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ABSTRACT

Explicit solutions to the related integrable nonlinear evolution equations are constructed by solving the inverse scattering problem
in the reflectionless case for the third-order differential equation d3y/dx> + Qdy/dx + P = k3, where Q and P are the
potentials in the Schwartz class and k* is the spectral parameter. The input data set used to solve the relevant inverse problem
consists of the bound-state poles of a transmission coefficient and the corresponding bound-state dependency constants. Using
the time-evolved dependency constants, explicit solutions to the related integrable evolution equations are obtained. In the special
cases of the Sawada-Kotera equation and the modified bad Boussinesq equation, the method presented here explains the physical
origin of the constants appearing in the relevant N-soliton solutions algebraically constructed, but without any physical insight,
by the bilinear method of Hirota.
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1 | Introduction

Consider the third-order linear ordinary differential equation
P +Q(x, 0P +P(x,0)p =k, x€ER, (1)

where x is the independent variable representing the spacial coordinate and taking values on the real line R, the prime denotes the
x-derivative, t is a parameter representing the time coordinate, k® is the spectral parameter, and the coefficients Q and P are some
complex-valued functions of x and ¢ vanishing rapidly as x — +oo for each fixed t € R. For simplicity, we assume that Q and P belong
to the Schwartz class S(R) in the x-variable, which is the class of infinitely differentiable functions 6(x) in such a way that x/d'6(x)/dx'
vanishes as x — +oo for any pair of nonnegative integers j and I. We refer to Q and P as the potentials. Our results hold under weaker
assumptions on Q and P, but for simplicity we assume that the potentials Q and P belong to the Schwartz class in x. We can write (1.1)
as Ly = Ay by letting A := k> and defining the linear differential operator L as

L=D*+QD+P, 1.2)
with D representing the differential operator d/dx and D" :=d"/dx" forn > 2.
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The direct scattering problem for (1.1) consists of the determination of the corresponding scattering coefficients and the bound-state
information when the potentials Q and P are known for all x € R and at any fixed value of t. On the other hand, the inverse scattering
problem for (1.1) consists of the determination of the potentials Q and P by using the input data set consisting of the scattering coefficients
and the bound-state information. Unless the theory of the direct and inverse scattering scattering for (1.1) is used to obtain solutions
to some integrable nonlinear evolution equations, the dependence of the potentials Q and P on the time variable ¢ can be arbitrary.
On the other hand, when we consider various integrable evolution equations associated with the linear differential operator L given in
(1.2), the time dependence of the potentials cannot be arbitrary and is determined by a linear differential operator A, where the pair of
operators L and A is known as the Lax pair. In that case, the specific operator A in the Lax pair governs the time evolution of solutions
to the corresponding integrable evolution equation.

There are various integrable evolution equations associated with L appearing in (1.2), and each such equation corresponds to a particular
choice of the potentials Q and P and a particular time dependence for those potentials. In our paper, we consider three such cases. In
the first case, the potentials Q and P belong to the Schwartz class in x and their time dependence is governed by the operator A given
in (1.3). The second case is a special subcase of the first case, where the operator L in (1.2) becomes either L, or L, defined in (1.10) and
the corresponding operator A becomes A, or A,, given in (1.11) and (1.12), respectively. In the third case, we again consider the operator
L given in (1.2) for some special choices of the potentials Q and P, but associated with a new operator A which is different from the
operator A given in (1.3). This third case corresponds to a modified version of the integrable bad Boussinesq equation with the Lax pair
(L, A) given in (6.2) and (6.3). Even though we do not consider it in our paper, there is also a special case of the operator L in (1.2), and
that fourth special case is given in (1.15) with the corresponding A specified in (1.16).

In order to consider the first aforementioned case, we introduce the linear differential operator A given by
A=9D°+15QD° + (15P+15Q,)D* + (15P, +10Q, + 5Q*) D + (10P,, + 10QP), 1.3)

where the subscripts x and ¢t denote the appropriate partial derivatives. We determine the integrable system of nonlinear partial
differentials corresponding to the Lax pair L and A given in (1.2) and (1.3), respectively, by imposing the Lax compatibility condition [1]

L,+LA—-AL =0, (14
where L, is the differential operator given by
L, =QD+P,

It can be verified directly that the operator equality (1.4) holds provided that the potentials Q and P satisfy the coupled system of two
fifth-order nonlinear partial differential equations given by

{Qt+Qm+5Qme+SQQm+SQ2QX+15QX,CP+15QxPx—3OPPx =0, w5
15

P, +Po +5QP, +15Q, P, +20Q, P, +5Q°P, +10Q,,P—15PP, +10Q QP — 15(P,)* =0,
where we have x € R and the t-domain can be chosen either as R or ¢t > 0. Thus, the system (1.5) is integrable in the sense of the inverse
scattering transform method [2], and its initial-value problem can be solved with the help of the direct and inverse scattering theory for
(1.1) with the appropriate time evolution of the scattering data governed by the linear operator A in (1.3).
For simplicity, we choose our notation by suppressing the appearance of ¢ in the arguments of the potentials and all other quantities
associated with (1.1), (1.5), and any other integrable systems related to (1.1). For example, we mainly use Q(x) instead of Q(x, t) and write

P(x) instead of P(x, t).

