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ABSTRACT
Explicit solutions to the related integrable nonlinear evolution equations are constructed by solving the inverse scattering problem
in the reflectionless case for the third-order differential equation 𝑑3𝜓∕𝑑𝑥3 + 𝑄𝑑𝜓∕𝑑𝑥 + 𝑃 𝜓 = 𝑘3𝜓, where 𝑄 and 𝑃 are the
potentials in the Schwartz class and 𝑘3 is the spectral parameter. The input data set used to solve the relevant inverse problem
consists of the bound-state poles of a transmission coefficient and the corresponding bound-state dependency constants. Using
the time-evolved dependency constants, explicit solutions to the related integrable evolution equations are obtained. In the special
cases of the Sawada–Kotera equation and the modified bad Boussinesq equation, the method presented here explains the physical
origin of the constants appearing in the relevant 𝐍-soliton solutions algebraically constructed, but without any physical insight,
by the bilinear method of Hirota.
AMS Subject Classification (2020): 34A55, 34M50, 35C08

1 Introduction

Consider the third-order linear ordinary differential equation

𝜓′′′ + 𝑄(𝑥, 𝑡) 𝜓′ + 𝑃(𝑥, 𝑡) 𝜓 = 𝑘3 𝜓, 𝑥 ∈ ℝ, (1.1)

where 𝑥 is the independent variable representing the spacial coordinate and taking values on the real line ℝ, the prime denotes the
𝑥-derivative, 𝑡 is a parameter representing the time coordinate, 𝑘3 is the spectral parameter, and the coefficients 𝑄 and 𝑃 are some
complex-valued functions of 𝑥 and 𝑡 vanishing rapidly as 𝑥 → ±∞ for each fixed 𝑡 ∈ ℝ. For simplicity, we assume that 𝑄 and 𝑃 belong
to the Schwartz class 𝑆(ℝ) in the 𝑥-variable, which is the class of infinitely differentiable functions 𝜃(𝑥) in such a way that 𝑥𝑗𝑑𝑙𝜃(𝑥)∕𝑑𝑥𝑙

vanishes as 𝑥 → ±∞ for any pair of nonnegative integers 𝑗 and 𝑙. We refer to 𝑄 and 𝑃 as the potentials. Our results hold under weaker
assumptions on 𝑄 and 𝑃, but for simplicity we assume that the potentials 𝑄 and 𝑃 belong to the Schwartz class in 𝑥. We can write (1.1)
as 𝐿𝜓 = 𝜆𝜓 by letting 𝜆 ∶= 𝑘3 and defining the linear differential operator 𝐿 as

𝐿 = 𝐷3 + QD + 𝑃, (1.2)

with 𝐷 representing the differential operator 𝑑∕𝑑𝑥 and 𝐷𝑛 ∶= 𝑑𝑛∕𝑑𝑥𝑛 for 𝑛 ≥ 2.
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The direct scattering problem for (1.1) consists of the determination of the corresponding scattering coefficients and the bound-state
information when the potentials 𝑄 and 𝑃 are known for all 𝑥 ∈ ℝ and at any fixed value of 𝑡. On the other hand, the inverse scattering
problem for (1.1) consists of the determination of the potentials𝑄 and𝑃 by using the input data set consisting of the scattering coefficients
and the bound-state information. Unless the theory of the direct and inverse scattering scattering for (1.1) is used to obtain solutions
to some integrable nonlinear evolution equations, the dependence of the potentials 𝑄 and 𝑃 on the time variable 𝑡 can be arbitrary.
On the other hand, when we consider various integrable evolution equations associated with the linear differential operator 𝐿 given in
(1.2), the time dependence of the potentials cannot be arbitrary and is determined by a linear differential operator 𝐴, where the pair of
operators 𝐿 and 𝐴 is known as the Lax pair. In that case, the specific operator 𝐴 in the Lax pair governs the time evolution of solutions
to the corresponding integrable evolution equation.

There are various integrable evolution equations associatedwith 𝐿 appearing in (1.2), and each such equation corresponds to a particular
choice of the potentials 𝑄 and 𝑃 and a particular time dependence for those potentials. In our paper, we consider three such cases. In
the first case, the potentials 𝑄 and 𝑃 belong to the Schwartz class in 𝑥 and their time dependence is governed by the operator 𝐴 given
in (1.3). The second case is a special subcase of the first case, where the operator 𝐿 in (1.2) becomes either 𝐿1 or 𝐿2 defined in (1.10) and
the corresponding operator𝐴 becomes𝐴1 or𝐴2, given in (1.11) and (1.12), respectively. In the third case, we again consider the operator
𝐿 given in (1.2) for some special choices of the potentials 𝑄 and 𝑃, but associated with a new operator 𝐴 which is different from the
operator 𝐴 given in (1.3). This third case corresponds to a modified version of the integrable bad Boussinesq equation with the Lax pair
(𝐿, 𝐴) given in (6.2) and (6.3). Even though we do not consider it in our paper, there is also a special case of the operator 𝐿 in (1.2), and
that fourth special case is given in (1.15) with the corresponding 𝐴 specified in (1.16).

In order to consider the first aforementioned case, we introduce the linear differential operator 𝐴 given by

𝐴 = 9𝐷5 + 15𝑄𝐷3 + (15 𝑃 + 15𝑄𝑥)𝐷
2 +

(
15 𝑃𝑥 + 10𝑄xx + 5𝑄2

)
𝐷 + (10 𝑃xx + 10𝑄𝑃) , (1.3)

where the subscripts 𝑥 and 𝑡 denote the appropriate partial derivatives. We determine the integrable system of nonlinear partial
differentials corresponding to the Lax pair 𝐿 and𝐴 given in (1.2) and (1.3), respectively, by imposing the Lax compatibility condition [1]

𝐿𝑡 + 𝐿𝐴 − 𝐴𝐿 = 0, (1.4)

where 𝐿𝑡 is the differential operator given by

𝐿𝑡 = 𝑄𝑡𝐷 + 𝑃𝑡.

It can be verified directly that the operator equality (1.4) holds provided that the potentials 𝑄 and 𝑃 satisfy the coupled system of two
fifth-order nonlinear partial differential equations given by{

𝑄𝑡 + 𝑄xxxxx + 5𝑄𝑥 𝑄xx + 5𝑄𝑄xxx + 5𝑄2 𝑄𝑥 + 15𝑄xx 𝑃 + 15𝑄𝑥 𝑃𝑥 − 30 𝑃 𝑃𝑥 = 0,

𝑃𝑡 + 𝑃xxxxx + 5𝑄𝑃xxx + 15𝑄𝑥 𝑃xx + 20𝑄xx 𝑃𝑥 + 5𝑄2 𝑃𝑥 + 10𝑄xxx 𝑃 − 15 𝑃 𝑃xx + 10𝑄𝑄𝑥𝑃 − 15 (𝑃𝑥)
2 = 0,

(1.5)

where we have 𝑥 ∈ ℝ and the 𝑡-domain can be chosen either asℝ or 𝑡 > 0. Thus, the system (1.5) is integrable in the sense of the inverse
scattering transformmethod [2], and its initial-value problem can be solved with the help of the direct and inverse scattering theory for
(1.1) with the appropriate time evolution of the scattering data governed by the linear operator 𝐴 in (1.3).

For simplicity, we choose our notation by suppressing the appearance of 𝑡 in the arguments of the potentials and all other quantities
associated with (1.1), (1.5), and any other integrable systems related to (1.1). For example, wemainly use𝑄(𝑥) instead of𝑄(𝑥, 𝑡) andwrite
𝑃(𝑥) instead of 𝑃(𝑥, 𝑡).

Let us now consider the second aforementioned case. The uncoupled version of (1.5) is obtained when the sum of the last three terms
on the left-hand side of the first equality of (1.5) vanishes, that is, when we have

15𝑄𝑥𝑥𝑃 + 15𝑄𝑥 𝑃𝑥 − 30 𝑃 𝑃𝑥 = 0. (1.6)

Integrating (1.6) and using the fact that the potentials 𝑄 and 𝑃 vanish as 𝑥 → ±∞, we get

𝑄𝑥𝑃 − 𝑃2 = 0. (1.7)

From (1.7), we observe that (1.5) has exactly two special subcases given by

𝑃(𝑥) ≡ 0, 𝑃(𝑥) ≡ 𝑄𝑥(𝑥). (1.8)
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In the first special subcase 𝑃(𝑥) ≡ 0, the integrable system (1.5) reduces to the single integrable evolution equation

𝑄𝑡 + 𝑄𝑥𝑥𝑥𝑥𝑥 + 5𝑄𝑥 𝑄𝑥𝑥 + 5𝑄𝑄𝑥𝑥𝑥 + 5𝑄2 𝑄𝑥 = 0, 𝑥, 𝑡 ∈ ℝ, (1.9)

which is known as the Sawada–Kotera equation [3–5]. In the second special subcase where we have 𝑃(𝑥) ≡ 𝑄𝑥(𝑥), the integrable system
(1.5) again reduces to the single integrable evolution equation given in (1.9). In applications, the quantity 𝑄 in the Sawada–Kotera
equation is usually required to be real valued. Using each of the two special subcases in the equalities given in (1.2) and (1.3), we observe
that (1.9) is associated with two distinct Lax pairs (𝐿1, 𝐴1) and (𝐿2, 𝐴2), where we have defined

𝐿1 = 𝐷3 + QD, 𝐿2 = 𝐷3 + QD + 𝑄𝑥, (1.10)

𝐴1 = 9𝐷5 + 15𝑄𝐷3 + 15𝑄𝑥 𝐷2 +
(
10𝑄xx + 5𝑄2

)
𝐷, (1.11)

𝐴2 = 9𝐷5 + 15𝑄𝐷3 + 30𝑄𝑥 𝐷2 +
(
25𝑄xx + 5𝑄2

)
𝐷 + (10𝑄xxx + 10𝑄𝑄𝑥) . (1.12)

At first, it seems awkward that the Sawada–Kotera equation (1.9) is associatedwith twodifferent third-order linear differential equations.
However, there is no contradiction here, and the clarification for this is as follows. When 𝑄(𝑥) is real valued and 𝑃(𝑥) ≡ 0 in (1.1), with
the help of (2.19) we see that the adjoint equation (2.18) corresponding to (1.1) is given by

𝜓
′′′
(𝑘, 𝑥) + 𝑄(𝑥) 𝜓

′
(𝑘, 𝑥) + 𝑄𝑥(𝑥) 𝜓(𝑘, 𝑥) = 𝑘3 𝜓(𝑘, 𝑥), 𝑥 ∈ ℝ. (1.13)

This shows that the inverse scattering transform method on (1.9) can be applied in two different ways: The first way is through the use
of the direct and inverse scattering theory for (1.1) when 𝑄(𝑥) is real valued and 𝑃(𝑥) ≡ 0. The second way is through the use of the
direct and inverse scattering theory for (1.13) when 𝑄(𝑥) is real valued. The first way relies on the transmission coefficients 𝑇l(𝑘) and
𝑇r(𝑘) for (1.1). The second way relies on the transmission coefficients 𝑇l(𝑘) and 𝑇r(𝑘) for (1.13). The transmission coefficients for the
adjoint equation (1.13) are related to the transmission coefficients for (1.1) as stated in (2.20) and (2.21). In this case, it turns out that we
have

𝑇l(𝑘) ≡ 𝑇l(𝑘), 𝑘 ∈ Ω1,

𝑇r(𝑘) ≡ 𝑇r(𝑘), 𝑘 ∈ Ω3,

where Ω1 and Ω3 are the 𝑘-domains defined in Section 2. However, the bound-state dependency constants for (1.1) and those for (1.13)
do not coincide. We elaborate on this issue in Example 5.3 of Section 5.

We remark that there is another fifth-order integrable evolution equation resembling (1.9), usually known as the Kaup–Kupershmidt
equation [4, 6], given by

𝑄𝑡 + 𝑄𝑥𝑥𝑥𝑥𝑥 +
25

2
𝑄𝑥 𝑄𝑥𝑥 + 5𝑄𝑄𝑥𝑥𝑥 + 5𝑄2 𝑄𝑥 = 0, 𝑥, 𝑡 ∈ ℝ. (1.14)

This corresponds to the fourth aforementioned case. We obtain (1.14) by using 𝑃 = 𝑄𝑥∕2 in the integrable system (1.5). Even though the
coefficients in an integrable evolution equation in general can be changed by scaling both the dependent and independent variables,
it is impossible to transform (1.14) to (1.9) or vice versa through any scaling. This indicates that the Kaup–Kupershmidt equation and
the Sawada–Kotera equation are different from each other. The Lax pair (𝐿, 𝐴) associated with the Kaup–Kupershmidt equation (1.14)
is obtained by using 𝑃 = 𝑄𝑥∕2 in (1.2) and (1.3), respectively, and we have

𝐿 = 𝐷3 + 𝑄𝐷 + 1

2
𝑄𝑥, (1.15)

𝐴 = 9𝐷5 + 15𝑄𝐷3 + 45

2
𝑄𝑥 𝐷2 +

(
35

2
𝑄𝑥𝑥 + 5𝑄2

)
𝐷 + 5𝑄𝑥𝑥𝑥 + 5𝑄𝑄𝑥. (1.16)

As seen from (1.15), the Kaup–Kupershmidt equation can be written as

𝜓′′′ + 𝑄(𝑥) 𝜓′ + 1

2
𝑄𝑥(𝑥) 𝜓 = 𝑘3 𝜓, 𝑥 ∈ ℝ. (1.17)

The direct and inverse scattering theory for (1.1) can be applied to determine solutions to (1.14) and (1.17). However, in our paper, we do
not analyze (1.14). We only remark that, when 𝑄 is real valued, the adjoint equation corresponding to (1.17) is (1.17) itself. This can be
verified by comparing (1.17) and (2.18) with the help of (2.19). The coincidence of (1.17) and its adjoint equation does not mean that the
differential operator 𝐿 appearing in (1.15) is self-adjoint.
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Like the Korteweg–de Vries equation [2], the Sawada–Kotera and Kaup–Kupershmidt equations are used to describe the propagation
of surface water waves in long, narrow, shallow canals but by taking into consideration of steeper waves of shorter wavelength. We
also mention the paper [7], where the direct and inverse scattering problems are analyzed for a modified version of the Sawada–Kotera
equation by considering a related Riemann–Hilbert problem.

In this paper,we are interested in exploring explicit solutions to the integrable system (1.5) and its special case (1.9). In the literature, some
specific explicit solutions to (1.9) are obtained usually by usingHirota’s bilinearmethod [3] or by using the dressingmethod of Zakharov
and Shabat [8], where both thesemethods avoid the analysis of the direct and inverse scattering theory associatedwith (1.1). Such explicit
solutions, if they do not contain any singularities, correspond to soliton solutions. Our goal is to obtain those explicit solutions, without
using an ansatz but only by relying on the analysis of the direct and inverse scattering theory for (1.1). In general, soliton solutions for
integrable systems correspond to reflectionless scattering data sets, which consist of transmission coefficients and time-evolved bound-
state information. The bound-state information can be provided by specifying the bound-state poles of the transmission coefficients and
the bound-state normalization constants. Alternatively, the bound-state information can be given by specifying the bound-state poles
of the transmission coefficients and the bound-state dependency constants. Hence, in this paper, we describe soliton solutions to (1.5)
and its special case (1.9), without using any ansatzes but by using the transmission coefficients and the time-evolved bound-state data
for (1.1), where the bound-state data set consists of the 𝑘-values specifying the bound-state poles of the transmission coefficients and the
bound-state dependency constants at those 𝑘-values. The differential operator 𝐿 appearing in (1.2) is in general not self-adjoint, even
though one of its special cases expressed in (6.2) is self-adjoint. In case a bound state for (1.1) has any multiplicities, it is understood that
for that bound state, we have as many dependency constants as the multiplicity of that bound state. We remark that the bound-state
information for (1.1) can also be described in terms of the values of the spectral parameter 𝜆 instead of the values of the parameter 𝑘,
by recalling that we have 𝜆 ∶= 𝑘3. In case the linear differential operator 𝐿 in (1.2) can be expressed as a self-adjoint operator, which
happens in the special case given in (6.2), one can readily verify that the corresponding eigenvalues expressed in 𝜆 are all real.

The most relevant references related to the research presented in this paper are the 1980 paper [4] by Kaup, the 1982 paper [9] by Deift,
Tomei, and Trubowitz, the 1989 paper [3] by Hirota, the 2001 paper [8] by Parker, the 2002 paper [10] by Kaup, and the Ph.D. thesis
[11] of the third author of the present paper. Kaup initiated [4] the analysis of the direct and inverse scattering for (1.1) with the goal of
studying solutions to the integrable nonlinear evolution equation (1.9). However, he was unable to formulate a proper scattering matrix
and a proper Riemann–Hilbert problem associated with (1.1). We refer to a Riemann–Hilbert problem as properly formulated if the plus
and minus regions in the complex plane are separated by an infinite straight line passing through the origin. Such a formulation allows
the use of a Fourier transformation along that line. For example, in the analysis of the inverse scattering problem for the Schrödinger
equation on the full line, we have a proper formulation of the Riemann–Hilbert problemwith the real axis separating the complex plane
into two regions. Such a formulation allows the use of a Fourier transformation, which yields the Marchenko integral equation [12–17]
playing a key role in the solution to the corresponding inverse scattering problem. The lack of a proper formulation of a Riemann–
Hilbert problem for (1.1) prevented Kaup from establishing [10] a linear integral equation, which would be the analog of theMarchenko
integral equation associated with the inverse scattering problem for the full-line Schrödinger equation. Deift, Tomei, and Trubowitz
studied [9] the direct and inverse scattering problems for a special case of (1.1), namely for the third-order equation (6.4) listed in
Section 6. The linear operator 𝐿 given in (6.2) of Section 6 associated with (6.4) is self-adjoint. Deift, Tomei, and Trubowitz introduced
[9] a proper Riemann–Hilbert problem on the complex 𝑘-plane, enabling them to solve the corresponding inverse scattering problem
for (6.4). However, in order to formulate their Riemann–Hilbert problem properly, in their paper, they used the severe assumption
that the two transmission coefficients for (6.4) are identically equal to 1 for all 𝑘-values. They also used the assumption that the two
secondary reflection coefficients are identically zero. That latter assumption is not as severe as the former assumption, and in fact it helps
to discard solutions to (6.5) that blow up at finite time. The former assumption prevented Deift, Tomei, and Trubowitz from obtaining
explicit solutions to themodified bad Boussinesq equation (6.5). This is because such solutions are usually obtained in the reflectionless
case by using the bound-state poles of the transmission coefficients. Hirota used his bilinearmethod to obtain the𝐍-soliton solution [18]
to the bad Boussinesq equation and the𝐍-soliton solution [3] to the Sawada–Kotera equation. Those ad hoc solutions were introduced
algebraically by Hirota without any connection to the direct and inverse scattering theory associated with the corresponding linear
third-order equations. Parker [8] tried to explain the derivation of Hirota’s ad hoc𝐍-soliton solutions to the Sawada–Kotera equation by
using amodification of the dressingmethod [19] of Zakharov and Shabat. In his 2002 review paper [10], Kaup summarized the efforts on
the inverse scattering transform associated with the third-order equation (1.1) in the special case corresponding to the Sawada–Kotera
equation (1.9), but without mentioning the relevant paper [9] by Deift, Tomei, and Trubowitz. Inspired by [9], Toledo formulated [11] a
properRiemann–Hilbert problemassociatedwith the inverse scattering problem for (1.1) by using the assumption that the two secondary
reflection coefficients are identically zero, but without using the assumption that the two transmission coefficients are identically equal
to 1 for all 𝑘-values.

Our paper uses the method of [11] in the reflectionless case, and it is organized as follows. In Section 2, we present a brief summary of
the direct scattering problem for (1.1) by introducing the basic solutions to (1.1) and the scattering coefficients for (1.1) and by providing
the relevant properties of those solutions and scattering coefficients. This is first done without using any particular time dependence of
the potentials𝑄 and 𝑃. At the end of Section 2, in case the operator𝐴 given in (1.3) is used to govern the time evolution of the potentials
𝑄 and 𝑃, we describe the corresponding time evolution of the basic solutions and the scattering coefficients for (1.1). In Section 3, we
provide a brief description of the bound states associatedwith (1.1) and the corresponding bound-state dependency constants. At the end
of Section 3, we consider (1.1) in the reflectionless case and when the potentials𝑄 and 𝑃 are in the Schwartz class but with arbitrary time
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FIGURE 1 The directed half lines 1, 2, 3, 4 and the open sectorsΩ1, Ω2, Ω3, Ω4 in the complex 𝑘-plane.

dependence. In that case, we show that the left and right transmission coefficientsmust be the reciprocals of each other. Thismeans that,
in the reflectionless case, the bound-state poles of the left transmission coefficient and the bound-state poles of the right transmission
coefficient are symmetrically located with respect to the origin of the complex 𝑘-plane when the poles and zeros of a transmission
coefficient are symmetrically located. In Section 4, we consider (1.1) in the reflectionless case, and we formulate a proper Riemann–
Hilbert problem in the complex 𝑘-plane by introducing the relevant plus and minus regions and the plus and minus functions in those
regions. We also describe how the potentials𝑄 and 𝑃 are recovered from the solution to the aforementioned Riemann–Hilbert problem.
In Section 5, we show how the relevant solutions to (1.1) are explicitly constructed by solving the corresponding Riemann–Hilbert
problem using the input data set consisting of the bound-state poles of a transmission coefficient and the corresponding bound-state
dependency constants. With the input data set containing the time-evolved dependency constants, the constructed potentials 𝑄 and 𝑃

yield explicit solutions to the integrable system (1.5). By using the appropriate restrictions on the locations of the bound-state 𝑘-values
and the appropriate restrictions on the dependency constants, we obtain real-valued solutions to the Sawada–Kotera equation (1.9). In
fact, we show that Hirota’s𝐍-soliton solution to the Sawada–Kotera equation can be obtained from a particular 2𝐍-soliton solution to
(1.5) by using some appropriate restrictions on our input data set. Hence, our method using the input data set consisting of the bound-
state poles of a transmission coefficient and the corresponding time-evolved bound-state dependency constants explains the physical
origin of the 𝐍-soliton solution to the Sawada–Kotera equation algebraically constructed [3] by the bilinear method of Hirota. Since
our general technique is based on the solution to the inverse scattering problem for (1.1) in the reflectionless case without requiring
any specific time dependence for the potentials 𝑄 and 𝑃, it is applicable to other integrable evolution equations associated with (1.1). In
applying our method to a specific integrable system, we simply use the appropriate time evolution particular to that integrable system.
This is further illustrated in Section 6, wherewe showhow ourmethod yields explicit solutions to amodified version the bad Boussinesq
equation, again explaining the physical origin of the𝐍-soliton solution obtained by Hirota’s method [18].

2 The Direct Scattering Problem

In this section, we present a summary of the direct scattering theory for the third-order equation (1.1). We suppress the appearance of
the parameter 𝑡 in the arguments of the quantities related to (1.1). We choose the notation used in the recent Ph.D. thesis [11] of the
third author. We recall that the dependence of the potentials 𝑄 and 𝑃 on the time variable 𝑡 is arbitrary, unless we apply the direct and
inverse scattering theory for (1.1) to solve a specific integrable system of nonlinear evolution equations. At the end of this section, we
specify the particular time evolution of the solutions and the scattering coefficients in the special case when the time evolution of the
potentials 𝑄 and 𝑃 is governed by the particular operator 𝐴 given in (1.3).

It is convenient to use the four directed half lines 1, 2, 3, 4 to divide the complex 𝑘-plane ℂ into the four sectorsΩ1, Ω2,Ω3, Ω4 as
shown in Figure 1. We use 𝑧 to denote the special complex number 𝑒2𝜋𝑖∕3, which is equivalently defined as

𝑧 ∶= −1

2
+ 𝑖

√
3

2
. (2.1)

The directed half lines 1, 2, 3, 4 are defined by the respective parameterizations given by
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1 ∶= {𝑘 ∈ ℂ ∶ 𝑘 = 𝑧𝑠 for 𝑠 ∈ [0,+∞)}, (2.2)

2 ∶= {𝑘 ∈ ℂ ∶ 𝑘 = 𝑧2𝑠 for 𝑠 ∈ [0,+∞)}, (2.3)

3 ∶= {𝑘 ∈ ℂ ∶ 𝑘 = −𝑧𝑠 for 𝑠 ∈ [0,+∞)}, (2.4)

4 ∶= {𝑘 ∈ ℂ ∶ 𝑘 = −𝑧2𝑠 for 𝑠 ∈ [0,+∞)}. (2.5)

As seen from Figure 1, the four open sectors Ω1, Ω2, Ω3, Ω4 in ℂ are, respectively, defined by using the parameterizations given by

Ω1 ∶=
{

𝑘 ∈ ℂ ∶
2𝜋

3
< arg[𝑘] <

4𝜋

3

}
, (2.6)

Ω2 ∶=
{

𝑘 ∈ ℂ ∶ −2𝜋

3
< arg[𝑘] < −𝜋

3

}
, (2.7)

Ω3 ∶=
{
𝑘 ∈ ℂ ∶ −𝜋

3
< arg[𝑘] <

𝜋

3

}
, (2.8)

Ω4 ∶=
{

𝑘 ∈ ℂ ∶
𝜋

3
< arg[𝑘] <

2𝜋

3

}
, (2.9)

where arg[𝑘] represents the argument function taking values in the interval (−2𝜋∕3, 4𝜋∕3). We useΩ1,Ω2,Ω3,Ω4 to denote the closures
of Ω1, Ω2, Ω3, Ω4, respectively. Thus, the closed sector Ω1 is obtained from Ω1 by including its respective upper and lower boundaries1 and 2, the closed sectorΩ2 is obtained fromΩ2 by including its respective left and right boundaries 2 and 3, the closed sectorΩ3

is obtained fromΩ3 by including its respective lower and upper boundaries 3 and 4, and the closed sectorΩ4 is obtained fromΩ4 by
including its respective left and right boundaries 1 and 4.

The left Jost solution 𝑓(𝑘, 𝑥) to (1.1) is defined as the solution satisfying the spacial asymptotics

⎧⎪⎨⎪⎩
𝑓(𝑘, 𝑥) = 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → +∞,

𝑓′(𝑘, 𝑥) = 𝑘 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → +∞,

𝑓′′(𝑘, 𝑥) = 𝑘2 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → +∞.

