as

N

A =1+ ) cjxj+ (537)
j=1
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where each parameter c; takes positive values and the ellipsis contains the terms with the second and higher powers in
the polynomial in y1, ..., yn. With the help of (5.8), we see that det[M(x)] can be written as

N
det[M(x)] :v+z [Vjoyj+v0jy;‘f])(j+---, (5.38)
j=1
where the ellipsis contains the terms with the second and higher powers in the polynomial in yq, ..., yn and it is

understood that y; and y;f on the right-hand side are evaluated as in (5.1) by using the ratios s;/r; given by (5.34) and

(5.35), respectively, in the SK1 case and in the SK2 case. After some simplification, we evaluate the coefficient of y j in
(5.38) in the SK1 case as

27 (voj Mjo — Vjo Hoj)
a;j(vjo = voj) + (Kjo = Hoj)

vjo¥j+vo;¥; = , 1<j<N, (5.39)

and in the SK2 case as

21 (voj Hjo — Vjo Moj)
* J\POj Kjo — ¥ jo 0]
Yjo¥j+Voj7; =

, 1<j<N. (5.40)
T Bj(vio = vop) + (Hjo = koj)

With the help of (5.36)(5.38), we see that the positive parameters c; are given by

—Vjo}/j-'_vw}/; 1<j<N (5.41)
G o 1EIEN |
with the understanding that y; and y;.k on the right-hand side are evaluated as in (5.1) by using the ratios s;/r; given in

(5.34) and (5.35), respectively, in the SK1 and SK2 cases. Using (5.39)-(5.41), in the SK1 case, we obtain

= r_Jl (voj Kjo — vjo Moj) ]’ 1<j<N, (5.42)
v L aj(vjo = voj) + (Kjo = Hoj)
and in the SK2 case, we get
r. ’)} . . _’V. .
cj:_f[ (voj #j0 = ¥jo Koj) ] 1<j<N. (5.43)
V| Bj(vjo —voj) + (Kjo — Hoj)

From (5.42) and (5.43), we see that each parameter c; in (5.37) is directly proportional to r;. Hence, in order to express the
N-soliton solution to the Sawada-Kotera equation (1.1), we can use the input {k;,c; };\Ll instead of using the input
{kj.r; };\Ll. As indicated already, the advantage of using the input {k;, c; };\Ll is that the quantity A(x) becomes nonsingular
for x € R for each ¢t € R when we choose each c; as an arbitrary positive parameter.

Using the value of ¢; in (5.37), we obtain the explicit expression for A(x) as

N

AR =1+ D cixi+ D Ay CiiCia Xy Xi
= 1<j{<)<N

(5.44)
+ Z Ajyja Ajrjs Ajajs € €z €z Xia Xjp X
1<j1<Jj2<j3<N
+o+ [Ap A AN-1NCL G2 ONJ X1 X2 XN

where the right-hand side is a polynomial of degree N in y, ..., yn with the last term containing the product y; x» -+ ¥n-
The double-indexed quantity Aj; is determined by the elements in the set {k j}?:l explicitly and is given by

(kj — k)P (k3 + k;)
Aj = / ,
Tk + kD303 = k)

1<j<I<N. (5.45)
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We recall that the k j-values are chosen as distinct and as in (4.3), where each 7); is a positive parameter. Hence, the quantity
Aj in (5.45) is strictly positive. Thus, all the coefficients in (5.44) are positive, and consequently A(x) itself is positive for
all x € R and each fixed t € R. We refer the reader to Section 6 of [31] for further details.

Using (5.36) in (5.6), we see that the N-soliton solution to the Sawada-Kotera equation (1.1) is obtained as

__d (NX)
Qx)=6 o < 200 > (5.46)

We remark that we have used the input {k;, ¢ j}?:l to construct A(x). We refer to the positive parameter ¢; appearing
in A(x) as the bound-state constant at the bound state at k = k;. Instead of using the complex-valued parameters k; for
1 < j < N, we can use the positive parameters 7); appearing in (4.3). From (4.3), we see that each k| is a constant multiple
of 7;. Consequently, we can write A ; in (5.45) as

, (1 =1)* (3 +77)

jl = , 1<j<I<N.
(1 +m)*(3 = 7})

Thus, the quantity A(x) can also be uniquely constructed by using the input data set {n;,c j}?:l’ where each of the
parameters 7); and c; is positive for 1 < j < N.