Let us now consider the second aforementioned case. The uncoupled version of (1.5) is obtained when the sum of the last three terms
on the left-hand side of the first equality of (1.5) vanishes, that is, when we have

15Q,P+15Q,P, —30PP, =0. (1.6)
Integrating (1.6) and using the fact that the potentials Q and P vanish as x — +o0, we get
QP -P*=0. (1.7)
From (1.7), we observe that (1.5) has exactly two special subcases given by

P(x)=0, P(x)=Q,(x). (1.8)

2 of 38 Studies in Applied Mathematics, 2025



In the first special subcase P(x) = 0, the integrable system (1.5) reduces to the single integrable evolution equation

Q +Qupyry +5Q,Q,, +5Q0Q,,, +5Q%Q, =0, x, t €ER, (1.9)

which is known as the Sawada-Kotera equation [3-5]. In the second special subcase where we have P(x) = Q,(x), the integrable system
(1.5) again reduces to the single integrable evolution equation given in (1.9). In applications, the quantity Q in the Sawada-Kotera
equation is usually required to be real valued. Using each of the two special subcases in the equalities given in (1.2) and (1.3), we observe
that (1.9) is associated with two distinct Lax pairs (L;, A,) and (L,, A,), where we have defined

L,=D*+QD, L,=D>+QD+Q,, (1.10)
A, =9D° +15QD* +15Q,D? + (10Q,, + 5Q*) D, (1.11)
A, =9D°+15QD° +30Q, D? + (25Q, + 5Q*) D+ (10Q, + 10QQ,). (1.12)

Atfirst, it seems awkward that the Sawada-Kotera equation (1.9) is associated with two different third-order linear differential equations.
However, there is no contradiction here, and the clarification for this is as follows. When Q(x) is real valued and P(x) = 0 in (1.1), with
the help of (2.19) we see that the adjoint equation (2.18) corresponding to (1.1) is given by

9" (k, %) + Q) P (k, x) + Q.(x) Pk, x) = K* Pk, x),  x €R. 113)

This shows that the inverse scattering transform method on (1.9) can be applied in two different ways: The first way is through the use
of the direct and inverse scattering theory for (1.1) when Q(x) is real valued and P(x) = 0. The second way is through the use of the
direct and inverse scattering theory for (1.13) when Q(x) is real valued. The first way relies on the transmission coefficients T(k) and
T, (k) for (1.1). The second way relies on the transmission coefficients T,(k) and T,(k) for (1.13). The transmission coefficients for the
adjoint equation (1.13) are related to the transmission coefficients for (1.1) as stated in (2.20) and (2.21). In this case, it turns out that we
have

T(k)=Tk), keQ,

T()=T(k), keQ,

where Q_l and 9_3 are the k-domains defined in Section 2. However, the bound-state dependency constants for (1.1) and those for (1.13)
do not coincide. We elaborate on this issue in Example 5.3 of Section 5.

We remark that there is another fifth-order integrable evolution equation resembling (1.9), usually known as the Kaup-Kupershmidt
equation [4, 6], given by

25
Ql + QXXXXX + 7 QX QXX + SQQXXX + SQ2 QX = 0’ x’ t e R' (1‘14)

This corresponds to the fourth aforementioned case. We obtain (1.14) by using P = Q, /2 in the integrable system (1.5). Even though the
coefficients in an integrable evolution equation in general can be changed by scaling both the dependent and independent variables,
it is impossible to transform (1.14) to (1.9) or vice versa through any scaling. This indicates that the Kaup—Kupershmidt equation and
the Sawada-Kotera equation are different from each other. The Lax pair (L, A) associated with the Kaup-Kupershmidt equation (1.14)
is obtained by using P = Q. /2 in (1.2) and (1.3), respectively, and we have

L=D*+QD+ % Q,, (1.15)
5 ;45 ) 35 )
A=9D>+15QD +7QXD + EQU+5Q D+5Q,,,+5QQ,. (1.16)
As seen from (1.15), the Kaup-Kupershmidt equation can be written as

W+ Q) P + %Qx(x)lp — Ky,  xeR. 117)

The direct and inverse scattering theory for (1.1) can be applied to determine solutions to (1.14) and (1.17). However, in our paper, we do
not analyze (1.14). We only remark that, when Q is real valued, the adjoint equation corresponding to (1.17) is (1.17) itself. This can be
verified by comparing (1.17) and (2.18) with the help of (2.19). The coincidence of (1.17) and its adjoint equation does not mean that the
differential operator L appearing in (1.15) is self-adjoint.
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Like the Korteweg-de Vries equation [2], the Sawada-Kotera and Kaup-Kupershmidt equations are used to describe the propagation
of surface water waves in long, narrow, shallow canals but by taking into consideration of steeper waves of shorter wavelength. We
also mention the paper [7], where the direct and inverse scattering problems are analyzed for a modified version of the Sawada-Kotera
equation by considering a related Riemann-Hilbert problem.