(2.10)

The right Jost solution 𝑔(𝑘, 𝑥) to (1.1) is defined as the solution satisfying the spacial asymptotics

⎧⎪⎨⎪⎩
𝑔(𝑘, 𝑥) = 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → −∞,

𝑔′(𝑘, 𝑥) = 𝑘 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → −∞,

𝑔′′(𝑘, 𝑥) = 𝑘2 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → −∞.

(2.11)

The basic properties of the Jost solutions 𝑓(𝑘, 𝑥) and 𝑔(𝑘, 𝑥) to (1.1) are listed in the following theorem. In the theorem, the dependence
of the potentials on the time variable 𝑡 is arbitrary. We refer the reader to [11] for a proof. Even though we assume that the two potentials
𝑄(𝑥) and 𝑃(𝑥) are restricted to the Schwartz class, the results stated in the theorem are valid under milder restrictions on the two
potentials.

Theorem 2.1. Assume that the potentials 𝑄(𝑥) and 𝑃(𝑥) in (1.1) belong to the Schwartz class (ℝ). LetΩ1 andΩ3 be the sectors defined
in (2.6) and (2.8), respectively, and letΩ1 andΩ3 denote the corresponding closures, respectively. We have the following:

a. The left Jost solution 𝑓(𝑘, 𝑥) to (1.1) satisfying (2.10) exists and is uniquely determined.

b. For each fixed 𝑥 ∈ ℝ, the quantity 𝑓(𝑘, 𝑥) is analytic in 𝑘 ∈ Ω1, is continuous in 𝑘 ∈ Ω1, and has the large 𝑘-asymptotics

𝑓(𝑘, 𝑥) = 𝑒𝑘𝑥

[
1 + 𝑂

(
1

𝑘

)]
, 𝑘 → ∞ in Ω1. (2.12)

c. For each fixed 𝑘 ∈ Ω1, the quantity 𝑓(𝑘, 𝑥) is continuous in 𝑥 ∈ ℝ.

d. The right Jost solution 𝑔(𝑘, 𝑥) to (1.1) satisfying (2.11) exists and is uniquely determined.

6 of 38 Studies in Applied Mathematics, 2025



e. For each fixed 𝑥 ∈ ℝ, the quantity 𝑔(𝑘, 𝑥) is analytic in 𝑘 ∈ Ω3, is continuous in 𝑘 ∈ Ω3, and has the large 𝑘-asymptotics given by

𝑔(𝑘, 𝑥) = 𝑒𝑘𝑥

[
1 + 𝑂

(
1

𝑘

)]
, 𝑘 → ∞ in Ω3. (2.13)

f. For each fixed 𝑘 ∈ Ω3, the quantity 𝑔(𝑘, 𝑥) is continuous in 𝑥 ∈ ℝ.

In terms of the left Jost solution 𝑓(𝑘, 𝑥), we introduce the left scattering coefficients 𝑇l(𝑘), 𝐿(𝑘), and 𝑀(𝑘) via the spacial asymptotics
as 𝑥 → −∞ given by

𝑓(𝑘, 𝑥) =

⎧⎪⎪⎨⎪⎪⎩
𝑒𝑘𝑥 𝑇l(𝑘)

−1[1 + 𝑜(1)] + 𝑒𝑧𝑘𝑥𝐿(𝑘) 𝑇l(𝑘)
−1[1 + 𝑜(1)], 𝑘 ∈ 1,

𝑒𝑘𝑥 𝑇l(𝑘)
−1[1 + 𝑜(1)], 𝑘 ∈ Ω1,

𝑒𝑘𝑥 𝑇l(𝑘)
−1[1 + 𝑜(1)] + 𝑒𝑧2𝑘𝑥𝑀(𝑘) 𝑇l(𝑘)

−1[1 + 𝑜(1)], 𝑘 ∈ 2,

(2.14)

where we recall that 𝑧 is the special constant appearing in (2.1) and that 1 and 2 are the directed half lines defined in (2.2) and (2.3),
respectively. We refer to 𝐿(𝑘) as the left primary reflection coefficient, 𝑀(𝑘) as the left secondary reflection coefficient, and 𝑇l(𝑘) as
the left transmission coefficient. We remark that the 𝑘-domains of 𝐿(𝑘), 𝑀(𝑘), and 𝑇l(𝑘) are 1, 2, and Ω1, respectively. In a similar
manner, in terms of the right Jost solution 𝑔(𝑘, 𝑥), we introduce the right scattering coefficients 𝑇r(𝑘), 𝑅(𝑘), and 𝑁(𝑘) via the spacial
asymptotics as 𝑥 → +∞ given by

𝑔(𝑘, 𝑥) =

⎧⎪⎪⎨⎪⎪⎩
𝑒𝑘𝑥 𝑇r(𝑘)

−1[1 + 𝑜(1)] + 𝑒𝑧𝑘𝑥𝑅(𝑘) 𝑇r(𝑘)
−1[1 + 𝑜(1)], 𝑘 ∈ 3,

𝑒𝑘𝑥 𝑇r(𝑘)
−1[1 + 𝑜(1)], 𝑘 ∈ Ω3,

𝑒𝑘𝑥 𝑇r(𝑘)
−1[1 + 𝑜(1)] + 𝑒𝑧2𝑘𝑥𝑁(𝑘) 𝑇r(𝑘)

−1[1 + 𝑜(1)], 𝑘 ∈ 4,

(2.15)

where we recall that 3 and 4 are the directed half lines defined in (2.4) and (2.5), respectively. We refer to 𝑅(𝑘) as the right primary
reflection coefficient,𝑁(𝑘) as the right secondary reflection coefficient, and 𝑇r(𝑘) as the right transmission coefficient. We remark that
the 𝑘-domains of 𝑅(𝑘), 𝑁(𝑘), and 𝑇r(𝑘) are 3, 4, and Ω3, respectively.

We introduce the solution ℎdown(𝑘, 𝑥) to (1.1) with the 𝑘-domain Ω2 and the solution ℎup(𝑘, 𝑥) to (1.1) with the 𝑘-domain Ω4 via

ℎdown(𝑘, 𝑥) ∶=
[
𝑓(−𝑧2𝑘∗, 𝑥)∗ ; 𝑔(−𝑧𝑘∗, 𝑥)∗

]
, 𝑥 ∈ ℝ, (2.16)

ℎup(𝑘, 𝑥) ∶=
[
𝑓(−𝑧𝑘∗, 𝑥)∗ ; 𝑔(−𝑧2𝑘∗, 𝑥)∗

]
, 𝑥 ∈ ℝ, (2.17)

where the asterisk denotes complex conjugation and we recall thatΩ2 andΩ4 are the closures of the sectorsΩ2 andΩ4 defined in (2.7)
and (2.9), respectively. We remark that, on the right-hand sides of (2.16) and (2.17), we have the 2-Wronskians of the Jost solutions to
the adjoint equation

𝜓
′′′
(𝑘, 𝑥) + 𝑄(𝑥) 𝜓

′
(𝑘, 𝑥) + 𝑃(𝑥) 𝜓(𝑘, 𝑥) = 𝑘3 𝜓(𝑘, 𝑥), 𝑥 ∈ ℝ, (2.18)

with

𝑄(𝑥) ∶= 𝑄(𝑥)∗, 𝑃(𝑥) ∶= 𝑄′(𝑥)∗ − 𝑃(𝑥)∗, 𝑥 ∈ ℝ. (2.19)

It is known [11] that the left transmission coefficient 𝑇l(𝑘) for the adjoint equation (2.18) is related to the right transmission coefficient
𝑇r(𝑘) for (1.1) as

𝑇l(𝑘) = 𝑇r(−𝑘∗)∗, 𝑘 ∈ Ω1. (2.20)

Similarly, the right transmission coefficient 𝑇r(𝑘) for the adjoint equation (2.18) is related to the left transmission coefficient 𝑇l(𝑘) for
(1.1) as

𝑇r(𝑘) = 𝑇l(−𝑘∗)∗, 𝑘 ∈ Ω3. (2.21)

We emphasize that the asterisk denotes complex conjugation and the overbar in our notation does not denote complex conjugation but
is used to denote the quantities related to the adjoint equation (2.18). We note that the 2-Wronskian [𝐹(𝑥); 𝐺(𝑥)] of two functions 𝐹(𝑥)
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and 𝐺(𝑥) is defined as

[𝐹(𝑥) ; 𝐺(𝑥)] ∶= 𝐹(𝑥)𝐺′(𝑥) − 𝐹′(𝑥) 𝐺(𝑥).

The quantity 𝑓(𝑘, 𝑥) appearing in (2.16) and (2.17) is the left Jost solution to (2.18) satisfying the asymptotics similar to (2.10), that is,

⎧⎪⎪⎨⎪⎪⎩
𝑓(𝑘, 𝑥) = 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → +∞,

𝑓
′
(𝑘, 𝑥) = 𝑘 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → +∞,

𝑓
′′
(𝑘, 𝑥) = 𝑘2 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → +∞,

and 𝑔(𝑘, 𝑥) appearing in (2.16) and (2.17) is the right Jost solution to (2.18) satisfying the asymptotics similar to (2.11), that is,

⎧⎪⎪⎨⎪⎪⎩
𝑔(𝑘, 𝑥) = 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → −∞,

𝑔′(𝑘, 𝑥) = 𝑘 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → −∞,

𝑔′′(𝑘, 𝑥) = 𝑘2 𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → −∞.

The spacial asymptotics of ℎdown(𝑘, 𝑥) in its 𝑘-domain Ω2 are known [11]. As 𝑥 → +∞, we have

ℎdown(𝑘, 𝑥) =
⎧⎪⎨⎪⎩

𝑧(1 − 𝑧)𝑘𝑒𝑘𝑥 𝑇l(𝑧
2𝑘)−1[1 + 𝑜(1)] − 𝑧(1 − 𝑧)𝑘𝑒𝑧2𝑘𝑥𝑀(𝑘) 𝑇l(𝑘)

−1[1 + 𝑜(1)], 𝑘 ∈ 2,

𝑧(1 − 𝑧)𝑘𝑒𝑘𝑥 𝑇l(𝑧
2𝑘)−1[1 + 𝑜(1)], 𝑘 ∈ Ω2,

𝑧(1 − 𝑧)𝑘𝑒𝑘𝑥 𝑇l(𝑧
2𝑘)−1[1 + 𝑜(1)], 𝑘 ∈ 3,

(2.22)

where we recall that𝑀(𝑘) and 𝑇l(𝑘) are the left scattering coefficients appearing in (2.14). Similarly, as 𝑥 → −∞ we have

ℎdown(𝑘, 𝑥) =

⎧⎪⎪⎨⎪⎪⎩
𝑧(1 − 𝑧)𝑘𝑒kx 𝑇r(zk)

−1
[1 + 𝑜(1)], 𝑘 ∈ 2,

𝑧(1 − 𝑧)𝑘𝑒kx 𝑇r(zk)
−1

[1 + 𝑜(1)], 𝑘 ∈ Ω2,

𝑧(1 − 𝑧)𝑘𝑒kx 𝑇r(zk)
−1

[1 + 𝑜(1)] − 𝑧(1 − 𝑧)𝑘𝑒zkx𝑅(𝑘) 𝑇r(𝑘)
−1

[1 + 𝑜(1)], 𝑘 ∈ 3,

(2.23)

where we recall that 𝑅(𝑘) and 𝑇r(𝑘) are the right scattering coefficients appearing in (2.15). In a similar manner, the spacial asymptotics
of ℎup(𝑘, 𝑥) in its 𝑘-domain Ω4 are known [11]. As 𝑥 → +∞, we have

ℎup(𝑘, 𝑥) =
⎧⎪⎨⎪⎩
−𝑧(1 − 𝑧)𝑘𝑒𝑘𝑥 𝑇l(𝑧𝑘)

−1[1 + 𝑜(1)] + 𝑧(1 − 𝑧)𝑘𝑒𝑧𝑘𝑥𝐿(𝑘) 𝑇l(𝑘)
−1[1 + 𝑜(1)], 𝑘 ∈ 1,

−𝑧(1 − 𝑧)𝑘𝑒𝑘𝑥 𝑇l(𝑧𝑘)
−1[1 + 𝑜(1)], 𝑘 ∈ Ω4,

−𝑧(1 − 𝑧)𝑘𝑒𝑘𝑥 𝑇l(𝑧𝑘)
−1[1 + 𝑜(1)], 𝑘 ∈ 4,

(2.24)

where we recall that 𝐿(𝑘) is the left primary reflection coefficient appearing in (2.14). Similarly, as 𝑥 → −∞ we have

ℎup(𝑘, 𝑥) =
⎧⎪⎨⎪⎩
−𝑧(1 − 𝑧)𝑘𝑒𝑘𝑥 𝑇r(𝑧

2𝑘)−1[1 + 𝑜(1)], 𝑘 ∈ 1,

−𝑧(1 − 𝑧)𝑘𝑒𝑘𝑥 𝑇r(𝑧
2𝑘)−1[1 + 𝑜(1)], 𝑘 ∈ Ω4,

−𝑧(1 − 𝑧)𝑘𝑒𝑘𝑥 𝑇r(𝑧
2𝑘)−1[1 + 𝑜(1)] + 𝑧(1 − 𝑧)𝑘𝑒𝑧2𝑘𝑥𝑁(𝑘) 𝑇r(𝑘)

−1[1 + 𝑜(1)], 𝑘 ∈ 4,

(2.25)

where we recall that 𝑁(𝑘) is the right secondary reflection coefficient appearing in (2.15).

Since (1.1) is a linear homogeneous ordinary differential equation, any constant multiple of a solution to (1.1) is also a solution. As seen
from (2.22)–(2.25), it is convenient to let

𝑚(𝑘, 𝑥) ∶=
𝑇r(𝑧𝑘) ℎ

down(𝑘, 𝑥)

𝑧(1 − 𝑧)𝑘
, 𝑘 ∈ Ω2, 𝑥 ∈ ℝ, (2.26)

𝑛(𝑘, 𝑥) ∶=
𝑇r(𝑧

2𝑘) ℎup(𝑘, 𝑥)

−𝑧(1 − 𝑧)𝑘
, 𝑘 ∈ Ω4, 𝑥 ∈ ℝ, (2.27)
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so that𝑚(𝑘, 𝑥) and 𝑛(𝑘, 𝑥) remain solutions to (1.1) with the respective 𝑘-domainsΩ2 andΩ4, but with simpler spacial asymptotics. As
𝑥 → +∞, with the help of (2.22) and (2.26), we obtain

𝑚(𝑘, 𝑥) =

⎧⎪⎪⎨⎪⎪⎩
𝑒kx 𝑇l(𝑧

2𝑘)
−1

𝑇r(zk)[1 + 𝑜(1)] − 𝑒𝑧2kx𝑀(𝑘) 𝑇l(𝑘)
−1

𝑇r(zk)[1 + 𝑜(1)], 𝑘 ∈ 2,

𝑒kx 𝑇l(𝑧
2𝑘)

−1
𝑇r(zk)[1 + 𝑜(1)], 𝑘 ∈ Ω2,

𝑒kx 𝑇l(𝑧
2𝑘)

−1
𝑇r(zk)[1 + 𝑜(1)], 𝑘 ∈ 3.

(2.28)

As 𝑥 → −∞, with the help of (2.23) and (2.26), we have

𝑚(𝑘, 𝑥) =

⎧⎪⎪⎨⎪⎪⎩
𝑒𝑘𝑥[1 + 𝑜(1)], 𝑘 ∈ 2,

𝑒𝑘𝑥[1 + 𝑜(1)], 𝑘 ∈ Ω2,

𝑒𝑘𝑥[1 + 𝑜(1)] − 𝑒𝑧𝑘𝑥𝑅(𝑘) 𝑇r(𝑘)
−1 𝑇r(𝑧𝑘)[1 + 𝑜(1)], 𝑘 ∈ 3.

(2.29)

As 𝑥 → +∞, we get

𝑛(𝑘, 𝑥) =
⎧⎪⎨⎪⎩

𝑒𝑘𝑥 𝑇l(𝑧𝑘)
−1 𝑇r(𝑧

2𝑘)[1 + 𝑜(1)] − 𝑒𝑧𝑘𝑥𝐿(𝑘) 𝑇l(𝑘)
−1 𝑇r(𝑧

2𝑘)[1 + 𝑜(1)], 𝑘 ∈ 1,

𝑒𝑘𝑥 𝑇l(𝑧𝑘)
−1 𝑇r(𝑧

2𝑘)[1 + 𝑜(1)], 𝑘 ∈ Ω4,

𝑒𝑘𝑥 𝑇l(𝑧𝑘)
−1 𝑇r(𝑧

2𝑘)[1 + 𝑜(1)], 𝑘 ∈ 4.

(2.30)

Similarly, as 𝑥 → −∞, we have

𝑛(𝑘, 𝑥) =

⎧⎪⎪⎨⎪⎪⎩
𝑒𝑘𝑥[1 + 𝑜(1)], 𝑘 ∈ 1,

𝑒𝑘𝑥[1 + 𝑜(1)], 𝑘 ∈ Ω4,

𝑒𝑘𝑥[1 + 𝑜(1)] − 𝑒𝑧2𝑘𝑥𝑁(𝑘) 𝑇r(𝑘)
−1 𝑇r(𝑧

2𝑘)[1 + 𝑜(1)], 𝑘 ∈ 4.

(2.31)

For each fixed 𝑥 ∈ ℝ, we have [11] the large 𝑘-asymptotics

⎧⎪⎪⎨⎪⎪⎩
𝑚(𝑘, 𝑥) = 𝑒𝑘𝑥

[
1 + 𝑂

(
1

𝑘

)]
, 𝑘 → ∞ in Ω2,

𝑛(𝑘, 𝑥) = 𝑒𝑘𝑥

[
1 + 𝑂

(
1

𝑘

)]
, 𝑘 → ∞ in Ω4.

(2.32)

In the reflectionless case, the spacial asymptotics of𝑚(𝑘, 𝑥) and 𝑛(𝑘, 𝑥) are even simpler, and from (2.28)–(2.31), we obtain

𝑚(𝑘, 𝑥) =

{
𝑒𝑘𝑥 𝑇l(𝑧

2𝑘)−1 𝑇r(𝑧𝑘)[1 + 𝑜(1)], 𝑥 → +∞, 𝑘 ∈ Ω2,

𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → −∞, 𝑘 ∈ Ω2,

𝑛(𝑘, 𝑥) =

{
𝑒𝑘𝑥 𝑇l(𝑧𝑘)

−1 𝑇r(𝑧
2𝑘)[1 + 𝑜(1)], 𝑥 → +∞, 𝑘 ∈ Ω4,

𝑒𝑘𝑥[1 + 𝑜(1)], 𝑥 → −∞, 𝑘 ∈ Ω4.
(2.33)

We refer to 𝑓(𝑘, 𝑥), 𝑔(𝑘, 𝑥), ℎdown(𝑘, 𝑥), and ℎup(𝑘, 𝑥) as the four basic solutions to (1.1). With the help of (2.1), we can show that 𝜓(𝑧𝑘, 𝑥)

and 𝜓(𝑧2𝑘, 𝑥) are solutions to (1.1) whenever 𝜓(𝑘, 𝑥) is a solution to (1.1). In fact, the 𝑘-domain of 𝜓(𝑧𝑘, 𝑥) is obtained from the 𝑘-domain
of 𝜓(𝑘, 𝑥) by a clockwise rotation of 2𝜋∕3 radians around the origin of the complex 𝑘-plane ℂ. Similarly, the 𝑘-domain of 𝜓(𝑧2𝑘, 𝑥) is
obtained from the 𝑘-domain of 𝜓(𝑘, 𝑥) by a clockwise rotation of 4𝜋∕3 radians around the origin of the complex 𝑘-plane ℂ. Thus, at
every 𝑘-value in the complex plane, with the help of the four basic solutions 𝑓(𝑘, 𝑥), 𝑔(𝑘, 𝑥), ℎdown(𝑘, 𝑥), and ℎup(𝑘, 𝑥), we can form
three linearly independent solutions to (1.1).

In the right plot of Figure 2, we present three solutions to (1.1) at each 𝑘-value in the complex 𝑘-plane. As seen from Figure 2, this is done
by displaying a specific set of three solutions to (1.1) in each of the six closed sectors Ω

up
1 , Ω

down
1 , Ω2, Ωdown

3 , Ωup
3 , and Ω4, respectively.

We remark that Ωup
1 , Ω

down
1 , Ωdown

3 , and Ω
up
3 are the respective open sectors parameterized as

Ω
up
1 ∶=

{
𝑘 ∈ ℂ ∶

2𝜋

3
< arg[𝑘] < 𝜋

}
, (2.34)
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FIGURE 2 The complex 𝑘-plane is divided into the six sectors Ω
up
1
, Ωdown

1
, Ω2, Ωdown

3
, Ωup

3
, and Ω4 as shown on the left plot, and the 𝑘-domains

of three basic solutions to (1.1) in each of the six regions, respectively, are shown on the right plot.

Ωdown
1 ∶=

{
𝑘 ∈ ℂ ∶ 𝜋 < arg[𝑘] <

4𝜋

3

}
, (2.35)

Ωdown
3 ∶=

{
𝑘 ∈ ℂ ∶ −𝜋

3
< arg[𝑘] < 0

}
,

Ω
up
3 ∶=

{
𝑘 ∈ ℂ ∶ 0 < arg[𝑘] <

𝜋

3

}
.

The closed sectorΩup
1 is the closure ofΩup

1 , and it is obtained fromΩ
up
1 by including its upper boundary1 and its lower boundary−ℝ−.

We use −ℝ− to denote the directed half line given by

−ℝ− ∶= {𝑘 = −𝑠 ∶ 𝑠 ∈ [0,+∞)}.

Similarly, the closed sector Ωdown
1 is the closure of Ωdown

1 , and it is obtained from Ωdown
1 by including its upper boundary −ℝ− and its

lower boundary2. The closed sectorΩdown
3 is the closure ofΩdown

3 , and it is obtained fromΩdown
3 by including its lower boundary3 and

its upper boundary ℝ+, where ℝ+ is the directed half line corresponding to the real interval [0,+∞) in the complex 𝑘-plane. Similarly,
Ω
up
3 is the closure of Ωup

3 , and it is obtained from Ω
up
3 by including its lower boundary ℝ+ and its upper boundary 4.

We define the 3-Wronskian of three functions 𝐹(𝑥), 𝐺(𝑥), and𝐻(𝑥) as

[𝐹(𝑥); 𝐺(𝑥);𝐻(𝑥)] ∶=

||||||||
𝐹(𝑥) 𝐺(𝑥) 𝐻(𝑥)

𝐹′(𝑥) 𝐺′(𝑥) 𝐻′(𝑥)

𝐹′′(𝑥) 𝐺′′(𝑥) 𝐻′′(𝑥)

|||||||| ,
where we have the determinant of the relevant 3 × 3 matrix on the right-hand side. The 3-Wronskian of any three solutions to (1.1) at
any particular 𝑘-value is zero if and only if those three solutions are linearly dependent. Furthermore, because of the absence of 𝜓′′ in
(1.1), the 3-Wronskian of those three solutions is independent of 𝑥 and its value can be evaluated at any particular 𝑥-value. For example,
using their asymptotics as 𝑥 → ±∞, we evaluate the 3-Wronskian of 𝑓(𝑘, 𝑥), 𝑔(𝑧𝑘, 𝑥), and ℎup(𝑧2𝑘, 𝑥) in Ωdown

1 as

[
𝑓(𝑘, 𝑥); 𝑔(𝑧𝑘, 𝑥); ℎup(𝑧2𝑘, 𝑥)

]
= −9𝑧2𝑘4 𝑇l(𝑘)

−1 𝑇r(𝑧𝑘)
−1, 𝑘 ∈ Ωdown

1 . (2.36)
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Similarly, using their asymptotics as 𝑥 → ±∞, we evaluate the 3-Wronskian of 𝑓(𝑘, 𝑥), 𝑔(𝑧2𝑘, 𝑥), and ℎdown(𝑧𝑘, 𝑥) in Ω
up
1 as

[
𝑓(𝑘, 𝑥); 𝑔(𝑧2𝑘, 𝑥); ℎdown(𝑧𝑘, 𝑥)

]
= −9𝑧𝑘4 𝑇l(𝑘)

−1 𝑇r(𝑧𝑘)
−1, 𝑘 ∈ Ω

up
1 . (2.37)

Using (2.27) and (2.36), we have [
𝑓(𝑘, 𝑥); 𝑔(𝑧𝑘, 𝑥); 𝑛(𝑧2𝑘, 𝑥)

]
= −3𝑧(1 − 𝑧)𝑘3 𝑇l(𝑘)

−1, 𝑘 ∈ Ωdown
1 , (2.38)

and using (2.26) and (2.37), we get [
𝑓(𝑘, 𝑥); 𝑔(𝑧2𝑘, 𝑥);𝑚(𝑧𝑘, 𝑥)

]
= 3(1 − 𝑧2)𝑘3 𝑇l(𝑘)

−1, 𝑘 ∈ Ω
up
1 . (2.39)

Comparing (2.36) and (2.37) with (2.38) and (2.39), we see another advantage of using 𝑚(𝑘, 𝑥) and 𝑛(𝑘, 𝑥) instead of ℎdown(𝑘, 𝑥) and
ℎup(𝑘, 𝑥), respectively. This is because, by using (2.38) and (2.39), we can directly relate the bound-state poles the left transmission
coefficient 𝑇l(𝑘) to the linear dependence of the three relevant solutions to (1.1) in the appropriate 𝑘-domain.