6 | The Marchenko Integral Equation

In this section, we present the Marchenko integral equation related to the N-soliton solution of the Sawada-Kotera
equation (1.1). We recall that we use the input data set {k;, E j}}vzl or one of its equivalents in (1.2), where our input data
set is related to the scattering data of the third-order equation (2.4) in the reflectionless case and the left transmission
coefficient T(k) is given in (4.1). We also recall that k; and k; correspond to the bound-state locations in the complex
k-plane and that E; and E;k denote the respective bound-state dependency constants for 1 < j < N. After establishing
our Marchenko integral equation, we show how the N-soliton solution to (1.1) is obtained from the solution to our
Marchenko integral equation. As indicated in Section 1, the establishment of the Marchenko integral equation is a
significant mathematical result.

For the derivation of our Marchenko integral equation, we proceed in the standard way so that the same procedure can be
used to derive the relevant Marchenko integral equations associated with the soliton solutions to the Kaup-Kupershmidt
equation, the bad Boussinesq equation, the good Boussinesq equation, and the modified bad Boussinesq equation. We
start with the Riemann-Hilbert problem formulated in (4.8). By multiplying both sides of (4.8) with e~** and subtracting
1 from each side, we obtain

e d, (k,x)—1=ed_(k,x)-1, kecL. (6.1)

By using the transformation k +— s, where k = zs with z being the special constant defined in (3.3), we map the complex
k-plane onto the complex s-plane in a one-to-one and onto manner. We remark that the transformation can also be
interpreted as a clockwise rotation in the complex plane around the origin by 277 /3 radians. We note that the plus and
minus regions Pt and P~ shown on the left plot in Figure 2 are mapped to C* and C~, respectively, in the complex s-plane.
Here, we use C* and C~ for the upper-half and lower-half complex planes and we let Ct:=CtURandC- :=C UR.
The directed full line £ is mapped to the directed real axis R in the complex s-plane.

By using k = zs and letting

F(x,s) := e 2*®_(zs,x) — 1, s ER,

G(x,s) := e #*X®_(zs,x) — 1, sER, (6.2)

as shown in Figure 2, we transform (6.1) to the corresponding Riemann-Hilbert problem in the complex s-plane, and we
obtain

F(x,s) = G(x,5s), seR. (6.3)
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Im{K]

Im[s]

L
minus region
¢_ +
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minus function .
_(k,x) plus function F(x,s)
Relk] > Re[s]
. minus region C”
plus region
P minus function G(x,s)
plus function
D, (k,x

FIGURE 2 | The mapping from the complex k-plane to the complex s-plane transforms the plus and minus regions P+
and P~ to C* and C~, respectively. The plus and minus functions @, (k, x) and ®_(k, x) are the components of a sectionally
meromorphic function, respectively, in the complex k-plane. The plus and minus functions F(x,s) and G(x,s) are the
components of a sectionally meromorphic function, respectively, in the complex s-plane.

From the properties of @ (k,x) and ®_(k, x) described in Section 4, it follows that, for each fixed x € R, the quantity
F(x,s) is meromorphic with simple poles at s = z%k; and s = zzk;f for 1 < j <Nins e C* and continuous in s € C+,

and we have F(x,s) =0(1/s)as s > 0 in s € C+. Similarly, for each fixed x € R, it follows that the quantity G(x, s)
is analytic in s € C™~ and continuous in s € C-, and we have G(x,s) = 0(1 /s)ass —> oo ins e C-. Consequently, the
Fourier transforms in L*(R) with s € R for F(x, s) and G(x;, s) exist. We define the Fourier transforms F(x, y) and G(x, y),
respectively, by letting

o0

F(x,y) := %/ dse Y F(x,s), y €R, (6.4)
-0
o0

G(x,y) := %/ dse Y G(x, s), y €R. (6.5)
—00

From (6.4) and (6.5), respectively, we get the inverse Fourier transforms given by

(o]
Fx,s) = / dye™ P(x,y),  seR,
-0

G(x,s) = / dy e’ G(x,y), seR. (6.6)