In this paper, we are interested in exploring explicit solutions to the integrable system (1.5) and its special case (1.9). In the literature, some
specific explicit solutions to (1.9) are obtained usually by using Hirota’s bilinear method [3] or by using the dressing method of Zakharov
and Shabat [8], where both these methods avoid the analysis of the direct and inverse scattering theory associated with (1.1). Such explicit
solutions, if they do not contain any singularities, correspond to soliton solutions. Our goal is to obtain those explicit solutions, without
using an ansatz but only by relying on the analysis of the direct and inverse scattering theory for (1.1). In general, soliton solutions for
integrable systems correspond to reflectionless scattering data sets, which consist of transmission coefficients and time-evolved bound-
state information. The bound-state information can be provided by specifying the bound-state poles of the transmission coefficients and
the bound-state normalization constants. Alternatively, the bound-state information can be given by specifying the bound-state poles
of the transmission coefficients and the bound-state dependency constants. Hence, in this paper, we describe soliton solutions to (1.5)
and its special case (1.9), without using any ansatzes but by using the transmission coefficients and the time-evolved bound-state data
for (1.1), where the bound-state data set consists of the k-values specifying the bound-state poles of the transmission coefficients and the
bound-state dependency constants at those k-values. The differential operator L appearing in (1.2) is in general not self-adjoint, even
though one of its special cases expressed in (6.2) is self-adjoint. In case a bound state for (1.1) has any multiplicities, it is understood that
for that bound state, we have as many dependency constants as the multiplicity of that bound state. We remark that the bound-state
information for (1.1) can also be described in terms of the values of the spectral parameter A instead of the values of the parameter k,
by recalling that we have 1 := k>. In case the linear differential operator L in (1.2) can be expressed as a self-adjoint operator, which
happens in the special case given in (6.2), one can readily verify that the corresponding eigenvalues expressed in A are all real.

The most relevant references related to the research presented in this paper are the 1980 paper [4] by Kaup, the 1982 paper [9] by Deift,
Tomei, and Trubowitz, the 1989 paper [3] by Hirota, the 2001 paper [8] by Parker, the 2002 paper [10] by Kaup, and the Ph.D. thesis
[11] of the third author of the present paper. Kaup initiated [4] the analysis of the direct and inverse scattering for (1.1) with the goal of
studying solutions to the integrable nonlinear evolution equation (1.9). However, he was unable to formulate a proper scattering matrix
and a proper Riemann-Hilbert problem associated with (1.1). We refer to a Riemann-Hilbert problem as properly formulated if the plus
and minus regions in the complex plane are separated by an infinite straight line passing through the origin. Such a formulation allows
the use of a Fourier transformation along that line. For example, in the analysis of the inverse scattering problem for the Schrédinger
equation on the full line, we have a proper formulation of the Riemann-Hilbert problem with the real axis separating the complex plane
into two regions. Such a formulation allows the use of a Fourier transformation, which yields the Marchenko integral equation [12-17]
playing a key role in the solution to the corresponding inverse scattering problem. The lack of a proper formulation of a Riemann-
Hilbert problem for (1.1) prevented Kaup from establishing [10] a linear integral equation, which would be the analog of the Marchenko
integral equation associated with the inverse scattering problem for the full-line Schrédinger equation. Deift, Tomei, and Trubowitz
studied [9] the direct and inverse scattering problems for a special case of (1.1), namely for the third-order equation (6.4) listed in
Section 6. The linear operator L given in (6.2) of Section 6 associated with (6.4) is self-adjoint. Deift, Tomei, and Trubowitz introduced
[9] a proper Riemann-Hilbert problem on the complex k-plane, enabling them to solve the corresponding inverse scattering problem
for (6.4). However, in order to formulate their Riemann-Hilbert problem properly, in their paper, they used the severe assumption
that the two transmission coefficients for (6.4) are identically equal to 1 for all k-values. They also used the assumption that the two
secondary reflection coefficients are identically zero. That latter assumption is not as severe as the former assumption, and in fact it helps
to discard solutions to (6.5) that blow up at finite time. The former assumption prevented Deift, Tomei, and Trubowitz from obtaining
explicit solutions to the modified bad Boussinesq equation (6.5). This is because such solutions are usually obtained in the reflectionless
case by using the bound-state poles of the transmission coefficients. Hirota used his bilinear method to obtain the N-soliton solution [18]
to the bad Boussinesq equation and the N-soliton solution [3] to the Sawada-Kotera equation. Those ad hoc solutions were introduced
algebraically by Hirota without any connection to the direct and inverse scattering theory associated with the corresponding linear
third-order equations. Parker [8] tried to explain the derivation of Hirota’s ad hoc N-soliton solutions to the Sawada-Kotera equation by
using a modification of the dressing method [19] of Zakharov and Shabat. In his 2002 review paper [10], Kaup summarized the efforts on
the inverse scattering transform associated with the third-order equation (1.1) in the special case corresponding to the Sawada-Kotera
equation (1.9), but without mentioning the relevant paper [9] by Deift, Tomei, and Trubowitz. Inspired by [9], Toledo formulated [11] a
proper Riemann-Hilbert problem associated with the inverse scattering problem for (1.1) by using the assumption that the two secondary
reflection coefficients are identically zero, but without using the assumption that the two transmission coefficients are identically equal
to 1 for all k-values.