If the potentials𝑄 and 𝑃 appearing in (1.1) depend on the time parameter 𝑡, then the Jost solutions 𝑓(𝑘, 𝑥) and 𝑔(𝑘, 𝑥) to (1.1) also depend
on 𝑡. In general, the time dependence of the potentials can be arbitrary. However, if those potentials satisfy a certain integrable system,
then the time evolution of the potentials must be compatible with the operator𝐴 in the corresponding Lax pair (𝐿, 𝐴) for that integrable
system. Hence, in order to solve the integrable system (1.5) and its special case (1.9), we need to use the time dependence governed by
the linear operator 𝐴 specified in (1.3). In that case, the time evolution of 𝑓(𝑘, 𝑥) and 𝑔(𝑘, 𝑥) is determined with the help of the linear
operator 𝐴 given in (1.3). In fact, the time evolution of any solution 𝜓(𝑘, 𝑥) to (1.1) is determined by using the requirement [20, 21] that
the quantity 𝜕𝜓(𝑘, 𝑥)∕𝜕𝑡 − 𝐴𝜓(𝑘, 𝑥) is a solution to (1.1). This yields the time evolution for the Jost solutions 𝑓(𝑘, 𝑥) and 𝑔(𝑘, 𝑥), and we
have

𝜕𝑓(𝑘, 𝑥)

𝜕𝑡
− 𝐴𝑓(𝑘, 𝑥) = −9𝑘5𝑓(𝑘, 𝑥), 𝑘 ∈ Ω1, 𝑥 ∈ ℝ, (2.40)

𝜕𝑔(𝑘, 𝑥)

𝜕𝑡
− 𝐴𝑔(𝑘, 𝑥) = −9𝑘5𝑔(𝑘, 𝑥), 𝑘 ∈ Ω3, 𝑥 ∈ ℝ. (2.41)

We use (2.14) in the asymptotics of (2.40) as 𝑥 → −∞, and similarly we use (2.15) in the asymptotics of (2.41) as 𝑥 → +∞. By equating
the corresponding coefficients of 𝑒𝑘𝑥 , 𝑒𝑧𝑘𝑥 , and 𝑒𝑧2𝑘𝑥 , respectively, on both sides of the two aforementioned asymptotic equalities, we
obtain the time evolution of the scattering coefficients for (1.1) as

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝑇l(𝑘) ↦ 𝑇l(𝑘), 𝑘 ∈ Ω1,

𝑇r(𝑘) ↦ 𝑇l(𝑘), 𝑘 ∈ Ω3,

𝐿(𝑘) ↦ 𝐿(𝑘) exp
(
9(𝑧2 − 1)𝑘5𝑡

)
, 𝑘 ∈ 1,

𝑀(𝑘) ↦ 𝑀(𝑘) exp (9(𝑧 − 1)𝑘5𝑡), 𝑘 ∈ 2,

𝑅(𝑘) ↦ 𝑅(𝑘) exp
(
9(𝑧2 − 1)𝑘5𝑡

)
, 𝑘 ∈ 3,

𝑁(𝑘) ↦ 𝑁(𝑘) exp (9(𝑧 − 1)𝑘5𝑡), 𝑘 ∈ 4.

(2.42)

As indicated in (2.42), the transmission coefficients do not change in time. On the other hand, the reflection coefficients at any time 𝑡 are
obtained from the corresponding reflection coefficients at 𝑡 = 0 by using the indicated multiplicative exponential factors in (2.42). For
example, the value 𝐿(𝑘) at any time 𝑡 is obtained by multiplying the initial value of 𝐿(𝑘) at 𝑡 = 0 with the exponential factor 𝑒9(𝑧2−1)𝑘5𝑡 .

3 The Bound States and Bound-State Dependency Constants

A bound-state solution to (1.1) is defined as a nontrivial solution, which is square integrable in 𝑥 ∈ ℝ. If the bound state occurs at the
𝑘-value 𝑘𝑗 in the complex 𝑘-plane, then the number of linearly independent square-integrable solutions to (1.1) at 𝑘 = 𝑘𝑗 , that is, to the
equation

𝜓′′′ + 𝑄(𝑥) 𝜓′ + 𝑃(𝑥) 𝜓 = 𝑘3
𝑗
𝜓, 𝑥 ∈ ℝ, (3.1)

determines the multiplicity of the bound state at 𝑘 = 𝑘𝑗 . If there is only one linearly independent bound-state solution at 𝑘 = 𝑘𝑗 , then
the bound state at 𝑘 = 𝑘𝑗 is simple. We recall that we suppress the 𝑡-dependence of the potentials 𝑄 and 𝑃 and any quantities related to
(3.1) in our notation.
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Suppose that the complex constant 𝑘𝑗 is located in the open sector Ωdown
1 and that it corresponds to a bound state. Then, we have

𝑇l(𝑘𝑗)
−1 = 0. From (2.38), we see that the three solutions 𝑓(𝑘𝑗, 𝑥), 𝑔(𝑧𝑘𝑗, 𝑥), and 𝑛(𝑧2𝑘𝑗, 𝑥) to (3.1) become linearly dependent. This

allows us to express 𝑓(𝑘𝑗, 𝑥) as a linear combination of 𝑔(𝑧𝑘𝑗, 𝑥) and 𝑛(𝑧2𝑘𝑗, 𝑥) as

𝑓(𝑘𝑗, 𝑥) = 𝐷(𝑘𝑗) 𝑔(𝑧𝑘𝑗, 𝑥) + 𝑊(𝑘𝑗) 𝑛(𝑧2𝑘𝑗, 𝑥), 𝑥 ∈ ℝ, (3.2)

for some complex constants 𝐷(𝑘𝑗) and𝑊(𝑘𝑗).

Let us divide the open sector Ωdown
1 specified in (2.35) into two parts, the first of which is the sector with arg[𝑘] ∈ (𝜋, 7𝜋∕6) and the

second sector is described by using arg[𝑘] ∈ [7𝜋∕6, 4𝜋∕3). If the bound state at 𝑘 = 𝑘𝑗 occurs when arg[𝑘𝑗] ∈ (𝜋, 7𝜋∕6), then from (3.2)
we get 𝐷(𝑘𝑗) = 0 and hence (3.2) yields

𝑓(𝑘𝑗, 𝑥) = 𝑊(𝑘𝑗) 𝑛(𝑧2𝑘𝑗, 𝑥), arg[𝑘𝑗] ∈
(
𝜋,

7𝜋

6

)
, 𝑥 ∈ ℝ, (3.3)

where𝑊(𝑘𝑗) ≠ 0 and the complex constant𝑊(𝑘𝑗) corresponds to the dependency constant at the bound state with 𝑘 = 𝑘𝑗 . On the other
hand, if we have arg[𝑘𝑗] ∈ [7𝜋∕6, 4𝜋∕3), then from (3.2) we get𝑊(𝑘𝑗) = 0 and hence (3.2) yields

𝑓(𝑘𝑗, 𝑥) = 𝐷(𝑘𝑗) 𝑔(𝑧𝑘𝑗, 𝑥), arg[𝑘𝑗] ∈

[
7𝜋

6
,
4𝜋

3

)
, 𝑥 ∈ ℝ, (3.4)

where 𝐷(𝑘𝑗) ≠ 0 and the complex constant 𝐷(𝑘𝑗) corresponds to the dependency constant at the bound state with 𝑘 = 𝑘𝑗 .

By using the following argument, we show how each of (3.3) and (3.4) follows from (3.2). When 𝑘𝑗 ∈ Ωdown
1 , the real and imaginary

parts of the complex constant 𝑘𝑗 are both negative, that is, we have

Re[𝑘𝑗] < 0, Im[𝑘𝑗] < 0, 𝑘𝑗 ∈ Ωdown
1 . (3.5)

Using (3.5) in the first line of (2.10), we see that 𝑓(𝑘𝑗, 𝑥) decays exponentially as 𝑥 → +∞. Since 𝑇l(𝑘𝑗)
−1 = 0, from the second line of

the right-hand side of (2.14), it follows that 𝑓(𝑘𝑗, 𝑥) also vanishes as 𝑥 → −∞. Since those decays are exponential, 𝑓(𝑘𝑗, 𝑥) corresponds
to a bound-state solution to (3.1). With the help of the first line of the right-hand side of (2.11), we get

𝑔(𝑧𝑘𝑗, 𝑥) = exp

((
−1

2
+ 𝑖

√
3

2

)(
Re[𝑘𝑗] + 𝑖 Im[𝑘𝑗]

)
𝑥

)
[1 + 𝑜(1)], 𝑥 → −∞, (3.6)

which yields

|||𝑔(𝑧𝑘𝑗, 𝑥)
||| =

(
exp

(
−1

2
Re[𝑘𝑗] −

√
3

2
Im[𝑘𝑗]

)
𝑥

)
[1 + 𝑜(1)], 𝑥 → −∞. (3.7)

Using (3.5) on the right-hand side of (3.7), we see that 𝑔(𝑧𝑘𝑗, 𝑥) decays exponentially as 𝑥 → −∞. On the other hand, from the second
line of the right-hand side of (2.15), we observe that

|||𝑔(𝑧𝑘𝑗, 𝑥)
||| = |||𝑇r(𝑧𝑘𝑗)

−1|||
(
exp

(
−1

2
Re[𝑘𝑗] −

√
3

2
Im[𝑘𝑗]

)
𝑥

)
[1 + 𝑜(1)], 𝑥 → +∞. (3.8)

When arg[𝑘𝑗] ∈ (𝜋, 7𝜋∕6), we see from (3.8) that |||𝑔(𝑧𝑘𝑗, 𝑥)
||| becomes unbounded as 𝑥 → +∞. On the other hand, when we have

arg[𝑘𝑗] ∈ [7𝜋∕6, 4𝜋∕3), we see from (3.8) that 𝑔(𝑧𝑘𝑗, 𝑥) decays exponentially as 𝑥 → +∞. Hence, for (3.2) to hold, we must have
𝐷(𝑘𝑗) = 0 when arg[𝑘𝑗] ∈ (𝜋, 7𝜋∕6). In a similar way, since 𝑇l(𝑘𝑗)

−1 = 0, from the first line of the right-hand side of (2.33), it follows
that 𝑛(𝑧2𝑘𝑗, 𝑥) vanishes exponentially as 𝑥 → +∞. From the second line of the right-hand side of (2.33), we get

𝑛(𝑧2𝑘𝑗, 𝑥) = exp

((
−1

2
− 𝑖

√
3

2

)(
Re[𝑘𝑗] + 𝑖 Im[𝑘𝑗]

)
𝑥

)
[1 + 𝑜(1)], 𝑥 → +∞, (3.9)

which yields

|||𝑛(𝑧2𝑘𝑗, 𝑥)
||| =

(
exp

(
−1

2
Re[𝑘𝑗] +

√
3

2
Im[𝑘𝑗]

)
𝑥

)
[1 + 𝑜(1)], 𝑥 → +∞. (3.10)

From (3.10) we see that 𝑛(𝑧2𝑘𝑗, 𝑥) decays exponentially as 𝑥 → +∞when arg[𝑘𝑗] ∈ (𝜋, 7𝜋∕6). On the other hand, when arg[𝑘𝑗] = 7𝜋∕6,
it follows from (3.10) that 𝑛(𝑧2𝑘𝑗, 𝑥) remains bounded as 𝑥 → +∞ but does not vanish as 𝑥 → +∞. When arg[𝑘𝑗] ∈ (7𝜋∕6, 4𝜋∕3), from
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(3.10), it follows that |||𝑛(𝑧2𝑘𝑗, 𝑥)
||| becomes unbounded as 𝑥 → +∞ and hence 𝑛(𝑧2𝑘𝑗, 𝑥) does not vanish as 𝑥 → +∞. Thus, for (3.2) to

hold, we must have𝑊(𝑘𝑗) = 0 when arg[𝑘𝑗] ∈ [7𝜋∕6, 4𝜋∕3). This concludes the justification of (3.3) and (3.4).

Next, we determine the time evolution of the dependency constants𝑊(𝑘𝑗) and 𝐷(𝑘𝑗) appearing in (3.3) and (3.4), respectively. We first
determine the time evolution of the dependency constant 𝑊(𝑘𝑗). In analogy with (2.40) and (2.41), we have the time evolution of the
solution 𝑛(𝑘, 𝑥) given by

𝜕

𝜕𝑡
𝑛(𝑘, 𝑥) − 𝐴𝑛(𝑘, 𝑥) = −9𝑘5 𝑛(𝑘, 𝑥), 𝑘 ∈ Ω

up
1 , 𝑥 ∈ ℝ. (3.11)

From (2.40) and (3.11), we have

𝜕𝑓(𝑘𝑗, 𝑥)

𝜕𝑡
− 𝐴𝑓(𝑘𝑗, 𝑥) = −9𝑘5

𝑗
𝑓(𝑘𝑗, 𝑥), 𝑥 ∈ ℝ, (3.12)

𝜕

𝜕𝑡
𝑛(𝑧2𝑘𝑗, 𝑥) − 𝐴𝑛(𝑧2𝑘𝑗, 𝑥) = −9𝑧𝑘5

𝑗
𝑛(𝑧2𝑘𝑗, 𝑥), 𝑥 ∈ ℝ, (3.13)

where we have used 𝑧10 = 𝑧 in (3.13). Using (3.3) in (3.12), we obtain

𝜕

𝜕𝑡

(
𝑊(𝑘𝑗) 𝑛(𝑧2𝑘𝑗, 𝑥)

)
− 𝐴

(
𝑊(𝑘𝑗) 𝑛(𝑧2𝑘𝑗, 𝑥)

)
= −9𝑘5

𝑗
𝑊(𝑘𝑗) 𝑛(𝑧2𝑘𝑗, 𝑥), 𝑥 ∈ ℝ. (3.14)

Taking the 𝑡-derivative of the first term on the left-hand side of (3.14), we get

𝜕𝑊(𝑘𝑗)

𝜕𝑡
𝑛(𝑧2𝑘𝑗, 𝑥) + 𝑊(𝑘𝑗)

𝜕𝑛(𝑧2𝑘𝑗, 𝑥)

𝜕𝑡
− 𝑊(𝑘𝑗)𝐴 𝑛(𝑧2𝑘𝑗, 𝑥) = −9𝑘5

𝑗
𝑊(𝑘𝑗) 𝑛(𝑧2𝑘𝑗, 𝑥), 𝑥 ∈ ℝ. (3.15)

Multiplying both sides of (3.13) by𝑊(𝑘𝑗) and subtracting the resulting equality from (3.15), we obtain

𝜕𝑊(𝑘𝑗)

𝜕𝑡
𝑛(𝑧2𝑘𝑗, 𝑥) = (−9𝑘5

𝑗
+ 9𝑧𝑘5

𝑗
)𝑊(𝑘𝑗) 𝑛(𝑧2𝑘𝑗, 𝑥), 𝑥 ∈ ℝ, (3.16)

which simplifies to

𝜕𝑊(𝑘𝑗)

𝜕𝑡
= 9(𝑧 − 1)𝑘5

𝑗
𝑊(𝑘𝑗), 𝑥 ∈ ℝ. (3.17)

Thus, the time evolution of𝑊(𝑘𝑗) is given by

𝑊(𝑘𝑗) = 𝑈(𝑘𝑗) 𝑒
9(𝑧−1)𝑘5

𝑗
𝑡
, arg[𝑘𝑗] ∈

(
𝜋,

7𝜋

6

)
, (3.18)

where 𝑈(𝑘𝑗) is the dependency constant at 𝑡 = 0. We refer to 𝑈(𝑘𝑗) as the initial bound-state dependency constant at 𝑘 = 𝑘𝑗 .

Next, we determine the time evolution of the dependency constant 𝐷(𝑘𝑗) appearing in (3.4). We again assume that we have a simple
bound state at 𝑘 = 𝑘𝑗 with arg[𝑘𝑗] ∈ [7𝜋∕6, 4𝜋∕3). From (2.40) and (2.41), we have

𝜕𝑔(𝑧𝑘𝑗, 𝑥)

𝜕𝑡
− 𝐴𝑔(𝑧𝑘𝑗, 𝑥) = −9𝑧2𝑘5

𝑗
𝑔(𝑧𝑘𝑗, 𝑥), 𝑥 ∈ ℝ, (3.19)

where we have used 𝑧5 = 𝑧2 in (3.19). Using (3.4) in (3.12), we obtain

𝜕

𝜕𝑡

(
𝐷(𝑘𝑗) 𝑔(𝑧𝑘𝑗, 𝑥)

)
− 𝐴

(
𝐷(𝑘𝑗) 𝑔(𝑧𝑘𝑗, 𝑥)

)
= −9𝑘5

𝑗
𝐷(𝑘𝑗) 𝑔(𝑧𝑘𝑗, 𝑥), 𝑥 ∈ ℝ. (3.20)

By taking the 𝑡-derivative of the first term on the left-hand side of (3.20), we get

𝜕𝐷(𝑘𝑗)

𝜕𝑡
𝑔(𝑧𝑘𝑗, 𝑥) + 𝐷(𝑘𝑗)

𝜕𝑔(𝑧𝑘𝑗, 𝑥)

𝜕𝑡
− 𝐷(𝑘𝑗) 𝐴 𝑔(𝑧𝑘𝑗, 𝑥) = −9𝑘5

𝑗
𝐷(𝑘𝑗) 𝑔(𝑧𝑘𝑗, 𝑥), 𝑥 ∈ ℝ. (3.21)

Multiplying both sides of (3.19) by 𝐷(𝑘𝑗) and subtracting the resulting equality from (3.21), we obtain

𝜕𝐷(𝑘𝑗)

𝜕𝑡
𝑔(𝑧𝑘𝑗, 𝑥) =

(
−9𝑘5

𝑗
+ 9𝑧2𝑘5

𝑗

)
𝐷(𝑘𝑗) 𝑔(𝑧𝑘𝑗, 𝑥), 𝑥 ∈ ℝ, (3.22)
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which simplifies to

𝜕𝐷(𝑘𝑗)

𝜕𝑡
= 9(𝑧2 − 1)𝑘5

𝑗
𝐷(𝑘𝑗), 𝑥 ∈ ℝ. (3.23)

Thus, the time evolution of 𝐷(𝑘𝑗) is given by

𝐷(𝑘𝑗) = 𝐸(𝑘𝑗) 𝑒
9(𝑧2−1) 𝑘5

𝑗
𝑡
, arg[𝑘𝑗] ∈

[
7𝜋

6
,
4𝜋

3

)
, (3.24)

where 𝐸(𝑘𝑗) is the dependency constant at 𝑡 = 0. We refer to 𝐸(𝑘𝑗) as the initial dependency constant at the bound state at 𝑘 = 𝑘𝑗 .

A simple bound state at 𝑘 = 𝑘𝑗 with 𝑘𝑗 ∈ Ωdown
1 occurs when 𝑇l(𝑘)

−1 has a simple zero at 𝑘 = 𝑘𝑗 or equivalently when 𝑇l(𝑘) has a simple
pole at 𝑘 = 𝑘𝑗 . A double pole at 𝑘 = 𝑘𝑗 for 𝑇l(𝑘) corresponds to a bound state at 𝑘 = 𝑘𝑗 having multiplicity two. If the bound state at
𝑘 = 𝑘𝑗 has multiplicity 𝑚𝑗 , then instead of having a single bound-state dependency constant 𝑊(𝑘𝑗) in (3.3) or 𝐷(𝑘𝑗) in (3.4), we have
𝑚𝑗 bound-state dependency constants. We refer the reader to [22–24] for handling bound states with multiplicities and determining
the corresponding dependency constants in the presence of bound states with multiplicities. We postpone further elaborations on the
multiplicities of the bound states for (1.1) to a future paper.

Let us remark that a bound state can also be described with the help of a normalization constant instead of a dependency constant.
For example, let us assume that 𝑘𝑗 in Ωdown

1 corresponds to a simple bound-state pole of 𝑇l(𝑘). As seen from (3.3), as a bound-state
wavefunction, we can use either 𝑓(𝑘𝑗, 𝑥) or 𝑛(𝑧2𝑘𝑗, 𝑥) when arg[𝑘𝑗] ∈ (𝜋, 7𝜋∕6) and we can use either 𝑓(𝑘𝑗, 𝑥) or 𝑔(𝑧𝑘𝑗, 𝑥) when
arg[𝑘𝑗] ∈ [7𝜋∕6, 4𝜋∕3). Thus, when arg[𝑘𝑗] ∈ (𝜋, 7𝜋∕6) the bound-state data set can be specified by using 𝑘𝑗 and 𝑊(𝑘𝑗), and when
arg[𝑘𝑗] ∈ [7𝜋∕6, 4𝜋∕3), the bound-state data set can be specified by using 𝑘𝑗 and 𝐷(𝑘𝑗). Alternatively, we can introduce the left
bound-state normalization constant 𝑐l(𝑘𝑗) by using

𝑐l(𝑘𝑗) ∶= 1√
∫

∞

−∞
𝑑𝑥

|||𝑓(𝑘𝑗, 𝑥)
|||2

, 𝑘𝑗 ∈ Ωdown
1 , (3.25)

so that the quantity 𝑐l(𝑘𝑗) 𝑓(𝑘𝑗, 𝑥) is a normalized bound-state solution to (3.1). Instead of using the left bound-state normalization
constant, we can alternatively use the right bound-state normalization constant 𝑐r(𝑘𝑗) by letting

𝑐r(𝑘𝑗) ∶=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

1√
∫ ∞
−∞ 𝑑𝑥

|||𝑛(𝑧2𝑘𝑗, 𝑥)
|||2

, arg[𝑘𝑗] ∈
(
𝜋,

7𝜋

6

)
,

1√
∫ ∞
−∞ 𝑑𝑥

|||𝑔(𝑧𝑘𝑗, 𝑥)
|||2

, arg[𝑘𝑗] ∈

[
7𝜋

6
,
4𝜋

3

)
,

(3.26)

so that 𝑐r(𝑘𝑗) 𝑛(𝑧2𝑘𝑗, 𝑥) is a normalized bound-state solution to (3.1) when arg[𝑘𝑗] ∈ (𝜋, 7𝜋∕6) or that 𝑐r(𝑘𝑗) 𝑔(𝑧𝑘𝑗, 𝑥) is a normalized
bound-state solution to (3.1) when arg[𝑘𝑗] ∈ [7𝜋∕6, 4𝜋∕3). From (3.3) and (3.4), for 𝑥 ∈ ℝ we have

|||𝑓(𝑘𝑗, 𝑥)
|||2 =

⎧⎪⎨⎪⎩
|||𝑊(𝑘𝑗)

|||2|||𝑛(𝑧2𝑘𝑗, 𝑥)
|||2, arg[𝑘𝑗] ∈

(
𝜋,

7𝜋

6

)
,

|||𝐷(𝑘𝑗)
|||2|||𝑔(𝑧𝑘𝑗, 𝑥)

|||2, arg[𝑘𝑗] ∈

[
7𝜋

6
,
4𝜋

3

)
.

(3.27)

Integrating both sides of (3.27) on 𝑥 ∈ ℝ and using (3.25) and (3.26), we obtain

1

𝑐l(𝑘𝑗)2
=

⎧⎪⎪⎨⎪⎪⎩
|||𝑊(𝑘𝑗)

|||2 1

𝑐r(𝑘𝑗)2
, arg[𝑘𝑗] ∈

(
𝜋,

7𝜋

6

)
,

|||𝐷(𝑘𝑗)
|||2 1

𝑐r(𝑘𝑗)2
, arg[𝑘𝑗] ∈

[
7𝜋

6
,
4𝜋

3

)
.

(3.28)

Since 𝑐l(𝑘𝑗) and 𝑐r(𝑘𝑗) are chosen as positive constants, from (3.28) we get

𝑐r(𝑘𝑗)

𝑐l(𝑘𝑗)
=

⎧⎪⎨⎪⎩
|||𝑊(𝑘𝑗)

|||, arg[𝑘𝑗] ∈
(
𝜋,

7𝜋

6

)
,

|||𝐷(𝑘𝑗)
|||, arg[𝑘𝑗] ∈

[
7𝜋

6
,
4𝜋

3

)
,
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which is the analog of the second equality in (18) of [12]. It is possible to relate each of the dependency constants 𝑊(𝑘𝑗) and 𝐷(𝑘𝑗) to
the normalization constants 𝑐l(𝑘𝑗) and 𝑐r(𝑘𝑗) by using the residue of 𝑇l(𝑘) at the bound-state pole with 𝑘 = 𝑘𝑗 . This can be achieved by
expanding both sides of (2.38) at 𝑘 = 𝑘𝑗 and by equating the corresponding coefficient of (𝑘 − 𝑘𝑗) on both sides of the expansion.

We remark that the sectorsΩup
1 andΩdown

1 defined in (2.34) and (2.35), respectively, are symmetrically locatedwith respect to the directed
half line −ℝ−. There is a one-to-one correspondence between the point 𝑘𝑗 ∈ Ωdown

1 and the point 𝑘∗
𝑗
∈ Ω

up
1 , where we recall that an

asterisk denotes complex conjugation. Thus, if there is a bound state occurring at a 𝑘-value in the sectorΩup
1 , without loss of generality,

we can assume that it occurs at 𝑘 = 𝑘∗
𝑗
with 𝑘𝑗 ∈ Ωdown

1 . In that case, let us determine the counterparts of (3.18) and (3.24). By proceeding
in a manner similar to the steps given in (3.2)–(3.24), we introduce the bound-state dependency constants 𝑊(𝑘∗

𝑗
) and 𝐷(𝑘∗

𝑗
) as the

complex constants satisfying for 𝑥 ∈ ℝ the equalities

𝑓(𝑘∗
𝑗
, 𝑥) =

⎧⎪⎨⎪⎩
𝑊(𝑘∗

𝑗
) 𝑛(𝑧𝑘∗

𝑗
, 𝑥), arg[𝑘∗

𝑗
] ∈

(5𝜋

6
, 𝜋

)
,

𝐷(𝑘∗
𝑗
) 𝑔(𝑧2𝑘∗

𝑗
, 𝑥), arg[𝑘∗

𝑗
] ∈

(
2𝜋

3
,
5𝜋

6

]
.

(3.29)

The time evolution of𝑊(𝑘∗
𝑗
) and 𝐷(𝑘∗

𝑗
) each is, respectively, given by

⎧⎪⎨⎪⎩
𝑊(𝑘∗

𝑗
) = 𝑈(𝑘∗

𝑗
) 𝑒

9(𝑧2−1) (𝑘∗
𝑗
)5 𝑡

, arg[𝑘∗
𝑗
] ∈

(5𝜋

6
, 𝜋

)
,

𝐷(𝑘∗
𝑗
) = 𝐸(𝑘∗

𝑗
) 𝑒

9(𝑧−1) (𝑘∗
𝑗
)5 𝑡

, arg[𝑘∗
𝑗
] ∈

(
2𝜋

3
,
5𝜋

6

]
,

(3.30)

where 𝑈(𝑘∗
𝑗
) and 𝐸(𝑘∗

𝑗
) are the respective dependency constants at 𝑡 = 0. We refer to them as the initial bound-state dependency

constants at 𝑘 = 𝑘∗
𝑗
.