From (6.3)-(6.5), it follows that we have
F(x,y) = G(x,y), y €R. (6.7)

Using the aforementioned properties of G(x, s) when s € C-, from (6.6) we conclude that

G(x,y) =0, y>0. (6.8)
Then, (6.7) and (6.8) yield
F(x,y) =0, y > 0. (6.9)
Thus, using (6.8) in (6.6) we obtain
0 .
G(x,s) = / dy e’ G(x,y), sER. (6.10)
—
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Next, we would like to evaluate G(x, y) when y < 0. In order to accomplish this, it is sufficient to determine F(x, y) for
y < 0 and then use (6.7). For the determination of F(x,y) for y < 0, we use (6.4) when y < 0 by evaluating the integral
there with the help of the residues of the integrand at s = z%k jands = sz;.‘ for 1 < j < N. In terms of the quantity I'(k)

in (4.2), we define the related quantity T';(k), which differ from I'(k) by the product (k + k;)(k + k;’.‘). Thus, we let

i I'(k) :
Tj(k) := CrTy ) 1<j<N. (6.11)

We remark that, in analogy with the first equality of (4.17), the quantity I;(k) also satisfies
Li(k*) =T;k)*, k ecC. (6.12)
From (4.1) and (6.11), we see that the left transmission coefficient can be written in terms of I'; (k) as

(k)
(= kep)(k = KD Tj(=k)’

Ty(k) = keC. (6.13)

Using (6.13), we express the value of the left transmission coefficient in the complex s-plane as

zI(zs)
(s — z2k;)(s — sz;‘.') Tj(-zs)’

Ty(zs) = seC, (6.14)

where we have used the fact that z3 = 1. The expression in (6.14) allows us to determine the residues of Tj(zs) at the poles
s=2z%kjand s = zzk;.‘, respectively, as

22 I“(k])
Res[Ty(zs), s = z%k;] = - , (6.15)
(kj =KD Tj(=k;)
, z2 I‘(k;)
Res|[T)(zs),s = z*k*] = — —. (6.16)
J (k; —k;.‘)l“j(—kj)
With the help of (6.15) and (6.16), we evaluate (6.4) for y < 0, and we get
N 2
F(x,y)=i z Res[Ty(zs), s = z%k;] e kjx fkj,x) e 17k
j=1
y (6.17)
L —k* —iz2k*
+i ) Res[Ty(zs),s = zzk;]e fo(k;f,x)e Y
j=1
Using (6.15) and (6.16) in (6.17), we express F(x, y) for y < 0 as
—k*x
N —kix * Jj
) [(kj)e ™ —iz2k s F(kj)e —iz2k*y
F(x,y) = iz? flkj,x)e =557 — flk*,x)e ~ . (6.18)
Z{ (kj = kDTj(=kp) " (kj —kDT;(=k) "

Next, we use (6.7) on the left-hand side and use (4.5) and (4.6) on the right-hand side of (6.18). This yields the expression
for G(x,y) for y < 0 as

r(k*) D* o 2

j j —iz“k>y

8(zkj, x)e Jy—(k._jk*)jrl(_k*)g(zzkj,x)e 1 (6.19)
A A

N —kix

N I'kiyD;e ™/ 2.

G(x,y) —iz2 Z J _ J iz“k
| kj = k)T j(=k))

Studies in Applied Mathematics, 2026 21 0f 29



where we recall that D; and D;.k are the time-dependent bound-state dependency constants at k = k; and k = k;f. From

(4.3), we see that we have
ki = —zkj, 1<j<N. (6.20)

Using (4.7), (4.18), (4.19), and (6.20), we express the right-hand side of (6.19) in terms of the modified bound-state
dependency constants y; and y;f and the quantities y ;. Hence, for y < 0, we get G(x,y) as

I(—zk)yixi ) 25
( *])}/] Aj —zijg(zkj’x)e iz k]y
=k =k Tj(=k))

G(x,y) = —iz?

(6.21)

N F(—zzkj)y;.‘)(j _2K* 245,

X —izek?
+izzz J g(zzk;.‘,x)e J7.

k 3k e

We recall that, in order to obtain the quantity Q satisfying the Sawada-Kotera equation (1.1), we must use the modified
bound-state dependency constants y; and y* as in (5.1) by using the ratios s;/r; given by (5.34) and (5.35), in the SK1 and
SK2 cases, respectively.