Our paper uses the method of [11] in the reflectionless case, and it is organized as follows. In Section 2, we present a brief summary of
the direct scattering problem for (1.1) by introducing the basic solutions to (1.1) and the scattering coefficients for (1.1) and by providing
the relevant properties of those solutions and scattering coefficients. This is first done without using any particular time dependence of
the potentials Q and P. At the end of Section 2, in case the operator A given in (1.3) is used to govern the time evolution of the potentials
Q and P, we describe the corresponding time evolution of the basic solutions and the scattering coefficients for (1.1). In Section 3, we
provide a brief description of the bound states associated with (1.1) and the corresponding bound-state dependency constants. At the end
of Section 3, we consider (1.1) in the reflectionless case and when the potentials Q and P are in the Schwartz class but with arbitrary time
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FIGURE 1 | The directed halflines £;, £,, L3, £, and the open sectors Q, Q,, Q3, Q4 in the complex k-plane.

dependence. In that case, we show that the left and right transmission coefficients must be the reciprocals of each other. This means that,
in the reflectionless case, the bound-state poles of the left transmission coefficient and the bound-state poles of the right transmission
coefficient are symmetrically located with respect to the origin of the complex k-plane when the poles and zeros of a transmission
coefficient are symmetrically located. In Section 4, we consider (1.1) in the reflectionless case, and we formulate a proper Riemann-—
Hilbert problem in the complex k-plane by introducing the relevant plus and minus regions and the plus and minus functions in those
regions. We also describe how the potentials Q and P are recovered from the solution to the aforementioned Riemann-Hilbert problem.
In Section 5, we show how the relevant solutions to (1.1) are explicitly constructed by solving the corresponding Riemann-Hilbert
problem using the input data set consisting of the bound-state poles of a transmission coefficient and the corresponding bound-state
dependency constants. With the input data set containing the time-evolved dependency constants, the constructed potentials Q and P
yield explicit solutions to the integrable system (1.5). By using the appropriate restrictions on the locations of the bound-state k-values
and the appropriate restrictions on the dependency constants, we obtain real-valued solutions to the Sawada-Kotera equation (1.9). In
fact, we show that Hirota’s N-soliton solution to the Sawada-Kotera equation can be obtained from a particular 2N-soliton solution to
(1.5) by using some appropriate restrictions on our input data set. Hence, our method using the input data set consisting of the bound-
state poles of a transmission coefficient and the corresponding time-evolved bound-state dependency constants explains the physical
origin of the N-soliton solution to the Sawada-Kotera equation algebraically constructed [3] by the bilinear method of Hirota. Since
our general technique is based on the solution to the inverse scattering problem for (1.1) in the reflectionless case without requiring
any specific time dependence for the potentials Q and P, it is applicable to other integrable evolution equations associated with (1.1). In
applying our method to a specific integrable system, we simply use the appropriate time evolution particular to that integrable system.
This is further illustrated in Section 6, where we show how our method yields explicit solutions to a modified version the bad Boussinesq
equation, again explaining the physical origin of the N-soliton solution obtained by Hirota’s method [18].

2 | The Direct Scattering Problem

In this section, we present a summary of the direct scattering theory for the third-order equation (1.1). We suppress the appearance of
the parameter ¢ in the arguments of the quantities related to (1.1). We choose the notation used in the recent Ph.D. thesis [11] of the
third author. We recall that the dependence of the potentials Q and P on the time variable ¢ is arbitrary, unless we apply the direct and
inverse scattering theory for (1.1) to solve a specific integrable system of nonlinear evolution equations. At the end of this section, we
specify the particular time evolution of the solutions and the scattering coefficients in the special case when the time evolution of the
potentials Q and P is governed by the particular operator A given in (1.3).

It is convenient to use the four directed half lines £,, £,, L5, £, to divide the complex k-plane C into the four sectors Q,, Q,, Q;, Q, as
shown in Figure 1. We use z to denote the special complex number e>/3, which is equivalently defined as

1 /3
z .——§+17. (21)

The directed half lines £, £,, L5, L, are defined by the respective parameterizations given by
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£, :={keC:k=zsforse[0,+x)}, 22

L, :={keC : k=zsforse[0,+)}, 23)
Ly,:={keC:k=-zsfors € [0,+)}, 24
L,:={keC:k=-z*sfors € [0,+c0)}. 25)

As seen from Figure 1, the four open sectors Q,, Q,, Q, Q, in C are, respectively, defined by using the parameterizations given by

Q= {ke@ : %ﬂ <arglk] < %ﬂ} (2.6)