Let us now consider the special case when the potentials 𝑄 and 𝑃 appearing in (1.1) are real valued. In that case, if there is a simple
bound state at 𝑘 = 𝑘𝑗 with 𝑘𝑗 ∈ Ωdown

1 and also a simple bound state at 𝑘 = 𝑘∗
𝑗
with 𝑘∗

𝑗
∈ Ω

up
1 , then we have

⎧⎪⎨⎪⎩
𝑊(𝑘∗

𝑗
) = 𝑊(𝑘𝑗)

∗, 𝑈(𝑘∗
𝑗
) = 𝑈(𝑘𝑗)

∗, arg[𝑘∗
𝑗
] ∈

(5𝜋

6
, 𝜋

)
,

𝐷(𝑘∗
𝑗
) = 𝐷(𝑘𝑗)

∗, 𝐸(𝑘∗
𝑗
) = 𝐸(𝑘𝑗)

∗, arg[𝑘∗
𝑗
] ∈

(
2𝜋

3
,
5𝜋

6

]
.

(3.31)

The proof of (3.31) can be given as follows. When the potentials𝑄 and 𝑃 in (3.1) are real valued, by taking the complex conjugate of both
sides of (3.1), we get

𝜓′′′(𝑘𝑗, 𝑥)∗ + 𝑄(𝑥) 𝜓′(𝑘𝑗, 𝑥)∗ + 𝑃(𝑥) 𝜓(𝑘𝑗, 𝑥)∗ = (𝑘3
𝑗
)∗ 𝜓(𝑘𝑗, 𝑥)∗, 𝑥 ∈ ℝ. (3.32)

On the other hand, by replacing 𝑘𝑗 by 𝑘∗
𝑗
, from (3.1), we obtain

𝜓′′′(𝑘∗
𝑗
, 𝑥) + 𝑄(𝑥) 𝜓′(𝑘∗

𝑗
, 𝑥) + 𝑃(𝑥) 𝜓(𝑘∗

𝑗
, 𝑥) = (𝑘∗

𝑗
)3 𝜓(𝑘∗

𝑗
, 𝑥), 𝑥 ∈ ℝ. (3.33)

Comparing (3.32) and (3.33), we see that 𝑓(𝑘𝑗, 𝑥)∗ and 𝑓(𝑘∗
𝑗
, 𝑥) satisfy the same differential equation. From (2.10) it follows that 𝑓(𝑘𝑗, 𝑥)∗

and 𝑓(𝑘∗
𝑗
, 𝑥) satisfy the same asymptotics as 𝑥 → +∞ obtained from (2.10) by taking the complex conjugate of the right-hand side of

(2.10). Because of the uniqueness of the solution to (3.32) with the aforementioned asymptotics as 𝑥 → +∞, we have

𝑓(𝑘∗
𝑗
, 𝑥) = 𝑓(𝑘𝑗, 𝑥)∗, 𝑥 ∈ ℝ. (3.34)

A similar argument yields

𝑛(𝑧𝑘∗
𝑗
, 𝑥) = 𝑛(𝑧2𝑘𝑗, 𝑥)∗, 𝑥 ∈ ℝ, (3.35)

𝑔(𝑧2𝑘∗
𝑗
, 𝑥) = 𝑔(𝑧𝑘𝑗, 𝑥)∗, 𝑥 ∈ ℝ. (3.36)

By taking the complex conjugate of both sides of (3.3) and (3.4), for 𝑥 ∈ ℝ we get

𝑓(𝑘𝑗, 𝑥)∗ =
⎧⎪⎨⎪⎩
𝑊(𝑘𝑗)

∗ 𝑛(𝑧2𝑘𝑗, 𝑥)∗, arg[𝑘𝑗] ∈
(
𝜋,

7𝜋

6

)
,

𝐷(𝑘𝑗)
∗ 𝑔(𝑧𝑘𝑗, 𝑥)∗, arg[𝑘𝑗] ∈

[
7𝜋

6
,
4𝜋

3

)
.

(3.37)
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Comparing (3.29) and (3.37), with the help of (3.34), (3.35), and (3.36), we conclude that the first equalities in both lines of the right-hand
side of (3.31) hold. Since those first equalities hold for all 𝑡 ∈ ℝ, they also hold at 𝑡 = 0. Hence, with the help of (3.30), we see that the
second equalities in both lines of the right-hand side of (3.31) also hold.

When the potentials 𝑄 and 𝑃 are in the Schwartz class, or more generally when the Jost solutions 𝑓(𝑘, 𝑥) and 𝑔(𝑘, 𝑥) to (1.1) have
meromorphic extensions in 𝑘 from their respective 𝑘-domainsΩ1 andΩ3 to the entire complex 𝑘-plane, we have the following results.
In that case, we can use either of the sets {𝑓(𝑘, 𝑥), 𝑓(𝑧𝑘, 𝑥), 𝑓(𝑧2𝑘, 𝑥)} and {𝑔(𝑘, 𝑥), 𝑔(𝑧𝑘, 𝑥), 𝑔(𝑧2𝑘, 𝑥)} as a fundamental set of solutions
to (1.1). In particular, any solution in the first set can be expressed as a linear combination of the solutions in the other set. This yields

𝐹(𝑘, 𝑥) = 𝐺(𝑘, 𝑥)Λ(𝑘), 𝑘 ∈ ℂ, (3.38)

𝐺(𝑘, 𝑥) = 𝐹(𝑘, 𝑥) Σ(𝑘), 𝑘 ∈ ℂ, (3.39)

for some 3 × 3matrices Λ(𝑘) and Σ(𝑘), where we have defined

𝐹(𝑘, 𝑥) ∶=

⎡⎢⎢⎢⎢⎢⎢⎣

𝑓(𝑘, 𝑥) 𝑓(𝑧𝑘, 𝑥) 𝑓(𝑧2𝑘, 𝑥)

𝑑𝑓(𝑘, 𝑥)

𝑑𝑥

𝑑𝑓(𝑧𝑘, 𝑥)

𝑑𝑥

𝑑𝑓(𝑧2𝑘, 𝑥)

𝑑𝑥

𝑑2𝑓(𝑘, 𝑥)

𝑑𝑥

𝑑2𝑓(𝑧𝑘, 𝑥)

𝑑𝑥

𝑑2𝑓(𝑧2𝑘, 𝑥)

𝑑𝑥

⎤⎥⎥⎥⎥⎥⎥⎦
, (3.40)

𝐺(𝑘, 𝑥) ∶=

⎡⎢⎢⎢⎢⎢⎢⎣

𝑔(𝑘, 𝑥) 𝑔(𝑧𝑘, 𝑥) 𝑔(𝑧2𝑘, 𝑥)

𝑑𝑔(𝑘, 𝑥)

𝑑𝑥

𝑑𝑔(𝑧𝑘, 𝑥)

𝑑𝑥

𝑑𝑔(𝑧2𝑘, 𝑥)

𝑑𝑥

𝑑2𝑔(𝑘, 𝑥)

𝑑𝑥

𝑑2𝑔(𝑧𝑘, 𝑥)

𝑑𝑥

𝑑2𝑔(𝑧2𝑘, 𝑥)

𝑑𝑥

⎤⎥⎥⎥⎥⎥⎥⎦
. (3.41)

With the help of (2.10), (2.11), (2.14), (2.15), (3.40), and (3.41), from the asymptotics as 𝑥 → ±∞ for (3.38) and (3.39), we determine the
matrices Λ(𝑘) and Σ(𝑘) in terms of the left and right scattering coefficients for (1.1), respectively, as

Λ(𝑘) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

𝑇l(𝑘)

𝑀(𝑧𝑘)

𝑇l(𝑧𝑘)

𝐿(𝑧2𝑘)

𝑇l(𝑧2𝑘)

𝐿(𝑘)

𝑇l(𝑘)

1

𝑇l(𝑧𝑘)

𝑀(𝑧2𝑘)

𝑇l(𝑧2𝑘)

𝑀(𝑘)

𝑇l(𝑘)

𝐿(𝑧𝑘)

𝑇l(𝑧𝑘)

1

𝑇l(𝑧2𝑘)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (3.42)

Σ(𝑘) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1

𝑇r(𝑘)

𝑁(𝑧𝑘)

𝑇r(𝑧𝑘)

𝑅(𝑧2𝑘)

𝑇r(𝑧2𝑘)

𝑅(𝑘)

𝑇r(𝑘)

1

𝑇r(𝑧𝑘)

𝑁(𝑧2𝑘)

𝑇r(𝑧2𝑘)

𝑁(𝑘)

𝑇r(𝑘)

𝑅(𝑧𝑘)

𝑇r(𝑧𝑘)

1

𝑇r(𝑧2𝑘)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (3.43)

From (3.38) and (3.39), we see that the matrices Λ(𝑘) and Σ(𝑘) are inverses of each other. In other words, we have

Σ(𝑘) = Λ(𝑘)−1, 𝑘 ∈ ℂ. (3.44)

In the reflectionless case for (1.1), from (3.42) and (3.43), we see that thematricesΛ(𝑘) and Σ(𝑘) are diagonal. Hence, in the reflectionless
case, from (3.44) we conclude that the left and right transmission coefficients for (1.1) must be reciprocals of each other, that is, we have

𝑇r(𝑘) =
1

𝑇l(𝑘)
, 𝑘 ∈ ℂ. (3.45)

We remark that the result presented in (3.45) is used in the choice of the input data sets in the examples in Sections 5 and 6. The
result in (3.45) has also another implication in the reflectionless case when the zeros and the poles of a transmission coefficient are
symmetrically located with respect to the origin of the complex 𝑘-plane, as it is the case in (5.34) and (5.72). In that case, the bound-state
poles of 𝑇r(𝑘) in the sectorΩ3 and the bound-state poles of 𝑇l(𝑘) in the sectorΩ1 are located symmetrically with respect to the origin of
the complex 𝑘-plane. Thus, in the determination of soliton solutions to integrable systems associated with (1.1) in that case, the input
data set consisting of the bound-state poles of the left transmission coefficient 𝑇l(𝑘) can equivalently be viewed as the bound-state poles
of the right transmission coefficient 𝑇r(𝑘).
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FIGURE 3 The 𝑘-domains of 𝑇l(𝑘)𝑓(𝑘, 𝑥),𝑚(𝑘, 𝑥), 𝑔(𝑘, 𝑥), and 𝑛(𝑘, 𝑥), respectively, are shown on the left plot. The right plot shows the plus and
minus regions in the complex 𝑘-plane separated by the directed full line , as well as the plus and minus functions in their respective 𝑘-domains.

4 The Riemann–Hilbert Problem in the Reflectionless Case

The inverse scattering problem for (1.1) consists of the recovery of the potentials𝑄 and 𝑃 from an appropriate scattering data set. Such a
data set consists of the scattering coefficients for (1.1) and the bound-state information. In this section, we consider the inverse scattering
problem for (1.1) in the reflectionless case, that is, in the special case when the reflection coefficients 𝐿(𝑘),𝑀(𝑘), 𝑅(𝑘), 𝑁(𝑘) appearing
in (2.14) and (2.15) are all zero in their respective domains.

In terms of the four basic solutions 𝑓(𝑘, 𝑥), 𝑔(𝑘, 𝑥), ℎdown(𝑘, 𝑥), and ℎup(𝑘, 𝑥) appearing in (2.14), (2.15), (2.16), and (2.17), respectively,
we introduce the two functions Φ+(𝑘, 𝑥) and Φ−(𝑘, 𝑥) by letting

Φ+(𝑘, 𝑥) ∶=
⎧⎪⎨⎪⎩
𝑇l(𝑘) 𝑓(𝑘, 𝑥), 𝑘 ∈ Ω1,

𝑇r(𝑧𝑘) ℎ
down(𝑘, 𝑥)

𝑧(1 − 𝑧)𝑘
, 𝑘 ∈ Ω2,

(4.1)

Φ−(𝑘, 𝑥) ∶=
⎧⎪⎨⎪⎩
𝑔(𝑘, 𝑥), 𝑘 ∈ Ω3,

𝑇r(𝑧
2𝑘) ℎup(𝑘, 𝑥)

−𝑧(1 − 𝑧)𝑘
, 𝑘 ∈ Ω4,

(4.2)

where we recall that 𝑇l(𝑘) and 𝑇r(𝑘) are the left and right transmission coefficients appearing in (2.14) and (2.15), respectively. With the
help of (2.26) and (2.27), we can express (4.1) and (4.2), respectively, as

Φ+(𝑘, 𝑥) =

{
𝑇l(𝑘) 𝑓(𝑘, 𝑥), 𝑘 ∈ Ω1,

𝑚(𝑘, 𝑥), 𝑘 ∈ Ω2,
(4.3)

Φ−(𝑘, 𝑥) =

{
𝑔(𝑘, 𝑥), 𝑘 ∈ Ω3,

𝑛(𝑘, 𝑥), 𝑘 ∈ Ω4.
(4.4)

In terms of the directed half lines 1 in (2.2) and 3 in (2.4), we define the directed full line  by letting  ∶= 1 ∪ (−3) so that 
divides the complex 𝑘-plane into the open left-half complex plane + and the open right-half complex plane −, as shown in the right
plot of Figure 3. We can parameterize  as

 ∶= {𝑘 ∈ ℂ ∶ 𝑘 = 𝑧𝑠 for 𝑠 ∈ (−∞,+∞)}.

We refer to + as the plus region and we use + to denote its closure, that is, we let + ∶= + ∪ . Similarly, we refer to − as the
minus region and we use − to denote its closure, that is, we let − ∶= − ∪ . We assume that the left transmission coefficient 𝑇l(𝑘)

does not have any poles when 𝑘 ∈ 1 ∪ 2. Similarly, we assume that the right transmission coefficient 𝑇r(𝑘) does not have any poles
when 𝑘 ∈ 3 ∪ 4. It is known [11] that the four basic solutions 𝑓(𝑘, 𝑥), 𝑔(𝑘, 𝑥), ℎdown(𝑘, 𝑥), and ℎup(𝑘, 𝑥) are analytic in 𝑘 in the interior
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of their respective 𝑘-domains and are continuous in 𝑘 in their 𝑘-domains. Furthermore, when the secondary left reflection coefficient
𝑀(𝑘) appearing in (2.14) vanishes for 𝑘 ∈ 2, we have

𝑇l(𝑘) 𝑓(𝑘, 𝑥) =
𝑇r(𝑧𝑘) ℎ

down(𝑘, 𝑥)

𝑧(1 − 𝑧)𝑘
, 𝑘 ∈ 2.

Similarly, when the secondary right reflection coefficient 𝑁(𝑘) appearing in (2.15) vanishes for 𝑘 ∈ 4, we have

𝑔(𝑘, 𝑥) =
𝑇r(𝑧

2𝑘) ℎup(𝑘, 𝑥)

−𝑧(1 − 𝑧)𝑘
, 𝑘 ∈ 4.

Thus,Φ+(𝑘, 𝑥) defined in (4.1) is meromorphic in 𝑘 ∈ +, and it is continuous in 𝑘 ∈ + except perhaps at the poles of the transmission
coefficient 𝑇l(𝑘) in Ω1 and at the poles of 𝑇r(𝑧𝑘) in Ω2. It is possible that some of those poles are offset by the zeros of 𝑓(𝑘, 𝑥) and
ℎdown(𝑘, 𝑥), respectively. Using (2.12), (2.32), and the known [11] large 𝑘-asymptotics of the transmission coefficients, we have the large
𝑘-asymptotics of Φ+(𝑘, 𝑥) given by

Φ+(𝑘, 𝑥) = 𝑒𝑘𝑥

[
1 + 𝑂

(
1

𝑘

)]
, 𝑘 → ∞ in +. (4.5)

We refer to Φ+(𝑘, 𝑥) as the plus function. We remark that it is customary to use the term plus function when that function is analytic in
the plus region. We find it convenient to refer to Φ+(𝑘, 𝑥) as a plus function even though it is meromorphic rather than analytic in the
plus region +.

In a similar manner, we establish that the function Φ−(𝑘, 𝑥) defined in (4.2) is meromorphic in 𝑘 ∈ −, and it is continuous in 𝑘 ∈ −

except perhaps at the 𝑘-values corresponding to the poles of the transmission coefficient of 𝑇r(𝑧
2𝑘) in Ω4. It is possible that some of

the poles of 𝑇r(𝑧
2𝑘) in Ω4 are offset by the zeros of ℎup(𝑘, 𝑥). Using (2.13), (2.32), and the known [11] large 𝑘-asymptotics of 𝑇r(𝑘) in its

𝑘-domain, we have the large 𝑘-asymptotics of Φ−(𝑘, 𝑥) given by

Φ−(𝑘, 𝑥) = 𝑒𝑘𝑥

[
1 + 𝑂

(
1

𝑘

)]
, 𝑘 → ∞ in −. (4.6)

We remark that we refer to Φ−(𝑘, 𝑥) as the minus function even though Φ−(𝑘, 𝑥) is meromorphic and not necessarily analytic in the
minus region −.

The 𝑘-domain ofΦ+(𝑘, 𝑥) is + and the 𝑘-domain ofΦ−(𝑘, 𝑥) is −. The common 𝑘-domain ofΦ+(𝑘, 𝑥) andΦ−(𝑘, 𝑥) is the directed full
line , and in fact in the reflectionless case those two functions agree [11] on . Thus, we have

Φ+(𝑘, 𝑥) = Φ−(𝑘, 𝑥), 𝑘 ∈ . (4.7)

We view (4.7) as our Riemann–Hilbert problem as follows. As our input, we are given the transmission coefficients 𝑇l(𝑘) and 𝑇r(𝑘)

in their respective 𝑘-domains Ω1 and Ω3. We know that the reflection coefficients are all zero. In the reflectionless case, the right
transmission coefficient 𝑇r(𝑘) is related [11] to the left transmission coefficient 𝑇l(𝑘) as

𝑇r(𝑧
2𝑘) = 𝑇l(𝑘) 𝑇l(𝑧𝑘), 𝑘 ∈ Ω1, (4.8)

and hence it is sufficient to specify only the left transmission coefficient 𝑇l(𝑘) in our input data set. Our input data set also contains a
dependency constant for each pole of 𝑇l(𝑘) in Ω1. In case of a pole with a multiplicity, the number of dependency constants for that
pole must match the multiplicity of the pole. However, in this paper, we only deal with simple bound states.

With the given input data set, for each fixed 𝑥 ∈ ℝ, we solve (4.7) to determineΦ+(𝑘, 𝑥) in + andΦ−(𝑘, 𝑥) in − in such a way that the
large 𝑘-asymptotics stated in (4.5) and (4.6) hold. Once we obtain Φ+(𝑘, 𝑥) and Φ−(𝑘, 𝑥) in their respective 𝑘-domains + and −, as
seen from (4.1) and (4.2), we can recover the four basic solutions 𝑓(𝑘, 𝑥), 𝑔(𝑘, 𝑥), ℎdown(𝑘, 𝑥), and ℎup(𝑘, 𝑥) in their respective 𝑘-domains
Ω1, Ω2, Ω3, Ω4. Having those four basic solutions at hand, we can use them in their respective 𝑘-domains and we can recover the two
potentials 𝑄(𝑥) and 𝑃(𝑥). For example, we can recover 𝑄(𝑥) and 𝑃(𝑥) by using either the left Jost solution 𝑓(𝑘, 𝑥) obtained in 𝑘 ∈ Ω1

or the right Jost solution 𝑔(𝑘, 𝑥) obtained in 𝑘 ∈ Ω3 with the help of the large 𝑘-asymptotics of those solutions. The determination of
𝑄(𝑥) and 𝑃(𝑥) from 𝑓(𝑘, 𝑥) can be achieved as follows. It is known [11] that we have the asymptotic expansion

𝑓(𝑘, 𝑥) = 𝑒𝑘𝑥

[
1 +

𝑢1(𝑥)

𝑘
+

𝑢2(𝑥)

𝑘2
+ 𝑂

(
1

𝑘3

)]
, 𝑘 → ∞ in Ω1, 𝑥 ∈ ℝ, (4.9)

where we have defined

𝑢1(𝑥) ∶= 1

3 ∫
∞

𝑥

𝑑𝑦 𝑄(𝑦), 𝑥 ∈ ℝ, (4.10)
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𝑢2(𝑥) ∶= −1

3 ∫
∞

𝑥

𝑑𝑦[𝑄′(𝑦) − 𝑃(𝑦)] + 1

18

[
∫

∞

𝑥

𝑑𝑦 𝑄(𝑦)

]2

, 𝑥 ∈ ℝ. (4.11)

With the help of (4.10) and (4.11), the potentials 𝑄(𝑥) and 𝑃(𝑥) can be recovered from 𝑢1(𝑥) and 𝑢2(𝑥) as

𝑄(𝑥) = −3
𝑑𝑢1(𝑥)

𝑑𝑥
, 𝑥 ∈ ℝ, (4.12)

𝑃(𝑥) = 3

[
𝑢1(𝑥)

𝑑𝑢1(𝑥)

𝑑𝑥
−

𝑑2𝑢1(𝑥)

𝑑𝑥2
−

𝑑𝑢2(𝑥)

𝑑𝑥

]
, 𝑥 ∈ ℝ. (4.13)

Alternatively, we can recover the potentials 𝑄(𝑥) and 𝑃(𝑥) from the right Jost solution 𝑔(𝑘, 𝑥) as follows. It is known [11] that we have
the asymptotic expansion

𝑔(𝑘, 𝑥) = 𝑒𝑘𝑥

[
1 +

𝑣1(𝑥)

𝑘
+

𝑣2(𝑥)

𝑘2
+ 𝑂

(
1

𝑘3

)]
, 𝑘 → ∞ in Ω4,

where we have defined

𝑣1(𝑥) ∶= −1

3 ∫
𝑥

−∞
𝑑𝑦 𝑄(𝑦), 𝑥 ∈ ℝ, (4.14)

𝑣2(𝑥) ∶= 1

3 ∫
𝑥

−∞
𝑑𝑦[𝑄′(𝑦) − 𝑃(𝑦)] + 1

18

[
∫

𝑥

−∞
𝑑𝑦 𝑄(𝑦)

]2

, 𝑥 ∈ ℝ. (4.15)

With the help of (4.14) and (4.15), we can recover the potentials 𝑄(𝑥) and 𝑃(𝑥) from 𝑣1(𝑥) and 𝑣2(𝑥) as

𝑄(𝑥) = −3
𝑑𝑣1(𝑥)

𝑑𝑥
, 𝑥 ∈ ℝ,

𝑃(𝑥) = 3

[
𝑣1(𝑥)

𝑑𝑣1(𝑥)

𝑑𝑥
−

𝑑2𝑣1(𝑥)

𝑑𝑥2
−

𝑑𝑣2(𝑥)

𝑑𝑥

]
, 𝑥 ∈ ℝ.

We recall that we suppress the dependence on the parameter 𝑡 in our notation. The procedure outlined above holds regardless of
whether the potentials 𝑄 and 𝑃 contain the parameter 𝑡. The parameter 𝑡 in the input data set only appears in the time evolution of the
bound-state dependency constants. For example, if the left transmission coefficient 𝑇l(𝑘) has a simple pole at 𝑘 = 𝑘𝑗 inΩdown

1 , then the
corresponding bound-state dependency constant𝐷(𝑘𝑗) evolves in time as in (3.24). If the left transmission coefficient 𝑇l(𝑘) has a simple
pole at 𝑘 = 𝑘∗

𝑗
in Ω

up
1 , then the corresponding bound-state dependency constant 𝐷(𝑘∗

𝑗
) evolves in time as in the second line of (3.30).

5 Soliton Solutions

In this section, we present some explicit solutions to the system (1.5) and its special case given in (1.9). This is done by solving the
inverse scattering problem for (1.1) explicitly with the appropriate input data set in the reflectionless case. We recall that we suppress
the appearance of the time parameter 𝑡 in the arguments of the functions we use.

In the first example below, we assume that our input data set contains the left transmission coefficient 𝑇l(𝑘) with 𝐍 simple poles
occurring at 𝑘 = 𝑘𝑗 for 1 ≤ 𝑗 ≤ 𝐍, all located in the sector arg[𝑘] ∈ [7𝜋∕6, 4𝜋∕3). Our input data set is given by {𝑘𝑗, 𝐸(𝑘𝑗)}

𝐍
𝑗=1
, where

𝐸(𝑘𝑗) is the initial bound-state dependency constant at 𝑘 = 𝑘𝑗 appearing in (3.24). In case the simple poles 𝑘𝑗 occur in the sector with
arg[𝑘] ∈ (𝜋, 7𝜋∕6), the example can bemodified so that one can instead use the input data set {𝑘𝑗, 𝑈(𝑘𝑗)}

𝐍
𝑗=1
, where we recall that𝑈(𝑘𝑗)

is the initial bound-state dependency constant at 𝑘 = 𝑘𝑗 appearing in (3.18).