Let us introduce the quantity b; as
iz? L(-zkj)7;j xj

- * , 1<j<N. 6.22)
I U — kDT (k) !

Using (4.2), (4.3), (4.18), (4.19), and (6.12), we see that the complex conjugate b;? is given by

izD(-z%k) 7% x;
bt = L 1<j<N (6.23)
I (ke =KD T(=kD)

The use of (6.22) and (6.23) in (6.21) yields

N N —zk:x —iz2k . . —22c* x y —izzk”.‘y
G(x,y) = z <—bje ¥ g(zkj,x)e Y +zb;.‘e J g(zzk;f,x)e J > (6.24)
=

With the help of (3.24), (6.2), and (6.20), we get

0
e 7kjx g(zkj,x) =1+ / d¢ elkj¢ G(x,0), (6.25)
—0o0
—z2k*x 5 0 izk*¢ 4
e J gz k;.‘,x) =1 +/ dfe 77 G(x,9). (6.26)

Using (6.25) and (6.26) in (6.24), we obtain our Marchenko integral equation as

0

Sy +a0y+ [ &ewHag=0.  y<o (627)
where the integral kernel Q(¢, y) is defined as
N .
debin2. izk* ¢ —iz2k*
e, y) = Z <bj okj—iz"kjy —Zb;’_‘ o7 ]§ iz JY>‘ (6.28)
j=1

We remark that we suppress the dependence on x and ¢ in the integral kernel Q(¢,y). As seen from (6.22) and (6.23),
the dependence on x and ¢ in the integral kernel Q(¢, y) and in the nonhomogeneous term Q(0, y) occurs through the
quantities y; defined in (4.18). We recall that we already suppress the ¢-dependence in the potentials Q and P, the Jost
solutions f(k, x) and g(k, x), and other quantities related to (2.4).
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The Marchenko integral equation (6.27) corresponds to the “GLM equation” Kaup always wanted [12] to obtain.
We emphasize its simplicity and its resemblance to the Marchenko integral equation for other linear operators. The
resemblance can be observed in the case of the Schrodinger equation on the full line by comparing (6.27) with (44) of
[2] and also with the penultimate displayed equality on p. 123 of [4] and by comparing the nonhomogeneous term Q(0, y)
with (45) of [2].

Next, we show how to recover the potential Q in (2.4) from the solution G(x, y) to the Marchenko integral equation (6.27).
In fact, the potential Q is recovered as

dG(x,07)

Q(x) = 3iz e

x € R. (6.29)
The expression in (6.29) is obtained from (3.13), (3.22), and (6.10) with the help of the first line of (3.24). We refer the
reader to page 25 of [38] for the details of the derivation of (6.29). We are interested in obtaining the solution G(x,y)
to (6.27) when y < 0 by using the same input data set used to solve the Riemann-Hilbert problem (4.8). We recall that
the relevant input data set is given by {k;, E j}}vzl or the equivalent data set {k;,y J-};\Ll, where the modified bound-state
dependency constants y; are chosen as in (5.1) with the ratios s;/r; as in (5.34) in the SK1 case and as in (5.35) in the SK2
case. To recover G(x, y) from our input data set, we proceed as f(;llows. Frzoril (6.28), we see that the nonhomogeneous term

iy e—iz kjy

and the integral term in (6.27) are spanned by the basis set {e_iZ kj , }b.v:l. Hence, the first term G(x, y) itself in the

Marchenko equation (6.27) must be expressed as a linear combination of the elements in the same basis set. Consequently,
there must exist the coefficients g; and h; for 1 < j < N satisfying

A l iz2k ; —iz2k*y
G(x,y) = Z <gj e NIV 4 hje J ), y<O0. (6.30)
j=1

We remark that g; and h; are functions of x and ¢, but we suppress those dependencies in our notation. We use (6.28) and
(6.30) in (6.27), and for y < 0 we obtain