Q, = {keC : —2?” < arglk] < —%} 2.7
V9 T

Q, .={k€<[3.—§<arg[k]<§}, (2.8)

Q, = {k ecC: §<arg[k] < 2?”} (29

where arg[k] represents the argument function taking values in the interval (—27/3, 47 /3). We use Q,, Q,, Q;, Q, to denote the closures
of Q,, Q,, Q;, Q,, respectively. Thus, the closed sector Q_l is obtained from Q, by including its respective upper and lower boundaries
L, and L,, the closed sector Q_2 is obtained from Q, by including its respective left and right boundaries £, and L, the closed sector (2_3
is obtained from Q; by including its respective lower and upper boundaries £; and £,, and the closed sector (2_4 is obtained from Q, by
including its respective left and right boundaries £, and L,.

The left Jost solution f(k, x) to (1.1) is defined as the solution satisfying the spacial asymptotics

[k, x) = e[1+0(D)], X — +oo,
f'(k,x) = ke [1 +0(1)], X = 400, (2.10)
f"(k, x) = k?e*[1 + 0(1)], X — +oo.

The right Jost solution g(k, x) to (1.1) is defined as the solution satisfying the spacial asymptotics

g(k,x) = e*[1 +0(1)], X > —oo,
g'(k,x) = ke*[1 + o(1)], X = —00, (2.11)
g (k,x) = k? e[1 + 0(1)], X = —oo.

The basic properties of the Jost solutions f(k, x) and g(k, x) to (1.1) are listed in the following theorem. In the theorem, the dependence
of the potentials on the time variable ¢ is arbitrary. We refer the reader to [11] for a proof. Even though we assume that the two potentials
Q(x) and P(x) are restricted to the Schwartz class, the results stated in the theorem are valid under milder restrictions on the two
potentials.

Theorem 2.1. Assume that the potentials Q(x) and P(x) in (1.1) belong to the Schwariz class S(R). Let Q, and Q; be the sectors defined
in (2.6) and (2.8), respectively, and let Q; and Q, denote the corresponding closures, respectively. We have the following:

a. The left Jost solution f(k, x) to (1.1) satisfying (2.10) exists and is uniquely determined.

b. Foreach fixed x € R, the quantity f(k, x) is analyticin k € Q,, is continuous in k € Q_l, and has the large k-asymptotics
f(k,x):ekx[1+0<%>], k - coin Q. 2.12)

c. Foreach fixed k € Q_l, the quantity f(k, x) is continuous in x € R.

d. The right Jost solution g(k, x) to (1.1) satisfying (2.11) exists and is uniquely determined.
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e. Foreach fixed x € R, the quantity g(k, x) is analytic in k € Qs, is continuous in k € Q_3, and has the large k-asymptotics given by

k — pkx
glk,x)=e X

1+O(l>], k — ooin Q. (213)

f. Foreach fixed k € (2_3, the quantity g(k, x) is continuous in x € R.

In terms of the left Jost solution f(k, x), we introduce the left scattering coefficients T;(k), L(k), and M(k) via the spacial asymptotics
as x — —oo given by
e T (k)1 +o(1)] + e L) TY(k) 1 +0(1)], k€L,
flk,x) =3 Ty(k)™'[1 + 0(1)], keQ, (2.14)
e Ty(k) 1+ o(D)] + e M(k) Ty(k) ' [1 +0(1)], k€L,
where we recall that z is the special constant appearing in (2.1) and that £, and £, are the directed half lines defined in (2.2) and (2.3),
respectively. We refer to L(k) as the left primary reflection coefficient, M(k) as the left secondary reflection coefficient, and T\(k) as
the left transmission coefficient. We remark that the k-domains of L(k), M (k), and T,(k) are L,, L,, and Q,, respectively. In a similar
manner, in terms of the right Jost solution g(k, x), we introduce the right scattering coefficients T,(k), R(k), and N(k) via the spacial
asymptotics as x — +oo given by
e T (k)1 +0o(D)] + e *R(k) T.(k)'[1 +0(1)], k€L,
gk, x) =4e“T.(k) "1 +0(1)],  ke€Qs, (2.15)
e T (k)1 + o] + e *N(K) T, (k) [1 +0(1)], k€ Ly,
where we recall that £; and £, are the directed half lines defined in (2.4) and (2.5), respectively. We refer to R(k) as the right primary

reflection coefficient, N(k) as the right secondary reflection coefficient, and T,(k) as the right transmission coefficient. We remark that
the k-domains of R(k), N(k), and T, (k) are L5, L,, and Q;, respectively.