Example 5.1. In this example, we construct the 𝐍-soliton solution to (1.5) by solving the inverse scattering problem for (1.1) in the
reflectionless case. Our input data set consists of a transmission coefficient and the associated bound-state dependency constants. We
choose the left transmission coefficient 𝑇l(𝑘) as

𝑇l(𝑘) =
𝐹(𝑘)

𝐺(𝑘)
, 𝑘 ∈ Ω1, (5.1)

where the scalar quantities 𝐹(𝑘) and 𝐺(𝑘) are defined as

𝐹(𝑘) ∶=
𝐍∏

𝑗=1

(𝑘 + 𝑘∗
𝑗
), 𝐺(𝑘) ∶=

𝐍∏
𝑗=1

(𝑘 − 𝑘𝑗). (5.2)
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In (5.2), 𝐍 is a fixed positive integer and the complex constants 𝑘𝑗 are distinct and all occur in the sector arg[𝑘] ∈ [7𝜋∕6, 4𝜋∕3). From
(3.45), we know that the right transmission coefficient 𝑇r(𝑘) is given by the reciprocal of 𝑇l(𝑘), and hence we have

𝑇r(𝑘) =
𝐺(𝑘)

𝐹(𝑘)
, 𝑘 ∈ Ω3. (5.3)

We remark that (5.1) and (5.3) are compatible with the constraint (4.8). Our Riemann–Hilbert problem (4.7) with the large 𝑘-asymptotics
in (4.5) and (4.6) can be solved by multiplying both sides of (4.7) by 𝑒−𝑘𝑥 𝐺(𝑘). From (4.7), we get

𝑒−𝑘𝑥 𝐺(𝑘)Φ+(𝑘, 𝑥) = 𝑒−𝑘𝑥 𝐺(𝑘)Φ−(𝑘, 𝑥), 𝑘 ∈ . (5.4)

The left-hand side of (5.4) has an analytic extension from 𝑘 ∈  to the plus region + and the right-hand side of (5.4) has an analytic
extension from 𝑘 ∈  to the minus region −. Using the large 𝑘-asymptotics given in (4.5) and (4.6), with the help of a generalization
of the Liouville theorem [25], we conclude that each side of (5.4) is entire and equal to a monic polynomial in 𝑘 of degree𝐍. We define
𝑉(𝑘) as the row vector with𝐍 components given by

𝑉(𝑘) ∶=
[
𝑘𝐍−1 𝑘𝐍−2 ⋯ 𝑘 1

]
, 𝑘 ∈ ℂ. (5.5)

We use 𝐀(𝑥) to denote the column vector with𝐍 components, which is given by

𝐀(𝑥) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐴𝐍−1(𝑥)

𝐴𝐍−2(𝑥)

⋮

𝐴1(𝑥)

𝐴0(𝑥)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, 𝑥 ∈ ℝ, (5.6)

where 𝐴𝑗(𝑥) is a scalar-valued function of 𝑥 ∈ ℝ for 0 ≤ 𝑗 ≤ 𝐍 − 1. Thus, each side of (5.4) becomes equal to the monic polynomial
[𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)], and we obtain the solution to the Riemann–Hilbert problem (4.7) as

Φ+(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐺(𝑘)
, 𝑘 ∈ +, 𝑥 ∈ ℝ, (5.7)

Φ−(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐺(𝑘)
, 𝑘 ∈ −, 𝑥 ∈ ℝ. (5.8)

Comparing (5.7) with (4.3), with the help of (5.1) we recover the solutions 𝑓(𝑘, 𝑥) and𝑚(𝑘, 𝑥) to (1.1) as

𝑓(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐹(𝑘)
, 𝑘 ∈ Ω1, 𝑥 ∈ ℝ, (5.9)

𝑚(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐺(𝑘)
, 𝑘 ∈ Ω2, 𝑥 ∈ ℝ. (5.10)

Similarly, comparing (5.8) and (4.4), we recover the solutions 𝑔(𝑘, 𝑥) and 𝑛(𝑘, 𝑥) to (1.1) as

𝑔(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐺(𝑘)
, 𝑘 ∈ Ω3, 𝑥 ∈ ℝ, (5.11)

𝑛(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐺(𝑘)
, 𝑘 ∈ Ω4, 𝑥 ∈ ℝ. (5.12)

We note that the column vector 𝐀(𝑥) with 𝐍 components is uniquely determined by using the 𝐍 initial dependency constants 𝐸(𝑘𝑗)

given in our input data set for 1 ≤ 𝑗 ≤ 𝐍. From (3.4) and (3.24), we get

𝑓(𝑘𝑗, 𝑥) = 𝐸(𝑘𝑗) 𝑒
9(𝑧2−1)𝑘5

𝑗
𝑡
𝑔(𝑧𝑘𝑗, 𝑥), 1 ≤ 𝑗 ≤ 𝐍. (5.13)

Using (5.9) and (5.11) in (5.13), we obtain

𝑒𝑘𝑗𝑥
𝑘𝐍

𝑗
+ 𝑉(𝑘𝑗)𝐀(𝑥)

𝐹(𝑘𝑗)
= 𝐸(𝑘𝑗) 𝑒

9(𝑧2−1)𝑘5
𝑗
𝑡
𝑒𝑧𝑘𝑗𝑥

(𝑧𝑘𝑗)
𝐍 + 𝑉(𝑧𝑘𝑗)𝐀(𝑥)

𝐺(𝑧𝑘𝑗)
, 1 ≤ 𝑗 ≤ 𝐍. (5.14)
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In terms of the initial dependency constants 𝐸(𝑘𝑗), we introduce the modified initial dependency constants 𝛾(𝑘𝑗) as

𝛾(𝑘𝑗) ∶= −
𝐹(𝑘𝑗) 𝐸(𝑘𝑗)

𝐺(𝑧𝑘𝑗)
, 1 ≤ 𝑗 ≤ 𝐍. (5.15)

We emphasize that each 𝛾(𝑘𝑗) is a complex-valued constant independent of 𝑥 and 𝑡. We also introduce the quantities 𝜒(𝑘𝑗) by letting

𝜒(𝑘𝑗) ∶= exp
(
(𝑧 − 1)𝑘𝑗𝑥 + 9(𝑧2 − 1)𝑘5

𝑗
𝑡
)
, 1 ≤ 𝑗 ≤ 𝐍. (5.16)

We remark that each 𝜒(𝑘𝑗) is a function of 𝑥 and 𝑡. Since 𝑥 and 𝑡 are real-valued parameters, it follows that each 𝜒(𝑘𝑗) is real valued if
and only if 𝑘𝑗 = 𝑖𝑧𝜂𝑗 for some positive constant 𝜂𝑗 . This can be justified as follows. From (5.16), we see that for 𝜒(𝑘𝑗) to be real valued,
it is necessary that (𝑧 − 1)𝑘𝑗 is real. With the help of (2.1), we evaluate the real and imaginary parts of (𝑧 − 1)𝑘𝑗 and we get

(𝑧 − 1)𝑘𝑗 =

(
−3

2
Re[𝑘𝑗] −

√
3

2
Im[𝑘𝑗]

)
+ 𝑖

(√
3

2
Re[𝑘𝑗] −

3

2
Im[𝑘𝑗]

)
, (5.17)

where we use Re[𝑘𝑗] and Im[𝑘𝑗] to denote the real and imaginary parts, respectively, of the complex constant 𝑘𝑗 . From (5.17) we see that
(𝑧 − 1)𝑘𝑗 is real if and only if Re[𝑘𝑗] =

√
3 Im[𝑘𝑗], which is equivalent to having 𝑘𝑗 = 𝑖𝑧𝜂𝑗 for a real constant 𝜂𝑗 . Since 𝑘𝑗 is in the sector

arg[𝑘] ∈ [7𝜋∕6, 4𝜋∕3), we must have 𝜂𝑗 > 0. Then, with 𝑘𝑗 = 𝑖𝑧𝜂𝑗 , from (5.16) we get

𝜒(𝑖𝑧𝜂𝑗) = exp
(√

3 𝜂𝑗 𝑥 − 9
√

3 𝜂5
𝑗
𝑡
)
, 1 ≤ 𝑗 ≤ 𝐍. (5.18)

Comparing (5.16) and (5.18), we observe that if the quantity (𝑧 − 1)𝑘𝑗 is real, then the quantity (𝑧2 − 1)𝑘5
𝑗
is also real. Hence, we have

shown that each 𝜒(𝑘𝑗) is real valued if and only if 𝑘𝑗 = 𝑖𝑧𝜂𝑗 for some positive constant 𝜂𝑗 . Using (5.15) and (5.18), we write (5.14) as

𝑘𝐍
𝑗
+ 𝑉(𝑘𝑗)𝐀(𝑥) = −𝛾(𝑘𝑗) 𝜒(𝑘𝑗)

[
(𝑧𝑘𝑗)

𝐍 + 𝑉(𝑧𝑘𝑗)𝐀(𝑥)
]
, 1 ≤ 𝑗 ≤ 𝐍. (5.19)

We observe that (5.19) for 1 ≤ 𝑗 ≤ 𝐍 yields a linear algebraic system of𝐍 equations with the𝐍 unknowns 𝐴𝑙(𝑥) for 0 ≤ 𝑙 ≤ 𝐍 − 1. This
can be seen by defining the scalar quantities𝑚𝑙(𝑘𝑗) as

𝑚𝑙(𝑘𝑗) ∶= 𝑘𝑙
𝑗
+ (𝑧𝑘𝑗)

𝑙 𝛾(𝑘𝑗) 𝜒(𝑘𝑗), 1 ≤ 𝑗 ≤ 𝐍, 0 ≤ 𝑙 ≤ 𝐍. (5.20)

We remark that the dependence on 𝑥 and 𝑡 in𝑚𝑙(𝑘𝑗) appears only through 𝜒(𝑘𝑗). Using (5.20), we form the𝐍 × 𝐍matrix𝐌(𝑥) and the
column vector 𝐁(𝑥) with𝐍 components as

𝐌(𝑥) ∶=

⎡⎢⎢⎢⎢⎢⎣

𝑚𝐍−1(𝑘1) 𝑚𝐍−2(𝑘1) ⋯ 𝑚1(𝑘1) 𝑚0(𝑘1)

𝑚𝐍−1(𝑘2) 𝑚𝐍−2(𝑘2) ⋯ 𝑚1(𝑘2) 𝑚0(𝑘2)

⋮ ⋮ ⋱ ⋮ ⋮

𝑚𝐍−1(𝑘𝐍) 𝑚𝐍−2(𝑘𝐍) ⋯ 𝑚1(𝑘𝐍) 𝑚0(𝑘𝐍)

⎤⎥⎥⎥⎥⎥⎦
, (5.21)

𝐁(𝑥) ∶=

⎡⎢⎢⎢⎢⎢⎣

𝑚𝐍(𝑘1)

𝑚𝐍(𝑘2)

⋮

𝑚𝐍(𝑘𝐍)

⎤⎥⎥⎥⎥⎥⎦
. (5.22)

With the help of (5.21) and (5.22), we write the linear algebraic system (5.19) as

𝐌(𝑥)𝐀(𝑥) = −𝐁(𝑥), (5.23)

and hence the column vector 𝐀(𝑥) is obtained as

𝐀(𝑥) = −𝐌(𝑥)−1𝐁(𝑥), (5.24)

where we stress that we suppress in our notation the 𝑡-dependence in both𝐌(𝑥) and𝐀(𝑥). Alternatively, the𝐍 components𝐴𝑗(𝑥)with
0 ≤ 𝑗 ≤ 𝐍 − 1 of the column vector 𝐀(𝑥) can be obtained as the ratio of two determinants, and this is achieved by applying Cramer’s
rule on the linear algebraic system (5.23). For example, we have

𝐴𝐍−1(𝑥) = −
det[𝐌1(𝑥)]

det[𝐌(𝑥)]
, 𝐍 ≥ 1, (5.25)
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𝐴𝐍−2(𝑥) = −
det[𝐌2(𝑥)]

det[𝐌(𝑥)]
, 𝐍 ≥ 2, (5.26)

where we use𝐌1(𝑥) to denote the 𝐍 × 𝐍matrix obtained by replacing the first column of𝐌(𝑥) with the column vector 𝐁(𝑥), and we
use 𝐌2(𝑥) to denote the 𝐍 × 𝐍 matrix obtained by replacing the second column of 𝐌(𝑥) with 𝐁(𝑥). Let us remark that, when 𝐍 = 1,
the column vector 𝐀(𝑥) contains only one entry, namely, 𝐴0(𝑥). Hence, (5.26) is valid and needed only for 𝐍 ≥ 2. Having obtained
the column vector 𝐀(𝑥) explicitly in terms of the input data set {𝑘𝑗, 𝐸(𝑘𝑗)}

𝐍
𝑗=1
, as seen from (5.9)–(5.12), we have the solutions 𝑓(𝑘, 𝑥),

𝑚(𝑘, 𝑥), 𝑔(𝑘, 𝑥), and 𝑛(𝑘, 𝑥) to (1.1), where each of those solutions in their respective 𝑘-domains is explicitly expressed in terms of the
input data set consisting of the bound-state poles of 𝑇l(𝑘) in Ωdown

1 and the corresponding bound-state dependency constants. Having
𝑓(𝑘, 𝑥) at hand, we can recover the potentials 𝑄(𝑥) and 𝑃(𝑥) with the help of (4.12) and (4.13), respectively. For this we proceed as
follows. Comparing (4.9) with (5.9), we observe that

𝑘𝐍 + 𝑉(𝑥)𝐀(𝑥)

𝐹(𝑘)
= 1 +

𝑢1(𝑥)

𝑘
+

𝑢2(𝑥)

𝑘2
+ 𝑂

(
1

𝑘3

)
, 𝑘 → ∞ in Ω1. (5.27)

With the help of (5.2), (5.5), and (5.6), we expand the left-hand side of (5.27) in powers of 1∕𝑘 and obtain

𝑘𝐍 + 𝑉(𝑥)𝐀(𝑥)

𝐹(𝑘)
= 1 +

𝐴𝐍−1(𝑥) − Σ𝐍

𝑘
+

𝐴𝐍−2(𝑥) − Σ𝐍𝐴𝐍−1(𝑥) + Π𝐍

𝑘2
+ 𝑂

(
1

𝑘3

)
, 𝑘 → ∞ in Ω1, (5.28)

where we have defined

Σ𝐍 ∶= 𝑘∗
1 + 𝑘∗

2 + ⋯ + 𝑘∗
𝐍, (5.29)

Π𝐍 ∶= 𝑘∗
1

(
𝑘∗

1 + 𝑘∗
2 ⋯ + 𝑘∗

𝐍

)
+ 𝑘∗

2

(
𝑘∗

2 + 𝑘∗
3 + ⋯ + 𝑘∗

𝐍

)
+ ⋯ + 𝑘∗

𝐍

(
𝑘∗

𝐍

)
. (5.30)

Comparing (5.28) with (5.27), we see that {
𝑢1(𝑥) = 𝐴𝐍−1(𝑥) − Σ𝐍,

𝑢2(𝑥) = 𝐴𝐍−2(𝑥) − Σ𝐍𝐴𝐍−1(𝑥) + Π𝐍.
(5.31)

Using (5.31) in (4.12) and (4.13), we express the potentials 𝑄(𝑥) and 𝑃(𝑥) in terms of 𝐴𝐍−1(𝑥) and 𝐴𝐍−2(𝑥) as

⎧⎪⎨⎪⎩
𝑄(𝑥) = −3

𝑑𝐴𝐍−1(𝑥)

𝑑𝑥
,

𝑃(𝑥) = 3

(
𝐴𝐍−1(𝑥)

𝑑𝐴𝐍−1(𝑥)

𝑑𝑥
−

𝑑2𝐴𝐍−1(𝑥)

𝑑𝑥2
−

𝑑𝐴𝐍−2(𝑥)

𝑑𝑥

)
.

(5.32)

We remark that (5.27)–(5.32) are valid for𝐍 ≥ 1with the understanding that we use 𝐴−1(𝑥) ≡ 0 on the right-hand sides of (5.28), (5.31),
and (5.32) when 𝐍 = 1. From (5.31) and (5.32), we observe that the constant terms Σ𝐍 and Π𝐍 do not appear in (5.32). Using (5.25)
and (5.26) in (5.32), we see that the potentials 𝑄(𝑥) and 𝑃(𝑥) are explicitly constructed in terms of the input data set {𝑘𝑗, 𝐸(𝑘𝑗)}

𝐍
𝑗=1
. As

seen from the first line of (5.32), the potential 𝑄(𝑥) is determined by 𝐴𝐍−1(𝑥) only. Similarly, as seen from the second line of (5.32), the
potential 𝑃(𝑥) is determined by 𝐴𝐍−1(𝑥) and 𝐴𝐍−2(𝑥) only. The remaining entries of 𝐀(𝑥) are only needed to construct the solutions
to (1.1). Having constructed 𝑄(𝑥) and 𝑃(𝑥) in terms of our input data set, we now have the explicit solution pair 𝑄(𝑥) and 𝑃(𝑥) to the
integrable nonlinear system given in (1.5). Thus, we have demonstrated the construction of the 𝐍-soliton solution to (1.5) by using the
input data set consisting of the locations of the poles 𝑘𝑗 for 1 ≤ 𝑗 ≤ 𝐍 as well as the complex-valued initial dependency constants 𝐸(𝑘𝑗).
We note that the 1-soliton solution to (1.5) when 𝑘1 = 𝑖𝑧𝜂1 for some positive 𝜂1 is obtained from (5.32) as

𝑄(𝑥) =
9 𝜂2

1 𝛾(𝑘1) 𝑒
√

3𝜂1(𝑥−9𝜂4
1
𝑡)(

1 + 𝛾(𝑘1) 𝑒
√

3𝜂1(𝑥−9𝜂4
1
𝑡)
)2

, 𝑥 ∈ ℝ, (5.33)

𝑃(𝑥) =
9𝑖𝑧 𝜂3

1 𝛾(𝑘1) 𝑒
√

3𝜂1(𝑥−9𝜂4
1
𝑡)
(
𝑧 + 𝛾(𝑘1) 𝑒

√
3𝜂1(𝑥−9𝜂4

1
𝑡)
)

(
1 + 𝛾(𝑘1) 𝑒

√
3𝜂1(𝑥−9𝜂4

1
𝑡)
)3

, 𝑥 ∈ ℝ,

where we recall that 𝑧 is the special constant appearing in (2.1). From (5.33), we see that 𝑄(𝑥) becomes real valued and nonsingular
when 𝛾(𝑘1) is chosen as positive. However, in that case, 𝑃(𝑥) remains complex valued.

In the next example, we construct the 2𝐍-soliton solution to (1.5) again by solving the inverse scattering problem for (1.1) in the
reflectionless case with a particular input data set. One of the reasons for us to present this example is that our 2𝐍-soliton solution
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to (1.5) yields Hirota’s real-valued 𝐍-soliton solution to the Sawada–Kotera equation by using an appropriate restriction on our input
data set.

Example 5.2. In this example, we choose our left transmission coefficient 𝑇l(𝑘) as

𝑇l(𝑘) =
Γ(𝑘)

Γ(−𝑘)
, 𝑘 ∈ Ω1, (5.34)

where the scalar quantity Γ(𝑘) is defined as

Γ(𝑘) ∶=
𝐍∏

𝑗=1

(𝑘 + 𝑘𝑗)(𝑘 + 𝑘∗
𝑗
). (5.35)

Here, 𝐍 is a fixed positive integer and the complex constants 𝑘𝑗 are distinct and all occur in the sector arg[𝑘] ∈ [7𝜋∕6, 4𝜋∕3). From
(3.45) and (5.34), we get

𝑇r(𝑘) =
Γ(−𝑘)

Γ(𝑘)
, 𝑘 ∈ Ω3, (5.36)

and hence (5.34) and (5.36) are compatible with (4.8). We solve the Riemann–Hilbert problem (4.7) with the large 𝑘-asymptotics in (4.5)
and (4.6) by multiplying both sides of (4.7) by 𝑒−𝑘𝑥 Γ(−𝑘). From (4.7), we get

𝑒−𝑘𝑥 Γ(−𝑘)Φ+(𝑘, 𝑥) = 𝑒−𝑘𝑥 Γ(−𝑘)Φ−(𝑘, 𝑥), 𝑘 ∈ . (5.37)

The left-hand side of (5.37) has an analytic extension from 𝑘 ∈  to the plus region + and the right-hand side of (5.37) has an analytic
extension from 𝑘 ∈  to the minus region −. Using the large 𝑘-asymptotics given in (4.5) and (4.6), with the help of the generalized
Liouville theorem, we conclude that each side of (5.37) is entire and equal to a monic polynomial in 𝑘 of degree 2𝐍. We define 𝑉(𝑘) as
the row vector with 2𝐍 components given by

𝑉(𝑘) ∶=
[
𝑘2𝐍−1 𝑘2𝐍−2 ⋯ 𝑘 1

]
, 𝑘 ∈ ℂ. (5.38)

We use 𝐀(𝑥) to denote the column vector with 2𝐍 components, which is given by

𝐀(𝑥) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐴2𝐍−1(𝑥)

𝐴2𝐍−2(𝑥)

⋮

𝐴1(𝑥)

𝐴0(𝑥)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, 𝑥 ∈ ℝ, (5.39)

where each 𝐴𝑗(𝑥) is a scalar-valued function of 𝑥 ∈ ℝ for 0 ≤ 𝑗 ≤ 2𝐍 − 1. Thus, each side of (5.37) is equal to the monic polynomial
[𝑘2𝐍 + 𝑉(𝑘)𝐀(𝑥)], and we obtain the solution to the Riemann–Hilbert problem (4.7) as

Φ+(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘2𝐍 + 𝑉(𝑘)𝐀(𝑥)

Γ(−𝑘)
, 𝑘 ∈ +, 𝑥 ∈ ℝ, (5.40)

Φ−(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘2𝐍 + 𝑉(𝑘)𝐀(𝑥)

Γ(−𝑘)
, 𝑘 ∈ −, 𝑥 ∈ ℝ. (5.41)

Having Φ+(𝑘, 𝑥) expressed as the right-hand side of (5.40), we compare (5.40) with (4.3). That comparison shows that the solutions
𝑓(𝑘, 𝑥) and𝑚(𝑘, 𝑥) to (1.1) are expressed as

𝑓(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘2𝐍 + 𝑉(𝑘)𝐀(𝑥)

Γ(𝑘)
, 𝑘 ∈ Ω1, 𝑥 ∈ ℝ, (5.42)

𝑚(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘2𝐍 + 𝑉(𝑘)𝐀(𝑥)

Γ(−𝑘)
, 𝑘 ∈ Ω2, 𝑥 ∈ ℝ. (5.43)

Similarly, comparing (5.41) and (4.4), we recover the solutions 𝑔(𝑘, 𝑥) and 𝑛(𝑘, 𝑥) to (1.1) as

𝑔(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘2𝐍 + 𝑉(𝑘)𝐀(𝑥)

Γ(−𝑘)
, 𝑘 ∈ Ω3, 𝑥 ∈ ℝ, (5.44)

𝑛(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘2𝐍 + 𝑉(𝑘)𝐀(𝑥)

Γ(−𝑘)
, 𝑘 ∈ Ω4, 𝑥 ∈ ℝ. (5.45)
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We note that the column vector 𝐀(𝑥) with 2𝐍 components is uniquely determined by using the 2𝐍 initial dependency constants 𝐸(𝑘𝑗)

and 𝐸(𝑘∗
𝑗
) given in our input data set for 1 ≤ 𝑗 ≤ 𝐍. From (3.4) and (3.24), we get

𝑓(𝑘𝑗, 𝑥) = 𝐸(𝑘𝑗) 𝑒
9(𝑧2−1)𝑘5

𝑗
𝑡
𝑔(𝑧𝑘𝑗, 𝑥), 1 ≤ 𝑗 ≤ 𝐍, (5.46)

and from the second lines of (3.30) and (3.37), we have

𝑓(𝑘∗
𝑗
, 𝑥) = 𝐸(𝑘∗

𝑗
) 𝑒

9(𝑧−1)(𝑘∗
𝑗
)5𝑡

𝑔(𝑧2𝑘∗
𝑗
, 𝑥), 1 ≤ 𝑗 ≤ 𝐍. (5.47)

Using (5.42) and (5.44) in (5.46), we obtain

𝑒𝑘𝑗𝑥
𝑘2𝐍

𝑗
+ 𝑉(𝑘𝑗)𝐀(𝑥)

Γ(𝑘𝑗)
= 𝐸(𝑘𝑗) 𝑒

9(𝑧2−1)𝑘5
𝑗
𝑡
𝑒𝑧𝑘𝑗𝑥

(𝑧𝑘𝑗)
2𝐍 + 𝑉(𝑧𝑘𝑗)𝐀(𝑥)

Γ(−𝑧𝑘𝑗)
, 1 ≤ 𝑗 ≤ 𝐍, (5.48)

and using (5.42) and (5.44) in (5.47), we get

𝑒
𝑘∗
𝑗
𝑥
(𝑘∗

𝑗
)2𝐍 + 𝑉(𝑘∗

𝑗
) 𝐀(𝑥)

Γ(𝑘∗
𝑗
)

= 𝐸(𝑘∗
𝑗
) 𝑒

9(𝑧−1)(𝑘∗
𝑗
)5𝑡

𝑒
𝑧2𝑘∗

𝑗
𝑥
(𝑧2𝑘∗

𝑗
)2𝐍 + 𝑉(𝑧2𝑘∗

𝑗
) 𝐀(𝑥)

Γ(−𝑧2𝑘∗
𝑗
)

, 1 ≤ 𝑗 ≤ 𝐍. (5.49)

In terms of the initial dependency constants 𝐸(𝑘𝑗) and 𝐸(𝑘∗
𝑗
), we introduce the modified initial dependency constants 𝛾(𝑘𝑗) and 𝛾(𝑘∗

𝑗
)

as

𝛾(𝑘𝑗) ∶= −
Γ(𝑘𝑗) 𝐸(𝑘𝑗)

Γ(−𝑧𝑘𝑗)
, 1 ≤ 𝑗 ≤ 𝐍, (5.50)

𝛾(𝑘∗
𝑗
) ∶= −

Γ(𝑘∗
𝑗
) 𝐸(𝑘∗

𝑗
)

Γ(−𝑧2𝑘∗
𝑗
)

, 1 ≤ 𝑗 ≤ 𝐍. (5.51)

Since the dependency constants 𝐸(𝑘𝑗) and 𝐸(𝑘∗
𝑗
) are nonzero, the modified dependency constants 𝛾(𝑘𝑗) and 𝛾(𝑘∗

𝑗
) are also nonzero. We

emphasize that 𝛾(𝑘𝑗) and 𝛾(𝑘∗
𝑗
) are complex-valued constants independent of 𝑥 and 𝑡. We also introduce the quantities 𝜒(𝑘𝑗) and 𝜒(𝑘∗

𝑗
)

by letting

𝜒(𝑘𝑗) ∶= exp
(
(𝑧 − 1)𝑘𝑗𝑥 + 9(𝑧2 − 1)𝑘5

𝑗
𝑡
)
, 1 ≤ 𝑗 ≤ 𝐍, (5.52)

𝜒(𝑘∗
𝑗
) ∶= exp

(
(𝑧2 − 1)𝑘∗

𝑗
𝑥 + 9(𝑧 − 1)(𝑘∗

𝑗
)5𝑡

)
, 1 ≤ 𝑗 ≤ 𝐍. (5.53)

We remark that 𝜒(𝑘𝑗) and 𝜒(𝑘∗
𝑗
) are functions of 𝑥 and 𝑡. Since 𝑥 and 𝑡 are real-valued parameters, it follows that each of 𝜒(𝑘𝑗) and

𝜒(𝑘∗
𝑗
) is real valued if and only if 𝑘𝑗 = 𝑖𝑧𝜂𝑗 for some positive constant 𝜂𝑗 . This can be justified as follows. From the same argument used

in (5.16)–(5.18), we already know that 𝜒(𝑘𝑗) is real valued if and only if 𝑘𝑗 = 𝑖𝑧𝜂𝑗 for some positive constant 𝜂𝑗 . Then, with 𝑘∗
𝑗
= −𝑖𝑧2𝜂𝑗 ,

from (5.53), we get

𝜒(−𝑖𝑧2𝜂𝑗) = exp
(√

3 𝜂𝑗 𝑥 − 9
√

3 𝜂5
𝑗
𝑡
)
, 1 ≤ 𝑗 ≤ 𝐍. (5.54)

Hence, we have shown that each of 𝜒(𝑘𝑗) and 𝜒(𝑘∗
𝑗
) is real valued if and only if 𝑘𝑗 = 𝑖𝑧𝜂𝑗 for some positive constant 𝜂𝑗 . With the help

of (2.1), from (5.52) and (5.53), we observe that

𝜒(𝑘∗
𝑗
) = 𝜒(𝑘𝑗)

∗, 1 ≤ 𝑗 ≤ 𝐍. (5.55)

From (5.35) we get

Γ(𝑘∗
𝑗
) = Γ(𝑘𝑗)

∗, 1 ≤ 𝑗 ≤ 𝐍, (5.56)

Γ(−𝑧2𝑘∗
𝑗
) = Γ(−𝑧𝑘𝑗)

∗, 1 ≤ 𝑗 ≤ 𝐍. (5.57)

In general, we do not have 𝐸(𝑘∗
𝑗
) = 𝐸(𝑘𝑗)

∗ for 1 ≤ 𝑗 ≤ 𝐍, but as indicated in the second equality of the second line of (3.31), we have
𝐸(𝑘∗

𝑗
) = 𝐸(𝑘𝑗)

∗ for 1 ≤ 𝑗 ≤ 𝐍 when the potentials 𝑄 and 𝑃 are real valued. Using (5.50)–(5.53), we write (5.48) and (5.49), respectively,
for 1 ≤ 𝑗 ≤ 𝐍 as

⎧⎪⎨⎪⎩
𝑘2𝐍

𝑗
+ 𝑉(𝑘𝑗)𝐀(𝑥) = −𝛾(𝑘𝑗) 𝜒(𝑘𝑗)

[
(𝑧𝑘𝑗)

2𝐍 + 𝑉(𝑧𝑘𝑗)𝐀(𝑥)
]
,

(𝑘∗
𝑗
)2𝐍 + 𝑉(𝑘∗

𝑗
) 𝐀(𝑥) = −𝛾(𝑘∗

𝑗
) 𝜒(𝑘∗

𝑗
)
[
(𝑧2𝑘∗

𝑗
)2𝐍 + 𝑉(𝑧2𝑘∗

𝑗
) 𝐀(𝑥)

]
.