N

N
—iz2k; —iz?k* _iz2k; —iz2k*
Z(gje iz ka+hje 1z Jy>+2<bje iz kfy—ij.'e M

j=1 j=1

0 N N . A
) —iz2k*¢ iki¢—iz2k; izk*¢—iz2k*y
+ d e 7K 1 pje L > <b-e J Y —zbte i) =o.
/_oo ¢ g{ (gl I ]; j ;

Since the functions in the basis set {e

—izzk-y —izzkﬂfy N . . . .
I e J }j=1 are linearly independent for y < 0, each coefficient of the

basis elements in (6.27) must vanish. This yields the linear algebraic system of 2N equations in the 2N unknowns
g1, h,...,8N, hn, and we get

N 0
il —iz2 i 2%
gj+bj+bj2/ d¢ <g1€lk]§ iz kl§+hlezkj§ iz kl§>=0, 1<j<N,
=1 Y —

N 0 izk"f{—izzklg izk*¢—iz2k*¢ (63D
hj—zb;.‘—zb;’.‘z‘/ d§’<g1e J +hje ! >=0, 1<j<N.
[=1“—
The integrals in (6.31) can be explicitly evaluated, and (6.31) becomes equivalent to
N
b b
+ b, 1<j<N,
& ; <lkj —iz2k; &l ik; — iz?k;] l) J J
= (6.32)
N -z b;’.‘ -z b;‘
hi+ h; | =zb?, 1<j<N
J l=21 izk* —iz2k; &l izk;‘.‘ iz2k| ! 29 J
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With the help of (4.3), we get

ikj —iz%k; = —izz(k;f + k),
ik —iz%k = i(k; + ky),

izk - iz?k; = —iz*(k;j + ky),
. * S 21% 22 X *
lej —iz kl = —iz*(k; +kl ).

Using (6.33) in (6.32), we write (6.32) in the equivalent form as

N . .
izb; —ib;
2 J J .
; = —D; <j<N

N —izzb;.‘ —izzb]".‘
. =z b* 1<j<N.
hj+; kj+klg’+kj+kl*h’ zb3, <j<N

We can write the linear algebraic system (6.32) in the matrix notation as
m(x) a(x) = -b(x),

where m(x) is the 2N x 2N coefficient matrix given by

_1+ izby —ibq izby —iby izbq —iby
k>1k+k1 k1+k1 k>1k+k2 k1+k2 ki:<+kN k1+kN
i 2% a2k i 2p% i 2% i 2k i 2k
iz b1 1+ iz b1 iz b1 iz b1 iz b1 iz b1
k1+k1 k1+kik k1+k2 kl+k>2k k1+kN k1+k;1
izby —iby 1+ izby —iby izby —iby
k;+k1 k2+k1 k§+k2 k2+k2 k;+kN k2+kN
_ig2p% i 2p¥ _i2p* i 2% i 2% i 2%
m(x) . iz b2 iz b2 iz b2 1+ iz b2 iz b2 iz b2
k2+k1 k2+ki< k2+k2 kz+k;< k2+kN k2+k;1
izby —ibn izbn —ibn e 14 izby —ibn
k;l+k1 kN+k1 k1>;+k2 kN+k2 k§+kN kN+kN
P 2% 2% 2% 2% i 2% s 2%
—iz bN —iz bN —iz bN —iz bN —iz bN 14 —iz bN
kn+k1 kN+k>1:< kn+ko kN+k;< kN+kN kN +E

and a(x) and b(x) are the column vectors with 2N entries, and they are given by

[ 81 ] by
hl —Zbilﬁ
2 b,
a(x) :=|hy [, b(x):=|-zb]
gN bn.
_hN_ __Zb;T_

From (6.35), we recover the unknown column vector a(x) as

a(x) = —-m(x)" 1 b(x).