We introduce the solution h%""(k, x) to (1.1) with the k-domain 9_2 and the solution h"P(k, x) to (1.1) with the k-domain 9_4 via

héovn (e, x) = [?(—zzzc*,x)* ; §(—zk*,x)*], xeR, (2.16)
hev(k, x) i = [?(—zk*,x)* ; g(—ZZk*,x)*], xeR, 2.17)

where the asterisk denotes complex conjugation and we recall that 9_2 and 9_4 are the closures of the sectors Q, and Q, defined in (2.7)
and (2.9), respectively. We remark that, on the right-hand sides of (2.16) and (2.17), we have the 2-Wronskians of the Jost solutions to
the adjoint equation

—m

P (k,x) +Q(x) ¥’ (k, x) + P(x)p(k, x) = K3 P(k,x), x€R, (2.18)
with
Q%) :=Q(x)*, P(x):=0Q'(x)" — P(x)", x eR. (2.19)

It is known [11] that the left transmission coefficient T,(k) for the adjoint equation (2.18) is related to the right transmission coefficient
T,(k) for (1.1) as

T\(k) = T.(-k*)*, keQ,. (2.20)

Similarly, the right transmission coefficient T, (k) for the adjoint equation (2.18) is related to the left transmission coefficient T'(k) for
(1.1) as

T.(k) = T)(-k*)*, ke€Q,. (2.21)

We emphasize that the asterisk denotes complex conjugation and the overbar in our notation does not denote complex conjugation but
is used to denote the quantities related to the adjoint equation (2.18). We note that the 2-Wronskian [F(x); G(x)] of two functions F(x)
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and G(x) is defined as
[F(x);G(x)] := F(x)G'(x) — F'(x) G(x).

The quantity f(k, x) appearing in (2.16) and (2.17) is the left Jost solution to (2.18) satisfying the asymptotics similar to (2.10), that is,

flk,x) = e[1 4+ 0(1)], X = 400,
flk,x) =ke*[1+0(1)], x— 4oo,

F'lex) =k e [1+0D)],  x = +oo,
and g(k, x) appearing in (2.16) and (2.17) is the right Jost solution to (2.18) satisfying the asymptotics similar to (2.11), that is,

gk, x) = ~[1+0(D)], X — —oo,
g'(k,x) = ke [1+0(1)], X = —oo0,

g"(k,x) = k? e*[1 + 0(1)], X = —oo.

The spacial asymptotics of h%""(k, x) in its k-domain Q_z are known [11]. As x — +o0, we have

z(1 — 2)kek* Ty(z2k)"1[1 + o(1)] — z(1 — 2)ke®** M (k) T,(k)~'[1 + o(1)], kec,,
heovn(k, x) = 1 z(1 — z)ke*™ T)(z%k)"'[1 + 0(1)], ke Q,, (2.22)
z(1 = 2)ke** T\(z%k)'[1 + o(1)], ke L,

where we recall that M(k) and T;(k) are the left scattering coefficients appearing in (2.14). Similarly, as x - —oo we have

z(1 - 2)ke* T(zk) '[1+0(1)], keL,,
hio(k, x) = 4 z(1 - 2)ke®* T,(zk) ' [1 +0(1)], k€ Q,, (2.23)
z(1 - 2)ke™ T,(zk) ' [1 + 0()] - z(1 — 2)ke?R(K) T,(k) '[L+0(1)], k€ Ly,

where we recall that R(k) and T,(k) are the right scattering coefficients appearing in (2.15). In a similar manner, the spacial asymptotics
of h'P(k, x) in its k-domain Q, are known [11]. As x — +o0, we have

—z(1 = 2)ke®* T\(zk)[1 + 0(1)] + z(1 — z)ke?*L(k) T,(k)"'[1 + o(1)], ke,
h'(k,x) =4 —z(1 — z)ke** T(zk)"'[1 + o(1)], keq, (2.24)
—z(1 — 2)ke™* T\(zk)™[1 + o(1)], kecL,

where we recall that L(k) is the left primary reflection coefficient appearing in (2.14). Similarly, as x - —oo we have

—z(1 — 2)ke"™* T,(z22k)'[1 + 0(1)], kecL,
h(k,x) =< —z(1 — z)ke"™ T.(z2k)™'[1 + 0o(1)], k € Q,, (2.25)
—z(1 — 2)ke® T.(z2k)[1 + o(1)] + z(1 — 2)ke” **N(k) T,(k)}[1 + 0(1)],  k € L,,

where we recall that N(k) is the right secondary reflection coefficient appearing in (2.15).

Since (1.1) is a linear homogeneous ordinary differential equation, any constant multiple of a solution to (1.1) is also a solution. As seen
from (2.22)-(2.25), it is convenient to let

T.(zk) h%"(k, x)

k,x) := keq,, R, 2.26
m(k, x) 20— 2k ) €, xe (2.26)
T.(z%k) h*?(k —
n(k,x) := M keQ,, xeR, (2.27)
-z(1-2)k

8 of 38 Studies in Applied Mathematics, 2025



so that m(k, x) and n(k, x) remain solutions to (1.1) with the respective k-domains Q_z and 9_4, but with simpler spacial asymptotics. As
Xx — +oo, with the help of (2.22) and (2.26), we obtain

ek Tl(zzk)_1 T,(zk)[1 + o(1)] — e="*M(k) Tl(k)_1 T, (zk)[1 + o(1)], kecL,,

m(k,x) ={ e T,(22k) " T(@[1 +0(1)], k€ Q,, (2.28)
Ty (22k) Tu(zK)[1 +0(1)], k€ Ls,.