(5.58)
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We observe that (5.58) for 1 ≤ 𝑗 ≤ 𝐍 yields a linear algebraic system of 2𝐍 equations with the 2𝐍 unknowns 𝐴𝑙(𝑥) for 0 ≤ 𝑙 ≤ 2𝐍 − 1.
This can be seen by defining the scalar quantities𝑚𝑙(𝑘𝑗) and𝑚𝑙(𝑘

∗
𝑗
) for 1 ≤ 𝑗 ≤ 𝐍 and 0 ≤ 𝑙 ≤ 2𝐍, where we have let

⎧⎪⎨⎪⎩
𝑚𝑙(𝑘𝑗) ∶= 𝑘𝑙

𝑗
+ (𝑧𝑘𝑗)

𝑙 𝛾(𝑘𝑗) 𝜒(𝑘𝑗),

𝑚𝑙(𝑘
∗
𝑗
) ∶= (𝑘∗

𝑗
)𝑙 + (𝑧2𝑘∗

𝑗
)𝑙 𝛾(𝑘∗

𝑗
) 𝜒(𝑘∗

𝑗
).

(5.59)

We remark that the dependence on 𝑥 and 𝑡 in 𝑚𝑙(𝑘𝑗) and 𝑚𝑙(𝑘
∗
𝑗
) appears only through 𝜒(𝑘𝑗) and 𝜒(𝑘∗

𝑗
), respectively. Using (5.59), we

form the 2𝐍 × 2𝐍matrix𝐌(𝑥) and the column vector 𝐁(𝑥) with 2𝐍 components as

𝐌(𝑥) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑚2𝐍−1(𝑘1) 𝑚2𝐍−2(𝑘1) ⋯ 𝑚1(𝑘1) 𝑚0(𝑘1)

𝑚2𝐍−1(𝑘
∗
1 ) 𝑚2𝐍−2(𝑘

∗
1 ) ⋯ 𝑚1(𝑘

∗
1 ) 𝑚0(𝑘

∗
1 )

⋮ ⋮ ⋱ ⋮ ⋮

𝑚2𝐍−1(𝑘𝐍) 𝑚2𝐍−2(𝑘𝐍) ⋯ 𝑚1(𝑘𝐍) 𝑚0(𝑘𝐍)

𝑚2𝐍−1(𝑘
∗
𝐍) 𝑚2𝐍−2(𝑘

∗
𝐍) ⋯ 𝑚1(𝑘

∗
𝐍) 𝑚0(𝑘

∗
𝐍)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (5.60)

𝐁(𝑥) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑚2𝐍(𝑘1)

𝑚2𝐍(𝑘∗
1 )

⋮

𝑚2𝐍(𝑘𝐍)

𝑚2𝐍(𝑘∗
𝐍)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (5.61)

With the help of (5.60) and (5.61), we write the linear algebraic system (5.58) as

𝐌(𝑥)𝐀(𝑥) = −𝐁(𝑥), (5.62)

and hence the column vector 𝐀(𝑥) is obtained as

𝐀(𝑥) = −𝐌(𝑥)−1𝐁(𝑥), (5.63)

where we emphasize that we suppress in our notation the 𝑡-dependence in both𝐌(𝑥) and 𝐀(𝑥). Alternatively, by using Cramer’s rule
on (5.62), the 2𝐍 components 𝐴𝑗(𝑥) with 0 ≤ 𝑗 ≤ 2𝐍 − 1 of the column vector 𝐀(𝑥) can be obtained as the ratio of two determinants.
For example, we have

𝐴2𝐍−1(𝑥) = −
det[𝐌1(𝑥)]

det[𝐌(𝑥)]
, 𝐍 ≥ 1, (5.64)

𝐴2𝐍−2(𝑥) = −
det[𝐌2(𝑥)]

det[𝐌(𝑥)]
, 𝐍 ≥ 1, (5.65)

where we use 𝐌1(𝑥) to denote the 2𝐍 × 2𝐍 matrix obtained by replacing the first column of 𝐌(𝑥) with the column vector 𝐁(𝑥), and
we use𝐌2(𝑥) to denote the 2𝐍 × 2𝐍matrix obtained by replacing the second column of𝐌(𝑥)with 𝐁(𝑥). Having obtained the column
vector𝐀(𝑥) as in (5.63) explicitly in terms of the input data set {𝑘𝑗, 𝑘

∗
𝑗
, 𝐸(𝑘𝑗), 𝐸(𝑘∗

𝑗
)}𝐍

𝑗=1
, as seen from (5.42)–(5.45), we have the solutions

𝑓(𝑘, 𝑥),𝑚(𝑘, 𝑥), 𝑔(𝑘, 𝑥), and 𝑛(𝑘, 𝑥) to (1.1), where each of those solutions in their respective 𝑘-domains is explicitly expressed in terms
of the input data set consisting of the bound-state poles of 𝑇l(𝑘) in Ωdown

1 and the corresponding bound-state dependency constants.
Having 𝑓(𝑘, 𝑥) at hand, we can recover the potentials 𝑄(𝑥) and 𝑃(𝑥)with the help of (4.12) and (4.13), respectively. For this we proceed
as follows. Comparing (4.9) with (5.42), we observe that

𝑘2𝐍 + 𝑉(𝑥)𝐀(𝑥)

Γ(𝑘)
= 1 +

𝑢1(𝑥)

𝑘
+

𝑢2(𝑥)

𝑘2
+ 𝑂

(
1

𝑘3

)
, 𝑘 → ∞ in Ω1. (5.66)

With the help of (5.35), (5.38), and (5.39), we expand the left-hand side of (5.66) in powers of 1∕𝑘 and obtain

𝑘2𝐍 + 𝑉(𝑥)𝐀(𝑥)

Γ(𝑘)
= 1 +

𝐴2𝐍−1(𝑥) − Σ𝐍

𝑘
+

𝐴2𝐍−2(𝑥) − Σ𝐍𝐴2𝐍−1(𝑥) + Π𝐍

𝑘2
+ 𝑂

(
1

𝑘3

)
, 𝑘 → ∞ in Ω1, (5.67)

where we have defined

Σ𝐍 ∶= 𝑘1 + 𝑘∗
1 + 𝑘2 + 𝑘∗

2 + ⋯ + 𝑘𝐍 + 𝑘∗
𝐍, (5.68)

Π𝐍 ∶= 𝑘1

(
𝑘1 + 𝑘∗

1 + ⋯ + 𝑘𝐍 + 𝑘∗
𝐍

)
+ 𝑘∗

1

(
𝑘∗

1 + 𝑘2 + ⋯ + 𝑘𝐍 + 𝑘∗
𝐍

)
+ 𝑘2

(
𝑘2 + 𝑘∗

2 + ⋯ + 𝑘𝐍 + 𝑘∗
𝐍

)
+ ⋯ + 𝑘𝐍

(
𝑘𝐍 + 𝑘∗

𝐍

)
+ 𝑘∗

𝐍

(
𝑘∗

𝐍

)
,
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which are the analogs of (5.29) and (5.30), respectively. Comparing (5.67) with (5.66), we see that{
𝑢1(𝑥) = 𝐴2𝐍−1(𝑥) − Σ𝐍,

𝑢2(𝑥) = 𝐴2𝐍−2(𝑥) − Σ𝐍𝐴2𝐍−1(𝑥) + Π𝐍.
(5.69)

Using (5.69) in (4.12) and (4.13), we express the potentials 𝑄(𝑥) and 𝑃(𝑥) in terms of 𝐴2𝐍−1(𝑥) and 𝐴2𝐍−2(𝑥) as

⎧⎪⎪⎨⎪⎪⎩
𝑄(𝑥) = −3

𝑑𝐴2𝐍−1(𝑥)

𝑑𝑥
,

𝑃(𝑥) = 3

(
𝐴2𝐍−1(𝑥)

𝑑𝐴2𝐍−1(𝑥)

𝑑𝑥
−

𝑑2𝐴2𝐍−1(𝑥)

𝑑𝑥2
−

𝑑𝐴2𝐍−2(𝑥)

𝑑𝑥

)
.

(5.70)

From (5.69) and (5.70), we observe that the constant terms Σ𝐍 and Π𝐍 do not appear in (5.70). Using (5.64) and (5.65) in (5.70), we
see that the potentials 𝑄(𝑥) and 𝑃(𝑥) are explicitly constructed in terms of the input data set {𝑘𝑗, 𝑘

∗
𝑗
, 𝐸(𝑘𝑗), 𝐸(𝑘∗

𝑗
)}𝐍

𝑗=1
. As seen from the

first line of (5.70), the potential 𝑄(𝑥) is determined by 𝐴2𝐍−1(𝑥) only. Similarly, as seen from the second line of (5.70), the potential
𝑃(𝑥) is determined by 𝐴2𝐍−1(𝑥) and 𝐴2𝐍−2(𝑥) only. The remaining entries of 𝐀(𝑥) are only needed to construct the solutions to (1.1).
Having constructed 𝑄(𝑥) and 𝑃(𝑥) in terms of our input data set, we now have the explicit solution pair 𝑄(𝑥) and 𝑃(𝑥) to the integrable
nonlinear system given in (1.5). Thus, we have demonstrated the construction of the 2𝐍-soliton solution to (1.5) by using the input data
set consisting of the locations of the poles 𝑘𝑗 and 𝑘∗

𝑗
for 1 ≤ 𝑗 ≤ 𝐍 as well as the complex-valued initial dependency constants 𝐸(𝑘𝑗) and

𝐸(𝑘∗
𝑗
),

In the next example, by using the appropriate restrictions on the locations of the bound-state 𝑘-values and the appropriate restrictions
on the corresponding bound-state dependency constants, we show that the 2𝐍-soliton solution to (1.5) constructed in Example 5.2 yields
the real-valued𝐍-soliton solution to the Sawada–Kotera equation (1.9).

Example 5.3. From Example 5.2, we know that for the potentials 𝑄(𝑥) and 𝑃(𝑥) to be real valued, it is necessary that we choose the
complex constants 𝑘𝑗 as distinct and satisfying

𝑘𝑗 = 𝑖𝑧𝜂𝑗, 1 ≤ 𝑗 ≤ 𝐍, (5.71)

with positive 𝜂𝑗-values. Without loss of generality, we assume that we have 0 < 𝜂1 < 𝜂2 < ⋯ < 𝜂𝐍. In that case, as we see from (5.34),
the left transmission coefficient 𝑇l(𝑘) is given by

𝑇l(𝑘) =
𝐍∏

𝑗=1

(
𝑘 + 𝑖𝑧𝜂𝑗

𝑘 − 𝑖𝑧𝜂𝑗

𝑘 − 𝑖𝑧2𝜂𝑗

𝑘 + 𝑖𝑧2𝜂𝑗

)
. (5.72)

Using (5.71) in (5.52), we obtain

𝜒(𝑘𝑗) = 𝑒
√

3𝜂𝑗(𝑥−9𝜂4
𝑗
𝑡)
, 1 ≤ 𝑗 ≤ 𝐍, (5.73)

and from (5.55) and (5.73), we see that

𝜒(𝑘∗
𝑗
) = 𝜒(𝑘𝑗), 1 ≤ 𝑗 ≤ 𝐍. (5.74)

We have the modified initial dependency constants 𝛾(𝑘𝑗) and 𝛾(𝑘∗
𝑗
) appearing in (5.50) and (5.51), respectively. We introduce the real

constants 𝑟𝑗 and 𝑠𝑗 as the real and imaginary parts of 𝛾(𝑘𝑗), that is, we let

𝛾(𝑘𝑗) = 𝑟𝑗 + 𝑖𝑠𝑗, 1 ≤ 𝑗 ≤ 𝐍. (5.75)

Since 𝛾(𝑘𝑗) is nonzero, we know that 𝑟𝑗 and 𝑠𝑗 cannot vanish simultaneously. In order to have the real-valued potentials 𝑄 and 𝑃, as
seen from (5.50), (5.51), (5.56), (5.57), and the second equality of (3.31), we have

𝛾(𝑘∗
𝑗
) = 𝑟𝑗 − 𝑖𝑠𝑗, 1 ≤ 𝑗 ≤ 𝐍.

To obtain the𝐍-soliton solution to (1.9) with the constraint 𝑃(𝑥) ≡ 0, from the second line of (5.70) we see that the real constants 𝑟𝑗 and
𝑠𝑗 must be restricted. Similarly, in order to obtain the𝐍-soliton solution to (1.9) with the constraint 𝑃(𝑥) ≡ 𝑄𝑥(𝑥), from the second line
of (5.70), we observe that the real constants 𝑟𝑗 and 𝑠𝑗 must be restricted. Those restrictions can be evaluated explicitly, and they allow
us to obtain the real-valued 𝐍-soliton solution 𝑄(𝑥) to the Sawada–Kotera equation (1.9). As seen from the argument presented in the
steps involving (1.9)–(1.13), the real-valued 𝐍-soliton solution to (1.9) can be obtained by using the inverse scattering theory either for
(1.1) with real-valued 𝑄(𝑥) and 𝑃(𝑥) ≡ 0 or for (1.13) with that real-valued 𝑄(𝑥). As indicated in Section 1, the transmission coefficients
for (1.1) with 𝑃(𝑥) ≡ 0 and the transmission coefficients for (1.13) coincide. Thus, only the bound-state dependency constants for (1.1)
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with 𝑃(𝑥) ≡ 0 and the bound-state dependency constants for (1.13) differ from each other. In our example, we specify the corresponding
dependency constants in both cases. When we have (5.71), the determinant of the matrix 𝐌1(𝑥) appearing in (5.64) as well as the
determinant of the matrix𝐌(𝑥) appearing in (5.60) are related to each other via

det[𝐌1(𝑥)] = Σ𝐍 det[𝐌(𝑥)] + 𝑑

dx (det[𝐌(𝑥)]) , 𝐍 ≥ 1, (5.76)

where Σ𝐍 is the scalar quantity defined in (5.68). A proof of (5.76) can be given by using mathematical induction. Using (5.64) and (5.76)
in the first line of (5.70), we obtain the potential 𝑄(𝑥) explicitly in terms of the determinant of the matrix𝐌(𝑥) as

𝑄(𝑥) = 3
𝑑

𝑑𝑥

[
1

det[𝐌(𝑥)]

𝑑

𝑑𝑥
(det[𝐌(𝑥)])

]
, 𝐍 ≥ 1. (5.77)

The determinant of the matrix𝐌(𝑥) in (5.60) can be further simplified when we have (5.71). From (5.73) and (5.74), we get

lim
𝑥→−∞

𝜒(𝑘𝑗) = 0, lim
𝑥→−∞

𝜒(𝑘∗
𝑗
) = 0, 1 ≤ 𝑗 ≤ 𝐍. (5.78)

With the help of (5.59), (5.60), and (5.78), we observe that, as 𝑥 → −∞, the matrix 𝐌(𝑥) has a simple limit as a Vandermonde matrix
[26], which is given as

lim
𝑥→−∞

𝐌(𝑥) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝑘2𝐍−1
1 𝑘2𝐍−2

1 ⋯ 𝑘1 1

(𝑘∗
1 )

2𝐍−1 (𝑘∗
1 )

2𝐍−2 ⋯ 𝑘∗
1 1

⋮ ⋮ ⋱ ⋮ ⋮

𝑘2𝐍−1
𝐍 𝑘2𝐍−2

𝐍 ⋯ 𝑘𝐍 1

(𝑘∗
𝐍)2𝐍−1 (𝑘∗

𝐍)2𝐍−2 ⋯ 𝑘∗
𝐍 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (5.79)

and hence the determinant of the matrix on the right-hand side of (5.79) can be expressed in a simple manner as a Vandermonde
determinant [26] in terms of the elements in the set {𝑘𝑗, 𝑘

∗
𝑗
}𝐍
𝑗=1
. From (5.54), (5.55), (5.59), (5.60) it follows that 𝐌(𝑥) is a continuous

function of 𝑥 in ℝ. Hence, we have

det
[

lim
𝑥→−∞

𝐌(𝑥)
]
= lim

𝑥→−∞
det[𝐌(𝑥)].

With the help of (5.60) and (5.79), we define the scalar quantity Δ(𝐍, 𝑥) as

Δ(𝐍, 𝑥) ∶=

√√√√ det[𝐌(𝑥)]

lim
𝑥→−∞

det[𝐌(𝑥)]
. (5.80)

Let us use 𝜒𝑗 to denote the quantity 𝜒(𝑘𝑗) when 𝑘 = 𝑖𝑧𝜂𝑗 . From (5.73), we get

𝜒𝑗 ∶= 𝑒
√

3𝜂𝑗(𝑥−9𝜂4
𝑗
𝑡)
, 1 ≤ 𝑗 ≤ 𝐍.

From (5.60) and (5.79), we observe that the quantity inside the square root on the right-hand side of (5.80) is a polynomial of degree 2𝐍

in the variables 𝜒𝑗 for 1 ≤ 𝑗 ≤ 𝐍, and in fact the constant term in that polynomial is 1. The coefficients in that polynomial are uniquely
determined by our input data set given by {𝑘𝑗, 𝐸(𝑘𝑗)}

𝐍
𝑗=1

or equivalently in terms of the elements of the set {𝑘𝑗, 𝛾(𝑘𝑗)}
𝐍
𝑗=1
, where we recall

that the modified initial bound-state dependency constant 𝛾(𝑘𝑗) is related to the initial bound-state dependency constant 𝐸(𝑘𝑗) as in
(5.50). Since 𝛾(𝑘𝑗) is expressed in terms of its real and imaginary parts as in (5.75), we observe that the coefficients in the aforementioned
polynomial are explicitly expressed in terms of the elements of the set {𝜂𝑗, 𝑟𝑗, 𝑠𝑗}

𝐍
𝑗=1
. Moreover, each of the two restrictions 𝑃(𝑥) ≡ 0 and

𝑃(𝑥) ≡ 𝑄𝑥(𝑥) in (1.8) allows us to express each 𝑠𝑗 proportional to 𝑟𝑗 with the coefficient determined by the elements of the set {𝜂𝑗}
𝐍
𝑗=1
. One

can prove, by using mathematical induction, that those expressions for 𝑠𝑗 make the aforementioned polynomial of degree 2𝐍 a perfect
square of a polynomial of degree𝐍, which is the polynomialΔ(𝐍, 𝑥) appearing on the left-hand side of (5.80). For each 𝑗, the coefficient
of𝜒𝑗 inΔ(𝐍, 𝑥) is a linear combination of 𝑟𝑗 and 𝑠𝑗 . Replacing 𝑠𝑗 by its equivalent expressed in terms of 𝑟𝑗 and {𝜂𝑗}

𝐍
𝑗=1
, we expressΔ(𝐍, 𝑥)

in terms of the elements of the set {𝜂𝑗, 𝑟𝑗}
𝐍
𝑗=1
. The positivity of the coefficient of each 𝜒𝑗 in Δ(𝐍, 𝑥) for 1 ≤ 𝑗 ≤ 𝐍 guarantees that the

resulting potentials 𝑄(𝑥) and 𝑃(𝑥) do not have any singularities. We list the first few of the values of Δ(𝐍, 𝑥) so that the reader can see
the general pattern.

∙ When𝐍 = 1, we have

Δ(1, 𝑥) = 1 + 𝑤
(1)

1 𝜒1, 𝑤
(1)

1 ∶= 𝑟1 −
√

3 𝑠1. (5.81)
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∙ When𝐍 = 2, we have

Δ(2, 𝑥) = 1 + 𝑤
(2)

1 𝜒1 + 𝑤
(2)

2 𝜒2 + 𝑤
(2)

12 𝜒1 𝜒2, (5.82)

where we let

𝑤
(2)

1 =
(𝜂1 + 𝜂2)3[𝑟1 (𝜂2

1 − 𝜂2
2) +

√
3 𝑠1 (𝜂2

1 + 𝜂2
2)]

(𝜂2
1 − 𝜂2

2)(𝜂
3
1 − 𝜂3

2)
, (5.83)

𝑤
(2)

2 =
(𝜂1 + 𝜂2)3[𝑟2 (𝜂2

1 − 𝜂2
2) −

√
3 𝑠2 (𝜂2

1 + 𝜂2
2)]

(𝜂2
1 − 𝜂2

2)(𝜂
3
1 − 𝜂3

2)
, (5.84)

𝑤
(2)

12 =
(𝜂1 + 𝜂2)[𝑎1𝑟1𝑟2 + 𝑎2𝑠1𝑠2 + 𝑎3(𝑟2𝑠1 − 𝑟1𝑠2)

(𝜂2
1 − 𝜂2

2)(𝜂
3
1 − 𝜂3

2)
, (5.85)

with the constants 𝑎1, 𝑎2, 𝑎3 expressed in terms of 𝜂1 and 𝜂2 as

𝑎1 ∶= 𝜂6
1 − 4𝜂5

1𝜂2 − 13𝜂4
1𝜂

2
2 + 20𝜂3

1𝜂
3
2 − 13𝜂2

1𝜂
4
2 − 4𝜂1𝜂

5
2 + 𝜂6

2,

𝑎2 ∶= −3
(
𝜂6

1 − 4𝜂5
1𝜂2 − 𝜂4

1𝜂
2
2 − 4𝜂3

1𝜂
3
2 − 𝜂2

1𝜂
4
2 − 4𝜂1𝜂

5
2 + 𝜂6

2

)
,

𝑎3 ∶=
√

3 (𝜂4
1 − 𝜂4

2)(𝜂
2
1 − 4𝜂1𝜂2 + 𝜂2

2).

We remark that there are various symmetries in (5.83)–(5.85) coming from (5.71).

∙ When𝐍 = 3, we have

Δ(3, 𝑥) = 1 + 𝑤
(3)

1 𝜒1 + 𝑤
(3)

2 𝜒2 + 𝑤
(3)

3 𝜒3 + 𝑤
(3)

12 𝜒1 𝜒2 + 𝑤
(3)

13 𝜒1 𝜒3 + 𝑤
(3)

23 𝜒2 𝜒3 + 𝑤
(3)

123𝜒1 𝜒2 𝜒3, (5.86)

with the coefficients explicitly expressed in terms of 𝜂1, 𝜂2, 𝜂3, 𝑟1, 𝑟2, 𝑟3, 𝑠1, 𝑠2, and 𝑠3. Since the expressions are lengthy, we do not
display those coefficients here. Using the symbolic software Mathematica, we can evaluate and explicitly display those coefficients.

∙ When𝐍 = 4, we have

Δ(4, 𝑥) = 1 + 𝑤
(4)

1 𝜒1 + 𝑤
(4)

2 𝜒2 + 𝑤
(4)

3 𝜒3 + 𝑤
(4)

4 𝜒4 + 𝑤
(4)

12 𝜒1 𝜒2 + 𝑤
(4)

13 𝜒1 𝜒3 + 𝑤
(4)

14 𝜒1 𝜒4 + 𝑤
(4)

23 𝜒2 𝜒3 + 𝑤
(4)

24 𝜒2 𝜒4 + 𝑤
(4)

34 𝜒3 𝜒4

+ 𝑤
(4)

123𝜒1 𝜒2 𝜒3 + 𝑤
(4)

124𝜒1 𝜒2 𝜒4 + 𝑤
(4)

134𝜒1 𝜒3 𝜒4 + 𝑤
(4)

234𝜒2 𝜒3 𝜒4 + 𝑤
(4)

1234𝜒1 𝜒2 𝜒3 𝜒4, (5.87)

with the coefficients explicitly expressed in terms of 𝜂1, 𝜂2, 𝜂3, 𝜂4, 𝑟1, 𝑟2, 𝑟3, 𝑟4, 𝑠1, 𝑠2, 𝑠3, and 𝑠4. Since the expressions are lengthy, we
do not list those coefficients. With the help of Mathematica, we can evaluate and display those explicitly expressed coefficients.