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)
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Having obtained a(x), we use in (6.30) its components g; and h; for 1 < j <N, and we get G(x,y). For this, we proceed

as follows. We write (6.30) in the matrix form as

g1 ]
h

) . 82
GG y) = eizhy TR L iy N[ |. (6.39)

&N
hn

Using (6.37) and (6.38) in (6.39), we obtain
Glx,y) = — [e—izzkly KL mizky e-izzkaY] m(x)~! b(x). (6.40)

Using (15) on p. 12 of [41], we can write the right-hand side of (6.40) as the ratio of two determinants, and we get

0 | e—iz%k1y e“'zzkfy o e-iz?kny e_izzkl*\ly
“ v ®
R b(x m(x
G(x,y) = detmo)] (6.41)
From (6.41), we have
0 | 11 - 11
det
) b(x) | m(x)
G(x,07) = om0l (6.42)

In fact, it can be shown that the determinant of the matrix appearing in the numerator on the right-hand side in (6.42) is
related to the x-derivative of the determinant of m(x). We have

det |0 RIS _ _jp2 ddetim@)] (6.43)
b(x) | m(x)

dx

The proof of (6.43) can be given as follows. Using (6.36) and the second equality of (6.37), we see that the determinant on
the left-hand side of (6.43) is a polynomial of degree 2N in the variables b, bi‘, ....bN, bl":I, where each of those 2N variables
appears in the polynomial at most to the first power. From (6.36), we know that det[m(x)] is also a polynomial of degree 2N
in the variables by, by, ..., by, by, where each of those 2N variables appears in the polynomial at most to the first power.
Furthermore, from (6.22) and (6.23) we observe that each of b; and b;‘f is a function of x only through the x-dependence
in the term y; defined in (4.18) and that each of b; and b;? is a constant multiple of y;. Hence, the x-derivative of b; is a
constant multiple of b; and the x-derivative of b;? is a constant multiple of bj Thus, the right-hand side in (6.43) is also a
polynomial of degree 2N in the variables by, b;‘ ,.--sbN, b;, where each of those 2N variables appears in the polynomial at
most to the first power. In the polynomial equality in (6.43), we observe the equivalence of the corresponding coefficients.
Hence, we have shown that (6.43) holds.

Using (6.43) in (6.42) we obtain

—iz2  ddetim(x)]

G(x,07) = 44
00 = Sefme]  dx (6.44)

Finally, using (6.44) in (6.29), we recover the potential Q in (2.4) as
0(x) = 3 d 1 ddet[m(x)] . (6.45)

dx | det[m(x)] dx

It can be verified that the determinant of the matrix m(x) appearing in (6.36) is related to the determinant of the matrix
M(x) appearing in (4.22), and we have

det[M(x)] = v det[m(x)], (6.46)
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where v is the Vandermonde coefficient appearing in (5.9) and (5.10). The proof of (6.46) is similar to the proof of (6.43),
and it can be given as follows. From (5.14) we see that the left-hand side of (6.46) is a polynomial of degree 2N in the
variables 77 x1, yi‘ X1>-++» YNXN> y; xn and that each of those 2N variables appears in the polynomial at most to the first
power. Moreover, from (6.22) and (6.23), we see that y; x; is a constant multiple of b; and that y;.‘ Xj is a constant multiple

1> -+ bn, by, where each of
those 2N variables appears at most to the first power. From (6.36) we see that det[m(x)] is also a polynomial of degree 2N
in the variables by, by, ..., by, by, where each of those 2N variables appears in the polynomial at most to the first power.
In the polynomial equality in (6.46), we observe the equivalence of the corresponding coefficients. Thus, we have shown

that (6.46) holds.

With the help of (6.46), we see that (6.45) is equivalent to (5.6). We remark that (5.6) and (6.45) hold without restricting
the ratios s; /r; as in (5.34) or (5.35). Without using those restrictions, the expression Q is not yet related to P as in the SK1
or SK2 cases. Only after we use those restrictions on the ratios s; /7 j, the resulting expression for Q in (6.45) satisfies the
Sawada-Kotera equation (1.1) with P = 0 in the SK1 case and with P = Q, in the SK2 case. Thus, the equality (5.36) holds
only after we impose the ratios s;/r; in (5.34) for the SK1 case or the ratios s; /r; in (5.35) for the SK2 case. Hence, after
those ratios are used we get

of b;.k. Hence, the left-hand side of (6.46) is a polynomial of degree 2N in the variables by, b’

det[m(x)] = A(x)?, (6.47)

where A(x) is the quantity in (5.36) and (5.44).