As x > —oo, with the help of (2.23) and (2.26), we have

e [1+o0(1)], kecL,,
m(k,x) =3 e[1 + o(1)], ke Q,, (2.29)

e[1 4+ 0(1)] — e#*R(k) T,(k)™ T.(zk)[1 + o(1)], kecL,.

As x = +o0, we get

e T(zk)™ T,(22k)[1 + 0(1)] — e?*L(k) T\(k)' T,(z2k)[1 + o(1)], keL,
n(k,x) =4 e Ty(zk) " T,(2%k)[1 + o(1)], keq,, (2.30)
ek Ty(zk) ™ T, (z2k)[1 + o(1)], kecL,.

Similarly, as x - —oo0, we have
e*[1 + o(1)], kecL,

n(k,x) =3 e[1 4+ 0(1)], ke Q,, (2.31)

1 +0(1)] — e N(K) T,(k) " T(22k)[1 +0)],  k € L.

For each fixed x € R, we have [11] the large k-asymptotics

1+o<1>], k - coin Q,,

— pkx
m(k,x)=e X

(2.32)
n(k,x) = ek 1+O<%>], k - coin Q,.
In the reflectionless case, the spacial asymptotics of m(k, x) and n(k, x) are even simpler, and from (2.28)—(2.31), we obtain
TR T (@[ +0(D)],  x -+, kEQ,
m(k, x) = —
ek [1 + o(1)], x = —c0, keQ,,
T () T2 +0(D)],  x =400, kEQ,
n(k,x) = _ (2.33)
e [1 + o(1)], x = —-c0, keQ,.

We refer to f(k, x), g(k, x), h%*"(k, x), and h"?(k, x) as the four basic solutions to (1.1). With the help of (2.1), we can show that 1(zk, x)
and ¥(z%k, x) are solutions to (1.1) whenever ¥ (k, x) is a solution to (1.1). In fact, the k-domain of )(zk, x) is obtained from the k-domain
of ¥(k, x) by a clockwise rotation of 277 /3 radians around the origin of the complex k-plane C. Similarly, the k-domain of ¥(zk, x) is
obtained from the k-domain of $(k, x) by a clockwise rotation of 477 /3 radians around the origin of the complex k-plane C. Thus, at
every k-value in the complex plane, with the help of the four basic solutions f(k, x), g(k, x), h%""(k, x), and h"?(k, x), we can form
three linearly independent solutions to (1.1).

In the right plot of Figure 2, we present three solutions to (1.1) at each k-value in the complex k-plane. As seen from Figure 2, this is done
u;

by displaying a specific set of three solutions to (1.1) in each of the six closed sectors Q\°, QI*", Q,, Q¢ Q'P, and Q,, respectively.
We remark that Q|”, QI°V", Q4°"" and Q" are the respective open sectors parameterized as

1

Qr = {k ecC: Z?H < arglk] < 7'[}, (2.34)
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L1 .-L4 ,£1 .[:4

f(zk,x)

g(zzk,x)

F(k,x) F(zk,x)

hUP(k,x)

9(z%k,x) 9(k,x)
. _hd"W” (zk,X) h9o"" (22K, x) .
R R fwn F(2%k,x)
9(zk,x) 9(k,x)
hPZ2kx)/ (22K, x) \N"P(2kx)

g(zk,x)

hdown ( K, X)

..[:2 Ls Lz LS

u

FIGURE 2 | The complex k-plane is divided into the six sectors le, Qf"wn, Q,, Qg"“’“, Q‘;p, and Q, as shown on the left plot, and the k-domains
of three basic solutions to (1.1) in each of the six regions, respectively, are shown on the right plot.

i = ke x<arglk] < 4, 235)

Qlown = {ke C: —% < arglk] < 0},

Qf :={keC : 0<arg[k]<§}.

The closed sector Q_‘l’p is the closure of Q}*, and it is obtained from Q}” by including its upper boundary £, and its lower boundary —R~.
We use —R~ to denote the directed half line given by

—R™:={k=-5:5€[0,+0)}.

Similarly, the closed sector Qf"“’n is the closure of Qf"“’“, and it is obtained from Qf"“’“ by including its upper boundary —R~ and its

lower boundary L,. The closed sector Qg"“’“ is the closure of Qg"‘“‘, and it is obtained from Q;‘OW“ by including its lower boundary £; and
its upper boundary R*, where R* is the directed half line corresponding to the real interval [0, +o0) in the complex k-plane. Similarly,

Q" is the closure of Q}", and it is obtained from Q" by including its lower boundary R* and its upper boundary £,,.
We define the 3-Wronskian of three functions F(x), G(x), and H(x) as