Using (5.80) in (5.77), we express the potential 𝑄(𝑥) in terms of the scalar quantity Δ(𝐍, 𝑥) as

𝑄(𝑥) = 6
𝑑

𝑑𝑥

[
Δ′(𝐍, 𝑥)

Δ(𝐍, 𝑥)

]
, 𝐍 ≥ 1, (5.88)

whereΔ′(𝐍, 𝑥) denotes the 𝑥-derivative ofΔ(𝐍, 𝑥). In the following list, we provide the restrictions on the constants 𝑟𝑗 and 𝑠𝑗 appearing
in the coefficients in (5.81), (5.82), (5.86), and (5.87) so that the quantity 𝑄(𝑥) in (5.88) yields the real-valued 𝐍-soliton solution to (1.9)
for each of the two cases corresponding to (1.1) with 𝑃(𝑥) ≡ 0 and to (1.13), respectively.

∙ When𝐍 = 1, the quantity 𝑄(𝑥) given in (5.88) yields a 1-soliton solution to the Sawada–Kotera equation, with 𝑃(𝑥) ≡ 0, if we use in
(5.81) the restriction

𝑠1 =
√

3 𝑟1. (5.89)

In that case, the coefficient𝑤(1)

1 is evaluated as−2𝑟1 by using (5.89) in the second equality of (5.81), and we get the explicit expression
for 𝑄(𝑥) given by

𝑄(𝑥) = −
36𝑟1𝜂

2
1 𝑒

√
3𝜂1(𝑥−9𝜂4

1
𝑡)(

1 − 2𝑟1 𝑒
√

3𝜂1(𝑥−9𝜂4
1
𝑡)
)2

, 𝑥 ∈ ℝ, (5.90)

where we recall that 𝜂1 > 0. The choice 𝑟1 < 0 ensures that𝑄(𝑥) in (5.90) does not have any singularities. The explicit expression for
𝑄(𝑥) is equivalent to that obtained by Hirota’s bilinear method [3], but our own method clearly indicates the physical origins of the
two constants 𝜂1 and 𝑟1 appearing in (5.90) and relates them to the bound-state information for (1.1). On the other hand, in Hirota’s
method those two constants are introduced algebraically without any reference to any physical quantities. In fact, for any choice
of those two constants, the expression in (5.90) satisfies (1.9) because those two constants originate from the input data set used to
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solve the inverse problem for (1.1). The quantity 𝑄(𝑥) in (5.90) is a complex-valued solution to (1.9). If 𝜂1 is chosen as zero, we get
the trivial solution to (1.9). If 𝜂1 is restricted to nonnegative real values, we still get a solution to (1.9), where the solution is complex
valued if the constant 𝑟1 is nonreal, the solution is the trivial solution if 𝑟1 = 0, and the solution has a singularity if 𝑟1 > 0. Let us also
compare (5.90) with the quantity 𝑄(𝑥) given in (5.33). We recall that 𝑄(𝑥) in (5.33) is related to the transmission coefficient 𝑇l(𝑘) in
(5.1) having 𝐍 simple poles. On the other hand, the quantity 𝑄(𝑥) in (5.90) is related to the transmission coefficient 𝑇l(𝑘) in (5.34)
having 2𝐍 simple poles. It is impossible to choose the complex-valued dependency constant 𝛾(𝑘1) appearing in (5.33) so that the
quantity𝑄(𝑥) in (5.33) and the quantity𝑄(𝑥) in (5.90) coincide. This shows that the 1-soliton solution to (1.9) is obtained as a special
case of a 2-soliton solution to (1.5), but not as a special case of a 1-soliton solution to (1.5).

∙ When𝐍 = 1, the quantity in (5.88) again yields a 1-soliton solution to the Sawada–Kotera equation, with 𝑃(𝑥) ≡ 𝑄𝑥(𝑥), if we use the
restriction

𝑠1 = 0. (5.91)

In that case, the coefficient𝑤(1)

1 is evaluated as 𝑟1 by using (5.91) in the second equality of (5.81), and we have the explicit expressions
for 𝑄(𝑥) given by

𝑄(𝑥) =
18𝑟1𝜂

2
1 𝑒

√
3𝜂1(𝑥−9𝜂4

1
𝑡)(

1 + 𝑟1 𝑒
√

3𝜂1(𝑥−9𝜂4
1
𝑡)
)2

, 𝑥 ∈ ℝ, (5.92)

where 𝜂1 > 0. The choice 𝑟1 > 0 ensures that 𝑄(𝑥) appearing in (5.92) does not have any singularities. Again, our method clearly
indicates the physical origins of the two constants 𝜂1 and 𝑟1 appearing in (5.92) and relates them to the bound-state information for
(1.13). By comparing (5.92) with the quantity 𝑄(𝑥) in (5.33), we see that it is impossible to choose the complex-valued dependency
constant 𝛾(𝑘1) appearing in (5.33) so that the quantity 𝑄(𝑥) in (5.33) and the quantity 𝑄(𝑥) in (5.92) coincide. The quantity 𝑄(𝑥) in
(5.33) is related to the transmission coefficient 𝑇l(𝑘) in (5.1) with 𝐍 simple poles, and the quantity 𝑄(𝑥) in (5.92) is related to the
transmission coefficient 𝑇l(𝑘) in (5.34) with 2𝐍 simple poles. It is impossible to choose the complex-valued dependency constant
𝛾(𝑘1) appearing in (5.33) so that the quantity 𝑄(𝑥) in (5.33) and the quantity 𝑄(𝑥) in (5.92) coincide. Thus, the 1-soliton solution to
(1.9) is obtained as a special case of a 2-soliton solution to (1.5), but not as a special case of a 1-soliton solution to (1.5).

∙ For 𝐍 = 2, the quantity 𝑄(𝑥) in (5.88) yields a 2-soliton solution to the Sawada–Kotera equation, with 𝑃(𝑥) ≡ 0, if we use in the
equations (5.82)–(5.85) the restrictions

𝑠1 =

( √
3 𝜂2

2

2𝜂2
1 + 𝜂2

2

)
𝑟1, 𝑠2 =

( √
3 𝜂2

1

𝜂2
1 + 2𝜂2

2

)
𝑟2.

In that case, the coefficients in (5.82) are given by

𝑤
(2)

1 =
2𝑟1(𝜂1 + 𝜂2) (𝜂

3
1 − 𝜂3

2)

(𝜂1 − 𝜂2)2(2𝜂
2
1 + 𝜂2

2)
, (5.93)

𝑤
(2)

2 = −
2𝑟2(𝜂1 + 𝜂2) (𝜂

3
1 − 𝜂3

2)

(𝜂1 − 𝜂2)2(𝜂
2
1 + 2𝜂2

2)
, (5.94)

𝑤
(2)

12 = −
4𝑟1𝑟2(𝜂

6
1 − 𝜂6

2)

(𝜂2
1 − 𝜂2

2)(2𝜂
2
1 + 𝜂2

2)(𝜂
2
1 + 2𝜂2

2)
. (5.95)

We remark that the symmetry induced by (5.71) allows us to determine (5.94) from (5.93) and vice versa. The
right-hand side of (5.95) has the corresponding symmetry when the subscripts 1 and 2 are interchanged.

∙ When𝐍 = 2, the quantity 𝑄(𝑥) in (5.88) yields a 2-soliton solution to the Sawada–Kotera equation, with 𝑃(𝑥) ≡ 𝑄𝑥(𝑥), if we use in
(5.82)–(5.85) the restrictions

𝑠1 = −

( √
3 𝜂2

1

𝜂2
1 + 2𝜂2

2

)
𝑟1, 𝑠2 = −

( √
3 𝜂2

2

2𝜂2
1 + 𝜂2

2

)
𝑟2. (5.96)

In that case, the coefficients in (5.82) are given by

𝑤
(2)

1 = −
2𝑟1(𝜂1 + 𝜂2) (𝜂

3
1 − 𝜂3

2)

(𝜂1 − 𝜂2)2(𝜂
2
1 + 2𝜂2

2)
, (5.97)

𝑤
(2)

2 =
2𝑟2(𝜂1 + 𝜂2) (𝜂

3
1 − 𝜂3

2)

(𝜂1 − 𝜂2)2(2𝜂
2
1 + 𝜂2

2)
, (5.98)
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𝑤
(2)

12 = −
4𝑟1𝑟2(𝜂

6
1 − 𝜂6

2)

(𝜂2
1 − 𝜂2

2)(2𝜂
2
1 + 𝜂2

2)(𝜂
2
1 + 2𝜂2

2)
. (5.99)

We observe various symmetries in (5.96)–(5.99) induced by (5.71).

∙ When𝐍 = 3, the quantity 𝑄(𝑥) in (5.88) yields a 3-soliton solution to the Sawada–Kotera equation, with 𝑃(𝑥) ≡ 0, if the coefficients
in (5.86) are restricted as

𝑠1 =

( √
3(−𝜂4

1 + 𝜂2
2 𝜂2

3)

𝜂4
1 + 𝜂2

2 𝜂2
3 + 2𝜂2

1(𝜂
2
2 + 𝜂2

3)

)
𝑟1, (5.100)

𝑠2 =

( √
3(−𝜂4

2 + 𝜂2
1 𝜂2

3)

𝜂4
2 + 𝜂2

1 𝜂2
3 + 2𝜂2

2(𝜂
2
1 + 𝜂2

3)

)
𝑟2, (5.101)

𝑠3 =

( √
3(−𝜂4

3 + 𝜂2
2 𝜂2

1)

𝜂4
3 + 𝜂2

2 𝜂2
1 + 2𝜂2

3(𝜂
2
2 + 𝜂2

1)

)
𝑟3. (5.102)

In that case, the coefficients in (5.86) for 𝜒1, 𝜒2, and 𝜒3 are given by

𝑤
(3)

1 = −
2𝑟1(𝜂1 + 𝜂2)(𝜂1 + 𝜂3) (𝜂

3
1 − 𝜂3

2)(𝜂
3
1 − 𝜂3

3)

(𝜂1 − 𝜂2)2(𝜂1 − 𝜂3)2
(
𝜂4

1 + 𝜂2
2 𝜂2

3 + 2𝜂2
1(𝜂

2
2 + 𝜂2

3)
) , (5.103)

𝑤
(3)

2 =
2𝑟2(𝜂1 + 𝜂2)(𝜂2 + 𝜂3) (𝜂

3
1 − 𝜂3

2)(𝜂
3
2 − 𝜂3

2)

(𝜂1 − 𝜂2)2(𝜂2 − 𝜂3)2
(
𝜂4

2 + 𝜂2
1 𝜂2

3 + 2𝜂2
2(𝜂

2
1 + 𝜂2

3)
) , (5.104)

𝑤
(3)

3 = −
2𝑟3(𝜂1 + 𝜂3)(𝜂2 + 𝜂3) (𝜂

3
1 − 𝜂3

3)(𝜂
3
2 − 𝜂3

3)

(𝜂1 − 𝜂3)2(𝜂2 − 𝜂3)2
(
𝜂4

3 + 𝜂2
2 𝜂2

1 + 2𝜂2
3(𝜂

2
2 + 𝜂2

1)
) . (5.105)

Using Mathematica, one can display all the coefficients appearing in (5.86) explicitly. We do not display the explicit expressions for
the remaining coefficients here because they are lengthy. We observe various symmetries in (5.100)–(5.105) induced by (5.71).

∙ When𝐍 = 3, the quantity 𝑄(𝑥) in (5.88) yields a 3-soliton solution to the Sawada–Kotera equation, with 𝑃(𝑥) ≡ 𝑄𝑥(𝑥), if we impose
on the expressions for the coefficients in (5.86) the restrictions

𝑠1 =

( √
3 𝜂2

1(𝜂
2
1 + 𝜂2

2 + 𝜂2
3)

𝜂4
1 − 2𝜂2

2 𝜂2
3 − 𝜂2

1(𝜂
2
2 + 𝜂2

3)

)
𝑟1, (5.106)

𝑠2 =

( √
3 𝜂2

2(𝜂
2
1 + 𝜂2

2 + 𝜂2
3)

𝜂4
2 − 2𝜂2

1 𝜂2
3 − 𝜂2

2(𝜂
2
1 + 𝜂2

3)

)
𝑟2, (5.107)

𝑠3 =

( √
3 𝜂2

3(𝜂
2
1 + 𝜂2

2 + 𝜂2
3)

𝜂4
3 − 2𝜂2

2 𝜂2
1 − 𝜂2

3(𝜂
2
2 + 𝜂2

1)

)
𝑟3. (5.108)

In that case, the coefficients in (5.86) for 𝜒1, 𝜒2, and 𝜒3 are given by

𝑤
(3)

1 = −
2𝑟1(𝜂1 + 𝜂2)(𝜂1 + 𝜂3) (𝜂

3
1 − 𝜂3

2)(𝜂
3
1 − 𝜂3

3)

(𝜂1 − 𝜂2)2(𝜂1 − 𝜂3)2(𝜂
4
1 − 𝜂2

1𝜂
2
2 − 𝜂2

1𝜂
2
3 − 2𝜂2

2𝜂
2
3)

, (5.109)

𝑤
(3)

2 =
2𝑟2(𝜂1 + 𝜂2)(𝜂2 + 𝜂3) (𝜂

3
1 − 𝜂3

2)(𝜂
3
2 − 𝜂3

3)

(𝜂1 − 𝜂2)2(𝜂2 − 𝜂3)2(𝜂
4
2 − 𝜂2

1𝜂
2
2 − 𝜂2

2𝜂
2
3 − 2𝜂2

1𝜂
2
3)

, (5.110)

𝑤
(3)

3 = −
2𝑟3(𝜂1 + 𝜂3)(𝜂2 + 𝜂3) (𝜂

3
1 − 𝜂3

3)(𝜂
3
2 − 𝜂3

3)

(𝜂1 − 𝜂3)2(𝜂2 − 𝜂3)2(𝜂
4
3 − 𝜂2

1𝜂
2
3 − 𝜂2

2𝜂
2
3 − 2𝜂2

1𝜂
2
2)

. (5.111)

Using Mathematica, one can display all the coefficients appearing in (5.86) explicitly. We do not display the explicit expressions for
the remaining coefficients here because they are lengthy. The choice given in (5.71) induces various symmetries in (5.106)–(5.111).

∙ When𝐍 = 4, the quantity𝑄(𝑥) in (5.88) yields a 4-soliton solution to the Sawada–Kotera equation, with 𝑃(𝑥) ≡ 0, if the expressions
for the coefficients in (5.87) satisfy the restrictions

𝑠1 =

( √
3
(
𝜂6

1 − 𝜂2
2 𝜂2

3 𝜂2
4 + 𝜂4

1

(
𝜂2

2 + 𝜂2
3 + 𝜂2

4

))
𝜂6

1 − 𝜂2
2 𝜂2

3 𝜂2
4 − 𝜂4

1

(
𝜂2

2 + 𝜂2
3 + 𝜂2

4

)
− 2𝜂2

1

(
𝜂2

3 𝜂2
4 + 𝜂2

2 𝜂2
3 + 𝜂2

2 𝜂2
4

))𝑟1, (5.112)

𝑠2 =

( √
3
(
𝜂6

2 − 𝜂2
1 𝜂2

3 𝜂2
4 + 𝜂4

2

(
𝜂2

1 + 𝜂2
3 + 𝜂2

4

))
𝜂6

2 − 𝜂2
1 𝜂2

3 𝜂2
4 − 𝜂4

2

(
𝜂2

1 + 𝜂2
3 + 𝜂2

4

)
− 2𝜂2

2

(
𝜂2

3 𝜂2
4 + 𝜂2

1 𝜂2
3 + 𝜂2

1 𝜂2
4

))𝑟2, (5.113)
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𝑠3 =

( √
3
(
𝜂6

3 − 𝜂2
2 𝜂2

1 𝜂2
4 + 𝜂4

3

(
𝜂2

2 + 𝜂2
1 + 𝜂2

4

))
𝜂6

3 − 𝜂2
2 𝜂2

1 𝜂2
4 − 𝜂4

3

(
𝜂2

2 + 𝜂2
1 + 𝜂2

4

)
− 2𝜂2

3

(
𝜂2

1 𝜂2
4 + 𝜂2

2 𝜂2
1 + 𝜂2

2 𝜂2
4

))𝑟3, (5.114)

𝑠4 =

( √
3
(
𝜂6

4 − 𝜂2
2 𝜂2

3 𝜂2
1 + 𝜂4

4

(
𝜂2

2 + 𝜂2
3 + 𝜂2

1

))
𝜂6

4 − 𝜂2
2 𝜂2

3 𝜂2
1 − 𝜂4

4

(
𝜂2

2 + 𝜂2
3 + 𝜂2

1

)
− 2𝜂2

4

(
𝜂2

3 𝜂2
1 + 𝜂2

2 𝜂2
3 + 𝜂2

2 𝜂2
1

))𝑟4. (5.115)

With the help of Mathematica, one can display all the coefficients appearing in (5.87) explicitly. We do not display those explicit
expressions here because they are lengthy. We remark that the symmetry induced by (5.71) enables us to obtain all four equalities in
(5.112)–(5.115) from any one of them.

∙ When𝐍 = 4, the quantity 𝑄(𝑥) in (5.88) yields a 4-soliton solution to the Sawada–Kotera equation, with 𝑃(𝑥) ≡ 𝑄𝑥(𝑥), if we use in
the expressions for the coefficients in (5.87) the restrictions

𝑠1 =

( √
3 𝜂2

1

(
𝜂2

3 𝜂2
4 + 𝜂2

2(𝜂
2
3 + 𝜂2

4) + 𝜂2
1(𝜂

2
2 + 𝜂2

3 + 𝜂2
4)
)

2𝜂6
1 − 2𝜂2

2 𝜂2
3 𝜂2

4 + 𝜂4
1(𝜂

2
2 + 𝜂2

3 + 𝜂2
4) − 𝜂2

1

(
𝜂2

3 𝜂2
4 + 𝜂2

2(𝜂
2
3 + 𝜂2

4)
))𝑟1, (5.116)

𝑠2 =

( √
3 𝜂2

2

(
𝜂2

3 𝜂2
4 + 𝜂2

1(𝜂
2
3 + 𝜂2

4) + 𝜂2
2(𝜂

2
1 + 𝜂2

3 + 𝜂2
4)
)

2𝜂6
2 − 2𝜂2

1 𝜂2
3 𝜂2

4 + 𝜂4
2(𝜂

2
1 + 𝜂2

3 + 𝜂2
4) − 𝜂2

2

(
𝜂2

3 𝜂2
4 + 𝜂2

1(𝜂
2
3 + 𝜂2

4)
))𝑟2, (5.117)

𝑠3 =

( √
3 𝜂2

3

(
𝜂2

1 𝜂2
4 + 𝜂2

2(𝜂
2
1 + 𝜂2

4) + 𝜂2
3(𝜂

2
2 + 𝜂2

1 + 𝜂2
4)
)

2𝜂6
3 − 2𝜂2

2 𝜂2
1 𝜂2

4 + 𝜂4
3(𝜂

2
2 + 𝜂2

1 + 𝜂2
4) − 𝜂2

3

(
𝜂2

1 𝜂2
4 + 𝜂2

2(𝜂
2
1 + 𝜂2

4)
))𝑟3, (5.118)

𝑠4 =

( √
3 𝜂2

4

(
𝜂2

3 𝜂2
1 + 𝜂2

2(𝜂
2
3 + 𝜂2

1) + 𝜂2
4(𝜂

2
2 + 𝜂2

3 + 𝜂2
1)
)

2𝜂6
4 − 2𝜂2

2 𝜂2
3 𝜂2

1 + 𝜂4
4(𝜂

2
2 + 𝜂2

3 + 𝜂2
1) − 𝜂2

4

(
𝜂2

3 𝜂2
1 + 𝜂2

2(𝜂
2
3 + 𝜂2

1)
))𝑟4. (5.119)

Using Mathematica, one can display all the coefficients appearing in (5.87) explicitly. We do not display those explicit expressions
here because they are lengthy. The symmetry induced by (5.71) enables us to obtain (5.116)–(5.119) from any one of those equalities.
We remark that the explicit expressions for the coefficients inΔ(𝐍, 𝑥) agree with the coefficients evaluated by using Hirota’s bilinear
method [3]. Our method clearly indicates from where those coefficients come, whereas in Hirota’s method those coefficients are
introduced algebraically in an ad hoc manner without providing any physical insight.

In the next example, we present some snapshots for certain specific 𝐍-soliton solutions to the Sawada–Kotera equation (1.9) when
we have 𝐍 = 1, 2, 3, 4. As seen from (5.88), each soliton solution is uniquely determined by specifying the scalar quantity Δ(𝐍, 𝑥). We
know from Example 5.3 that each Δ(𝐍, 𝑥) is uniquely determined by the set {𝜂𝑗, 𝑟𝑗}

𝐍
𝑗=1
, where 𝜂𝑗 is the real-valued constant identifying

the location of the bound state at 𝑘 = 𝑘𝑗 and 𝑟𝑗 is the real-valued constant used to identify the corresponding bound-state dependency
constant.

Example 5.4. In Figure 4, we present four snapshots for the 1-soliton solution to the Sawada–Kotera equation (1.9) by using 𝜂1 = 1

and 𝑟1 = −1 in (5.90). The right-hand side of (5.90) contains 𝑥 and 𝑡 in the combination 𝑥 − 9𝜂4
1𝑡. Thus, the 1-soliton solution 𝑄(𝑥) in

(5.90) is a solitary wave moving to the right with speed 9𝜂4
1 . Consequently, in this example, the soliton moves to the right with speed

9. In Figure 5, we present four snapshots for the 2-soliton solution to (1.9) by using the four real-valued parameters 𝜂1, 𝜂2, 𝑟1, 𝑟2 with
(𝜂1, 𝜂2) = (1∕

√
3,

√
3) and (𝑟1, 𝑟2) = (−1, 1). We observe that the faster moving taller soliton catches the shorter soliton, and after they

interact nonlinearly the taller soliton moves away from the shorter soliton. In Figure 6, we present four snapshots for the 3-soliton
solution to (1.9) by using the six real-valued parameters 𝜂1, 𝜂2, 𝜂3, 𝑟1, 𝑟2, 𝑟3 with (𝜂1, 𝜂2, 𝜂3) = (1, 3∕2, 2) and (𝑟1, 𝑟2, 𝑟3) = (−1, 1,−1). We
observe that the fastest moving tallest soliton catches the two shorter solitons, and after they interact nonlinearly the tallest soliton
moves away from the shorter solitons. Figure 7 shows four snapshots for the 4-soliton solution to (1.9) by using the eight real-valued
parameters 𝜂1, 𝜂2, 𝜂3, 𝜂4, 𝑟1, 𝑟2, 𝑟3, 𝑟4 with (𝜂1, 𝜂2, 𝜂3, 𝜂4) = (1, 1.1, 1.2, 1.3) and (𝑟1, 𝑟2, 𝑟3, 𝑟4) = (−1, 1,−1, 1). We observe that at 𝑡 = −1

the four solitons are aligned in such a way that the shortest soliton is in the front and the tallest soliton is behind the other three. Then,
they start interacting nonlinearly and the taller solitons pass the shorter ones. At 𝑡 = 1, the four solitons are well separated from each

FIGURE 4 The snapshots for the 1-soliton solution 𝑄(𝑥, 𝑡) to (1.9) at 𝑡 = 0, 𝑡 = 0.2, 𝑡 = 0.4, and 𝑡 = 0.6, respectively.
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FIGURE 5 The snapshots for the 2-soliton solution 𝑄(𝑥, 𝑡) to (1.9) at 𝑡 = −0.1, 𝑡 = −0.04, 𝑡 = 0, and 𝑡 = 0.06, respectively.

FIGURE 6 The snapshots for the 3-soliton solution 𝑄(𝑥, 𝑡) to (1.9) at 𝑡 = −0.1, 𝑡 = −0.01, 𝑡 = 0.006, and 𝑡 = 0.06, respectively.

FIGURE 7 The snapshots for the 4-soliton solution𝑄(𝑥, 𝑡) to the Sawada–Kotera equation (1.9) at 𝑡 = −1, 𝑡 = −0.1, 𝑡 = 0.2, and 𝑡 = 1, respectively.

other with the tallest soliton is in the front and the shortest soliton is behind the rest. Since the amplitude of each soliton is large, in the
figure we do not show the whole amplitudes.

6 AModified Bad Boussinesq Equation

The method presented in this paper to obtain explicit solutions to the relevant integrable evolution equations is based on the solution
to the inverse scattering problem for (1.1) in the reflectionless case. Hence, our method is applicable to obtain explicit solutions to other
integrable nonlinear partial differential equations associated with the third-order linear ordinary differential equation (1.1). In this
section, we illustrate the use of our method to obtain explicit solutions to a modified version [9] of the bad Boussinesq equation [27].