Let us finally remark that in [38] we have presented the Marchenko integral equation for (2.4) in the absence of bound
states. The recovery of the potential Q from the solution to the Marchenko integral equation is given in (6.29) and that
formula holds both in the presence or absence of bound states. As indicated in the last displayed equation in Section 5 of
[38], the recovery of the potential P from the solution to the Marchenko equation is obtained via

264 - dG,(x,0”
iy d“G(x,07) _ 352 y( )’

P(x) = -3z G(x,0”
(x) 3z G(x,07) 3i 12 i

x €R,

dG(x,07)
dx *
where Gy(x, 07) denotes the value of the partial y-derivative of G(x, y) evaluated in the limit y — 0~.

7 | Conclusion

In this paper, we have presented the Marchenko integral equation (6.27) for the third-order linear equation (2.4) when the
reflection coefficients are all zero. In the reflectionless case the input data set to solve the corresponding inverse scattering
problem consists of the bound-state information, which comprises the bound-state poles of a transmission coefficient
and the corresponding bound-state dependency constants. We have demonstrated how the relevant input data set yields
the solution of the corresponding Riemann-Hilbert problem (4.8). We have also shown how the relevant Marchenko
integral equation is obtained by using the appropriate Fourier transformation on the Riemann-Hilbert problem and how
the solution to the Marchenko integral equation yields the potentials in (2.4). Furthermore, we have illustrated that, in
the reflectionless case, the kernel of the Marchenko integral equation becomes separable, which results in a closed-form
solution to the Marchenko equation by using the methods from linear algebra.

The importance of the Marchenko integral equation (6.27) is that, besides offering a solution to the relevant inverse
scattering problem for the third-order linear equation (2.4), it yields soliton solutions to the integrable Sawada-Kotera
equation (1.1). The method presented here explains the physical origins of the 2N parameters appearing in the N-soliton
solution to the Sawada-Kotera equation by showing that those parameters come from the bound-state information for the
related third-order linear problem (2.4). In the consideration of the Sawada-Kotera equation by using the inverse scattering
transform method associated with the third-order equation, there are two distinct cases with P = 0 and P = Q. In each
of those two cases, we have indicated how the bound-state dependency constants must be chosen so that the constructed
potential Q in the third-order linear problem yields a solution to the Sawada-Kotera equation.

We have derived our Marchenko integral equation yielding the N-soliton solution to the Sawada-Kotera equation (1.1)
by employing a procedure used to derive the already known Marchenko integral equations for the second-order linear
equation, that is, for the Schrédinger equation, and for various first-order linear systems such as the AKNS system [42].
This standard procedure involves the formulation of a corresponding Riemann-Hilbert problem and then the derivation
of the Marchenko integral equation by using a Fourier transformation. Traditionally, in the formulation of a Riemann-
Hilbert problem, the jump for the sectionally analytic function is determined by both the reflection coefficients and
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the bound-state information. Our own formulation of the Riemann-Hilbert problem comprises the determination of a
sectionally meromorphic function with the jump condition that is solely determined by the reflection coefficients. This
latter formulation of a Riemann-Hilbert problem is better suited to solve the inverse scattering problem for the third-
order linear operator in the reflectionless case. This fact also plays a key role in the formulation of our Marchenko
integral equation.

The technique we have developed in our paper to obtain the N-soliton solution to the Sawada-Kotera equation can readily
be applied to other integrable evolution equations associated with the third-order linear problem (2.4). In the near future,
we plan to present the relevant formulation of the Riemann-Hilbert problem and the Marchenko integral equation for
the N-soliton solution, for any arbitrary positive integer N, for the Kaup-Kupershmidt equation

25
Qt+Qxxxxx+7QxQxx+5QQxxx+5Q2Qx=0, x,t €R,
the bad Boussinesq equation

Qit = Qux + (QM)xx — Quexxx =0, x,t €R,
the good Boussinesq equation
Qi = Qxx + (Qxx + Quxxx =0, x,t €R,
and the modified bad Boussinesq equation
Qi +(Q*)xx — Quxxx =0, x,t €R,
where the N-soliton solution Q in each of these four cases vanishes as x — +oo for each fixed t € R and that the 2N

parameters in each soliton solution is related to the bound-state poles of a transmission coefficient and the bound-state
dependency constants associated with (2.4) with the appropriate choice of the accompanying potential P.
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