Deift, Tomei, and Trubowitz analyzed [9] the inverse scattering transform for amodified version of the integrable bad Boussinesq system
[18, 27–32], which is given by {

𝑞𝑡 = −3𝑝𝑥,

𝑝𝑡 = −𝑞𝑥𝑥𝑥 + 8𝑞𝑞𝑥.
(6.1)

The integrable system (6.1) is obtained from the Lax equation (1.4) by using the Lax pair (𝐿, 𝐴) given by

𝐿 = 𝑖𝐷3 − 𝑖(𝑞𝐷 + 𝐷𝑞) + 𝑝, (6.2)

𝐴 = 𝑖(3𝐷2 − 4𝑞). (6.3)

We recall that we suppress the 𝑡-dependence in the potentials 𝑞 and 𝑝 in our notation, and we write 𝑞(𝑥) and 𝑝(𝑥) instead of 𝑞(𝑥, 𝑡)

and 𝑝(𝑥, 𝑡). We also remark that the complex constant 𝑖 is used in the definition of the linear operator 𝐿 in (6.2), whereas the operator
𝐿 in (1.2) does not contain that complex constant. The linear operator 𝐿 appearing in (6.2) is self-adjoint when 𝑞 and 𝑝 are real valued.
Using (6.2) and letting 𝐿𝜙 = 𝑖𝑘3𝜙, we obtain the third-order differential equation given by

𝜙′′′(𝑥) − 2𝑞(𝑥)𝜙′(𝑥) − [𝑞′(𝑥) + 𝑖𝑝(𝑥)]𝜙(𝑥) = 𝑘3𝜙, 𝑥 ∈ ℝ, (6.4)
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which is a special case of (1.1). By eliminating 𝑝 in (6.1) we obtain the integrable modified bad Boussinesq equation given by

𝑞𝑡𝑡 + 12(𝑞2)𝑥𝑥 − 3 𝑞𝑥𝑥𝑥𝑥 = 0, 𝑥 ∈ ℝ. (6.5)

By comparing 𝐿𝜙 = 𝑖𝑘3𝜙 with 𝐿𝜙 = 𝜆𝜙, we see that the spectral parameter 𝜆 used in this section is not equal to 𝑘3 but to 𝑖𝑘3, that is, we
have 𝜆 ∶= 𝑖𝑘3.

By defining the quantity 𝑞(𝑥, 𝑡) as

𝑞(𝑥, 𝑡) ∶= 4 𝑞(𝑥, 𝑡∕
√

3) + 1

2
, (6.6)

where 𝑞(𝑥, 𝑡) refers to the quantity 𝑞 appearing in (6.5), one can directly verify that 𝑞(𝑥, 𝑡) satisfies the bad Boussinesq equation

𝑞𝑡𝑡 − 𝑞𝑥𝑥 + (𝑞2)𝑥𝑥 − 𝑞𝑥𝑥𝑥𝑥 = 0, 𝑥 ∈ ℝ. (6.7)

The nonlinear equation (6.7) can be obtained from the Lax compatibility equation (1.4) by using the Lax pair (𝐿, 𝐴), where we let

𝐿 = 𝐷3 +
(

1

4
− 1

2
𝑞

)
𝐷 − 1

4
𝑞𝑥 +

𝑖

4
√

3
𝜙̃,

𝐴 =
√

3 𝑖 𝐷2 − 𝑖√
3

𝑞.

This yields the integrable nonlinear system {
𝑞𝑡 = 𝜙̃𝑥,

𝜙̃𝑡 = 𝑞𝑥 − (𝑞2)𝑥 + 𝑞𝑥𝑥𝑥,

from which we obtain (6.7) by eliminating 𝜙̃.

Even though (6.5) and (6.7) are related to each other as in (6.6), soliton solutions to (6.5) are not related to solitons solutions to (6.7) via
(6.6). This is seen from (6.6) by recalling that solitons solutions decay exponentially as 𝑥 → ±∞ at any fixed 𝑡. We refer the reader to
[33] and the references therein for the elaboration on this issue and why the development of an inverse scattering transform approach
and the asymptotic analysis of solutions to (6.7) have many challenges.

We refer the reader also to [34–37] for analysis of various aspects of the bad Boussinesq equation (6.7), the properties of the solution to
its initial-value problem, and the asymptotic behavior of such a solution in the presence of solitons.

With the goal of analyzing (6.5), Deift, Tomei, and Trubowitz [9] presented a formulation of the direct and inverse scattering problem
associated with (6.4). As in (2.14) and (2.15), they used two transmission coefficients and four reflection coefficients in their formulation
of the direct scattering problem. However, to obtain a proper formulation of a Riemann–Hilbert problem as in the case of the inverse
scattering problem for the full-line Schrödinger equation [12–17], they assumed [9] that the two transmission coefficients are identically
equal to 1 for all 𝑘-values and two of the reflection coefficients are identically zero for all 𝑘-values. Those assumptions allowed them to
formulate a proper Riemann–Hilbert problem on the complex 𝑘-plane and also to derive a system of linear integral equations as in the
case of the full-line Schrödinger equation. However, the severe restriction on the transmission coefficients prevented their method to
yield any explicit solutions to (6.5) because such solutions are mainly related to the bound states of (6.4), which occur at the 𝑘-values
corresponding to the poles of the transmission coefficients.

We now demonstrate how the solution to the inverse scattering problem for (1.1) in the reflectionless case yields explicit solutions to the
modified bad Boussinesq equation (6.5). The construction of the basic solutions 𝑓(𝑘, 𝑥),𝑚(𝑘, 𝑥), 𝑔(𝑘, 𝑥), and 𝑛(𝑘, 𝑥) for (1.1) is the same
as the construction of the corresponding basic solutions to (6.4). The only difference comes from the time evolution of those solutions.
Using the linear operator 𝐴 given in (6.3) instead of the linear operator 𝐴 given in (1.3), we determine the time evolution of the basic
solutions to (6.4) as

𝜕𝑓(𝑘, 𝑥)

𝜕𝑡
− 𝐴𝑓(𝑘, 𝑥) = −3𝑖𝑘2𝑓(𝑘, 𝑥), 𝑥 ∈ ℝ, (6.8)

𝜕𝑔(𝑘, 𝑥)

𝜕𝑡
− 𝐴𝑔(𝑘, 𝑥) = −3𝑖𝑘2𝑔(𝑘, 𝑥), 𝑥 ∈ ℝ, (6.9)

𝜕𝑚(𝑘, 𝑥)

𝜕𝑡
− 𝐴𝑚(𝑘, 𝑥) = −3𝑖𝑘2𝑚(𝑘, 𝑥), 𝑥 ∈ ℝ,

𝜕𝑛(𝑘, 𝑥)

𝜕𝑡
− 𝐴𝑛(𝑘, 𝑥) = −3𝑖𝑘2𝑛(𝑘, 𝑥), 𝑥 ∈ ℝ.
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We remark that (6.8) and (6.9) are the counterparts of (2.40) and (2.41), respectively. The scattering coefficients 𝑇l(𝑘), 𝑇r(𝑘), 𝐿(𝑘), 𝑅(𝑘),
𝑀(𝑘), and 𝑁(𝑘) for (6.4) are defined exactly the same way as in (2.14) and (2.15) they are defined for (1.1). The time evolution of the
scattering coefficients for (6.4) is, respectively, given by

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝑇l(𝑘) ↦ 𝑇l(𝑘), 𝑘 ∈ Ω1,

𝑇r(𝑘) ↦ 𝑇l(𝑘), 𝑘 ∈ Ω3,

𝐿(𝑘) ↦ 𝐿(𝑘) exp
(
3𝑖(𝑧2 − 1)𝑘2𝑡

)
, 𝑘 ∈ 1,

𝑀(𝑘) ↦ 𝑀(𝑘) exp
(
3𝑖(𝑧 − 1)𝑘2𝑡

)
, 𝑘 ∈ 2,

𝑅(𝑘) ↦ 𝑅(𝑘) exp
(
3𝑖(𝑧2 − 1)𝑘2𝑡

)
, 𝑘 ∈ 3,

𝑁(𝑘) ↦ 𝑁(𝑘) exp
(
3𝑖(𝑧 − 1)𝑘2𝑡

)
, 𝑘 ∈ 4,

which is the counterpart of (2.42).

The analysis of the bound states for (6.4) is similar to the analysis of the bound states for (1.1) presented in Section 3. The analysis
described in (3.2)–(3.10) holds verbatim. The respective time evolution of the dependency constants𝑊(𝑘𝑗) and 𝐷(𝑘𝑗) appearing in (3.3)
and (3.4) is given by

𝑊(𝑘𝑗) = 𝑈(𝑘𝑗) 𝑒
3𝑖(𝑧−1)𝑘2

𝑗
𝑡
, arg[𝑘𝑗] ∈

(
𝜋,

7𝜋

6

)
,

𝐷(𝑘𝑗) = 𝐸(𝑘𝑗) 𝑒
3𝑖(𝑧2−1)𝑘2

𝑗
𝑡
, arg[𝑘𝑗] ∈

[
7𝜋

6
,
4𝜋

3

)
, (6.10)

which are the analogs of (3.18) and (3.24), respectively.

In the next example, we illustrate the 𝐍-soliton solution to (6.4). The method used is the analog of the method described in Section 5
for (1.1).

Example 6.1. As in (5.1)–(5.3) we let the left and right transmission coefficients 𝑇l(𝑘) and 𝑇r(𝑘) be given by

𝑇l(𝑘) =
𝐹(𝑘)

𝐺(𝑘)
, 𝑇r(𝑘) =

𝐺(𝑘)

𝐹(𝑘)
, (6.11)

where we have let

𝐹(𝑘) ∶=
𝐍∏

𝑗=1

(𝑘 + 𝑘∗
𝑗
), 𝐺(𝑘) ∶=

𝐍∏
𝑗=1

(𝑘 − 𝑘𝑗). (6.12)

The choice in (6.11) for the left and right scattering coefficients is compatible with (3.45). We remark that the poles 𝑘𝑗 of 𝑇l(𝑘) for
1 ≤ 𝑗 ≤ 𝐍, that is, the zeros of 𝐺(𝑘), are all located inΩdown

1 . By proceeding as in Example 5.1, we recover the basic solutions to (6.4) as

𝑓(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐹(𝑘)
, 𝑘 ∈ Ω1, 𝑥 ∈ ℝ, (6.13)

𝑚(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐺(𝑘)
, 𝑘 ∈ Ω2, 𝑥 ∈ ℝ, (6.14)

𝑔(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐺(𝑘)
, 𝑘 ∈ Ω3, 𝑥 ∈ ℝ, (6.15)

𝑛(𝑘, 𝑥) = 𝑒𝑘𝑥 𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐺(𝑘)
, 𝑘 ∈ Ω4, 𝑥 ∈ ℝ, (6.16)

which are the analogs of (5.9)–(5.12), respectively. We note that 𝑉(𝑘) appearing in (6.13)–(6.16) is the row vector with 𝐍-components
defined in (5.5). The quantity 𝐀(𝑥) appearing in (6.13)–(6.16) is the column vector with𝐍-components, and it is given by

𝐀(𝑥) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

𝐴𝐍−1(𝑥)

𝐴𝐍−2(𝑥)

⋮

𝐴1(𝑥)

𝐴0(𝑥)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, 𝑥 ∈ ℝ, (6.17)
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which is analog of (5.6). For our illustration purpose, without loss of generality, we assume that the 𝑘-values 𝑘𝑗 for 1 ≤ 𝑗 ≤ 𝐍 are all in
the sector arg[𝑘] ∈ [7𝜋∕6, 4𝜋∕3). With the help of (3.4) and (6.10), for 1 ≤ 𝑗 ≤ 𝐍 we have

𝑓(𝑘𝑗, 𝑥) = 𝐸(𝑘𝑗) 𝑒
3𝑖(𝑧2−1)𝑘2

𝑗
𝑡
𝑔(𝑧𝑘𝑗, 𝑥), arg[𝑘𝑗] ∈

[
7𝜋

6
,
4𝜋

3

)
, 𝑥 ∈ ℝ, (6.18)

which is the analog of (5.13). Using (6.13) and (6.15) in (6.18), we obtain

𝑒𝑘𝑗𝑥
𝑘𝐍

𝑗
+ 𝑉(𝑘𝑗)𝐀(𝑥)

𝐹(𝑘𝑗)
= 𝐸(𝑘𝑗) 𝑒

3𝑖(𝑧2−1)𝑘2
𝑗
𝑡
𝑒𝑧𝑘𝑗𝑥

(𝑧𝑘𝑗)
𝐍 + 𝑉(𝑧𝑘𝑗)𝐀(𝑥)

𝐺(𝑧𝑘𝑗)
, 1 ≤ 𝑗 ≤ 𝐍, (6.19)

which is the analog of (5.14). In terms of the initial dependency constants𝐸(𝑘𝑗), as in (5.15) we introduce themodified initial dependency
constants 𝛾(𝑘𝑗) by letting

𝛾(𝑘𝑗) ∶= −
𝐹(𝑘𝑗)𝐸(𝑘𝑗)

𝐺(𝑧𝑘𝑗)
, 1 ≤ 𝑗 ≤ 𝐍. (6.20)

We emphasize that each 𝛾(𝑘𝑗) in (6.20) is a complex-valued constant independent of 𝑥 and 𝑡. We also introduce the scalar quantity 𝜒(𝑘𝑗)

as

𝜒(𝑘𝑗) ∶= exp
(
(𝑧 − 1)𝑘𝑗𝑥 + 3𝑖(𝑧2 − 1)𝑘2

𝑗
𝑡
)
, 1 ≤ 𝑗 ≤ 𝐍, (6.21)

which is the analog of (5.16). We remark that each 𝜒(𝑘𝑗) is a function of 𝑥 and 𝑡. Furthermore, each 𝜒(𝑘𝑗) is real valued if and only if
𝑘𝑗 = 𝑖𝑧𝜂𝑗 for some positive 𝜂𝑗 , and the proof for this is similar to the proof utilizing (5.17). This shows that each bound-state eigenvalue
at 𝑘 = 𝑘𝑗 for the self-adjoint operator 𝐿 appearing in (6.2) occurs when we have 𝜆 = 𝜂3

𝑗
, which confirms that all the eigenvalues of the

self-adjoint operator 𝐿 in (6.2) are real. Using (6.20) and (6.21) in (6.19), we obtain

𝑘𝐍
𝑗
+ 𝑉(𝑘𝑗)𝐀(𝑥) = −𝛾(𝑘𝑗) 𝜒(𝑘𝑗)

[
(𝑧𝑘𝑗)

𝐍 + 𝑉(𝑧𝑘𝑗)𝐀(𝑥)
]
, (6.22)

which is the analog of (5.19). We observe that (6.22) yields a linear system of𝐍 equations with the𝐍 unknowns𝐴𝑙(𝑥) for 0 ≤ 𝑙 ≤ 𝐍 − 1.
This is seen by defining𝑚𝑙(𝑘𝑗) as in (5.20), that is,

𝑚𝑙(𝑘𝑗) ∶= 𝑘𝑙
𝑗
+ (𝑧𝑘𝑗)

𝑙 𝛾(𝑘𝑗) 𝜒(𝑘𝑗), 1 ≤ 𝑗 ≤ 𝐍, 0 ≤ 𝑙 ≤ 𝐍. (6.23)

Using (6.23), we form the𝐍 × 𝐍matrix𝐌(𝑥) and the column vector 𝐁(𝑥) with𝐍 components as

𝐌(𝑥) ∶=

⎡⎢⎢⎢⎢⎢⎣

𝑚𝐍−1(𝑘1) 𝑚𝐍−2(𝑘1) ⋯ 𝑚1(𝑘1) 𝑚0(𝑘1)

𝑚𝐍−1(𝑘2) 𝑚𝐍−2(𝑘2) ⋯ 𝑚1(𝑘2) 𝑚0(𝑘2)

⋮ ⋮ ⋱ ⋮ ⋮

𝑚𝐍−1(𝑘𝐍) 𝑚𝐍−2(𝑘𝐍) ⋯ 𝑚1(𝑘𝐍) 𝑚0(𝑘𝐍)

⎤⎥⎥⎥⎥⎥⎦
, (6.24)

𝐁(𝑥) ∶=

⎡⎢⎢⎢⎢⎢⎣

𝑚𝐍(𝑘1)

𝑚𝐍(𝑘2)

⋮

𝑚𝐍(𝑘𝐍)

⎤⎥⎥⎥⎥⎥⎦
, (6.25)

which are the analogs of (5.21) and (5.22), respectively. Using (6.24) and (6.25), we write the linear system in (6.22) as in (5.23) and
recover the column vector 𝐀(𝑥) as in (5.24). Alternatively, the𝐍 components 𝐴𝑗(𝑥) with 0 ≤ 𝑗 ≤ 𝐍 − 1 of the column vector 𝐀(𝑥) can
be obtained as the ratio of two determinants by using Cramer’s rule on (5.23). In particular, for the components 𝐴𝐍−1(𝑥) and 𝐴𝐍−2(𝑥)

we have the analogs of (5.25) and (5.26), respectively. Having obtained the column vector 𝐀(𝑥) explicitly in terms of the input data set
{𝑘𝑗, 𝐸(𝑘𝑗)}

𝐍
𝑗=1
, as seen from (6.13)–(6.16), we obtain the basic solutions 𝑓(𝑘, 𝑥),𝑚(𝑘, 𝑥), 𝑔(𝑘, 𝑥), and 𝑛(𝑘, 𝑥) to (6.4), where each of those

solutions in their respective 𝑘-domains is explicitly expressed in terms of the input data set consisting of the poles of 𝑇l(𝑘) and the
corresponding dependency constants. To recover the potential 𝑞 we can use the analog of (4.10), which is given by

𝑞(𝑥) = 3

2

𝑑𝑢1(𝑥)

𝑑𝑥
, (6.26)

where 𝑢1(𝑥) is the term appearing in (4.9). We remark that (6.26) is obtained by comparing the coefficients of the first derivative in (1.1)
and in (6.4), that is,

𝑄(𝑥) = −2 𝑞(𝑥), 𝑡 = 0, 𝑥 ∈ ℝ. (6.27)
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FIGURE 8 The snapshots for the 2-soliton solution 𝑞(𝑥, 𝑡) given in (6.35), which is the solution to the modified bad Boussinesq equation (6.5) at
𝑡 = −1, 𝑡 = −0.5, 𝑡 = 0.5, and 𝑡 = 1, respectively.

Even though (6.27) holds at 𝑡 = 0, the time evolution of 𝑄(𝑥) and the time evolution of 𝑞(𝑥) are different. Hence, (6.27) does not hold
when 𝑡 ≠ 0. The quantity 𝑢1(𝑥) appearing in (6.26) is obtained by using the large 𝑘-asymptotics of (6.13) given by

𝑘𝐍 + 𝑉(𝑘)𝐀(𝑥)

𝐹(𝑘)
= 1 +

𝑢1(𝑥)

𝑘
+ 𝑂

(
1

𝑘2

)
, 𝑘 → ∞ in Ω1, (6.28)

which is the analog of (5.28). With the help of (5.5), the first equality of (6.12), (6.17), and (6.28), we have

𝑢1(𝑥) = 𝐴𝐍−1(𝑥) − (𝑘∗
1 + ⋯ + 𝑘∗

𝐍), (6.29)

which is the analog of the first equality in (5.31). Hence, comparing (6.26) and (6.29), we see that we can recover 𝑞(𝑥) from 𝐴𝐍−1(𝑥) as

𝑞(𝑥) = 3

2

𝑑𝐴𝐍−1(𝑥)

𝑑𝑥
. (6.30)

We remark that the potential 𝑞(𝑥) given in (6.30) is in general complex valued even though it satisfies the modified bad Boussinesq
equation (6.5). In order to make 𝑞(𝑥) real valued, we need to use the appropriate restrictions on the locations of the 𝑘𝑗-values as well
as the choice of the initial dependency constants 𝐸(𝑘𝑗). The restriction 𝑘𝑗 = 𝑖𝑧𝜂𝑗 with 𝜂𝑗 > 0 is the necessary and sufficient restriction
on the location of 𝑘𝑗 . We obtain the appropriate restriction on the initial dependency constants 𝐸(𝑘𝑗) or equivalently on the modified
initial dependency constants 𝛾(𝑘𝑗) as follows. We require that 𝑢1(𝑥) appearing in (6.26) and (6.28) be real valued, or equivalently we
require that𝐴𝐍−1(𝑥) appearing in (6.29) and (6.30) be real valued. Those initial dependency constants appear in the𝐍 × 𝐍matrix𝐌(𝑥)

and the column vector 𝐁(𝑥) in (6.25). The value of 𝐴𝐍−1(𝑥) is recovered from 𝐌(𝑥) and 𝐁(𝑥) by using the analog of (5.25). Hence, the
requirement that𝐴𝐍−1(𝑥) be real valued yields the appropriate restrictions on the initial dependency constants 𝐸(𝑘𝑗) or on themodified
initial dependency constants 𝛾(𝑘𝑗) for 1 ≤ 𝑗 ≤ 𝐍. For example, when𝐍 = 1 in (6.12) and 𝑘1 = 𝑖𝑧𝜂1 with 𝜂1 > 0, by choosing themodified
initial dependency constant 𝛾(𝑘1) as positive, we obtain

𝑞(𝑥) = −
9 𝛾(𝑘1) 𝜂

2
1 𝑒

√
3𝜂1(𝑥+3𝜂1𝑡)

2
[
1 + 𝛾(𝑘1) 𝑒

√
3𝜂1(𝑥+3𝜂1𝑡)

]2
, 𝑥 ∈ ℝ, (6.31)

corresponding to the left transmission coefficient

𝑇l(𝑘) =
𝑘 − 𝑖𝑧2𝜂1

𝑘 − 𝑖𝑧𝜂1

.

Using (6.31) in the first line of (6.1), we obtain the real-valued potential 𝑝(𝑥) as

𝑝(𝑥) =
9 𝛾(𝑘1) 𝜂

3
1 𝑒

√
3𝜂1(𝑥+3𝜂1𝑡)

2
[
1 + 𝛾(𝑘1) 𝑒

√
3𝜂1(𝑥+3𝜂1𝑡)

]2
, 𝑥 ∈ ℝ. (6.32)

Themodified bad Boussinesq equation (6.5) remains unchanged if we replace 𝑥 by−𝑥 or if we replace 𝑡 by−𝑡. Hence, from any solution
to (6.5), we get other solutions to (6.5) by using the replacement 𝑥 ↦ −𝑥 or 𝑡 ↦ −𝑡. In particular, such transformations applied to (6.31)
and (6.32) yield solutions where the soliton moves to the right with the speed 3𝜂1, whereas the soliton in (6.31) and (6.32) moves to the
left with the speed 3𝜂1.

In the next example, we present the real-valued 2-soliton solution 𝑞(𝑥, 𝑡) to (6.5) containing four arbitrary real parameters 𝜂1, 𝜂2, 𝑏1,
and 𝑏2. The method used in this example is the same as the general method that we use and is based on solving the inverse scattering
problem for (1.1). The method yields a complex-valued solution to (6.5) with the four complex-valued parameters 𝑘1, 𝑘2, 𝛾(𝑘1), 𝛾(𝑘2),
where the first two parameters identify the location of the bound states in the complex 𝑘-plane and the latter two parameters correspond
to themodified initial bound-state dependency constants. Since the solution 𝑞(𝑥, 𝑡) to (6.5) is expected to be real valued, we then restrict
the locations of the complex parameters 𝑘1 and 𝑘2 so that they each are identified by one of the real parameters 𝜂1 and 𝜂2, respectively.
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Similarly, we also restrict the values of the complex-valued parameters 𝛾(𝑘1) and 𝛾(𝑘2) so that they each are identified by one of the real
parameters 𝑏1 and 𝑏2, respectively. In our example, we only present the final result by omitting the details of the derivation.

Example 6.2. We choose our transmission coefficients as in (6.11) where 𝐍 = 2 is used in (6.12). The choice in (6.11) for the left and
right scattering coefficients is compatible with (3.45). In order to obtain a real-valued 2-soliton solution, we choose 𝑘1 and 𝑘2 as

𝑘1 = 𝑖𝑧𝜂1, 𝑘2 = 𝑖𝑧𝜂2,

where we have 0 < 𝜂1 < 𝜂2 and we recall that 𝑧 is the special constant defined in (2.1). We choose our complex-valued modified initial
dependency constants appearing in (6.20) as

𝛾(𝑘1) =
𝑏1

𝜂2 − 𝑧𝜂1

, 𝛾(𝑘2) =
𝑏2

𝜂1 − 𝑧𝜂2

, (6.33)

where we have 𝑏1 > 0 and 𝑏2 < 0 as a result of our choice 0 < 𝜂1 < 𝜂2. We notice the symmetry in (6.33) so that knowing 𝛾(𝑘1) we are
also able to specify 𝛾(𝑘2) by symmetry. Using (6.30) with𝐍 = 2, we obtain the real-valued 2-soliton solution to (6.5) as

𝑞(𝑥) = −
9[num1 + num2]

2
(
𝜂3

2 − 𝜂3
1

)
[den]2

, 𝑥 ∈ ℝ, (6.34)

where we have defined

num1 ∶=
(
𝑏1𝜂

2
1𝜒1 − 𝑏2𝜂

2
2𝜒2

)𝜂3
2 − 𝜂3

1

𝜂2 − 𝜂1

,

num2 ∶= −𝑏1𝑏2𝜒1𝜒2

[
2(𝜂3

2 − 𝜂3
1) + 𝜂1𝜂2(𝜂2 − 𝜂1) + 𝑏1𝜂

2
2𝜒1 − 𝑏2𝜂

2
1𝜒2

]
,

den ∶= 1 +
𝑏1𝜒1

𝜂2 − 𝜂1

−
𝑏2𝜒2

𝜂2 − 𝜂1

−
𝑏1𝑏2(𝜂2 − 𝜂1)𝜒1𝜒2

𝜂3
2 − 𝜂3

1

,

with 𝜒1 and 𝜒2 defined as

𝜒1 ∶= 𝑒
√

3𝜂1(𝑥+3𝜂1𝑡), 𝜒2 ∶= 𝑒
√

3𝜂2(𝑥+3𝜂2𝑡).

For example, by choosing

𝜂1 = 1, 𝜂2 = 2, 𝑏1 = 1, 𝑏2 = −1,

from (6.34) we obtain the particular solution 𝑞(𝑥) to (6.5) given by

𝑞(𝑥) = −
9
(
7𝜒1 + 28𝜒2 + 16𝜒1𝜒2 + 4𝜒2

1𝜒2 + 𝜒1𝜒
2
2

)
14

(
1 + 𝜒1 + 𝜒2 +

1

7
𝜒1𝜒2

)2
, (6.35)

with the quantities 𝜒1 and 𝜒2 given by

𝜒1 ∶= 𝑒
√

3(𝑥+3𝑡), 𝜒2 ∶= 𝑒2
√

3(𝑥+6𝑡).

In Figure 8, we present four snapshots for the 2-soliton solution 𝑞(𝑥) given in (6.35). We observe that both solitons move from the right
to the left, the faster moving taller soliton catches the shorter soliton, and after they interact nonlinearly the taller soliton moves away
from the shorter soliton.
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