F(x) G(x) H(x)
[F(x);G(x);H(x)] :=|F'(x) G'(x) H'(x)|,
Fll(x) G”(x) H”(x)

where we have the determinant of the relevant 3 x 3 matrix on the right-hand side. The 3-Wronskian of any three solutions to (1.1) at
any particular k-value is zero if and only if those three solutions are linearly dependent. Furthermore, because of the absence of ¢” in
(1.1), the 3-Wronskian of those three solutions is independent of x and its value can be evaluated at any particular x-value. For example,

using their asymptotics as x — +oo, we evaluate the 3-Wronskian of f(k, x), g(zk, x), and h*?(z?k, x) in Q‘li"wn as

fk,x); g(zk, x); h*®(z%k, x)| = =922k* Ty(k)™' T,(zk)™", k € Qdovn, (2.36)
[ I !
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Similarly, using their asymptotics as x — +co, we evaluate the 3-Wronskian of f(k, x), g(z?k, x), and h%°*"(zk, x) in Q_?p as

[f(k, x); g(z%k, x); ¥ (zk, x)| = —9zk* T\(k)™' T (zk)™", ke Q_;‘p. (2.37)

Using (2.27) and (2.36), we have

[ f(k, x); g(zk, x); n(z’k, x)| = =3z(1 — 2)k* Ty(k)~!, k € Qi (2.38)
and using (2.26) and (2.37), we get
fk, x); 82k, x); m(zk, x)| = 3(1 = 2 Ty(k)™", k€ Q. (2.39)
[ | N

Comparing (2.36) and (2.37) with (2.38) and (2.39), we see another advantage of using m(k, x) and n(k, x) instead of h“""(k, x) and
h"?(k, x), respectively. This is because, by using (2.38) and (2.39), we can directly relate the bound-state poles the left transmission
coefficient T'(k) to the linear dependence of the three relevant solutions to (1.1) in the appropriate k-domain.

If the potentials Q and P appearing in (1.1) depend on the time parameter ¢, then the Jost solutions f(k, x) and g(k, x) to (1.1) also depend
on t. In general, the time dependence of the potentials can be arbitrary. However, if those potentials satisfy a certain integrable system,
then the time evolution of the potentials must be compatible with the operator A in the corresponding Lax pair (L, A) for that integrable
system. Hence, in order to solve the integrable system (1.5) and its special case (1.9), we need to use the time dependence governed by
the linear operator A specified in (1.3). In that case, the time evolution of f(k, x) and g(k, x) is determined with the help of the linear
operator A given in (1.3). In fact, the time evolution of any solution 1 (k, x) to (1.1) is determined by using the requirement [20, 21] that
the quantity 0y (k, x)/dt — Ap(k, x) is a solution to (1.1). This yields the time evolution for the Jost solutions f(k, x) and g(k, x), and we
have

5f(akt, X Af(k,x)=-9f(k,x), keQ, xeR, (2.40)
da(k _
g(af X _ Aglk,x) = —9K%g(.x), ke, xeR. (2.41)

We use (2.14) in the asymptotics of (2.40) as x — —o0, and similarly we use (2.15) in the asymptotics of (2.41) as x — +o0. By equating
the corresponding coefficients of e**, e?**, and e7'kx, respectively, on both sides of the two aforementioned asymptotic equalities, we
obtain the time evolution of the scattering coefficients for (1.1) as

T(k) = Tyk), keQ,

T(k) = Ty(k), keQ,

L(k) ~ L(k) exp (9(z* — Dk°t), kec,

) (2.42)
M(k) — M(k) exp (9(z — 1)k>t), kecL,,

R(k) = R(k) exp (9(z* — Dk°t), kecL,,

N(k) » N(k) exp (9(z — 1)k°t), kecL,.

Asindicated in (2.42), the transmission coefficients do not change in time. On the other hand, the reflection coefficients at any time ¢ are
obtained from the corresponding reflection coefficients at ¢ = 0 by using the indicated multiplicative exponential factors in (2.42). For
example, the value L(k) at any time ¢ is obtained by multiplying the initial value of L(k) at ¢ = 0 with the exponential factor e -V,

3 | The Bound States and Bound-State Dependency Constants

A bound-state solution to (1.1) is defined as a nontrivial solution, which is square integrable in x € R. If the bound state occurs at the
k-value k; in the complex k-plane, then the number of linearly independent square-integrable solutions to (1.1) at k = k;, that is, to the
equation

"+ Q(X)Y +P(x)y = kj3. P, x €R, 3.1)

determines the multiplicity of the bound state at k = k;. If there is only one linearly independent bound-state solution at k = k;, then
the bound state at k = k; is simple. We recall that we suppress the t-dependence of the potentials Q and P and any quantities related to
(3.1) in our notation.
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Suppose that the complex constant k; is located in the open sector Q‘lio‘”“ and that it corresponds to a bound state. Then, we have
T,(kj)‘1 = 0. From (2.38), we see that the three solutions f(k;, x), g(zk;, x), and n(zzkj,x) to (3.1) become linearly dependent. This
allows us to express f(k;, x) as a linear combination of g(zk;, x) and n(z’k »X) as

fk;, x) = D(k;) g(zk;, x) + W(k;) n(z*k;, x), x €R, (3.2)
for some complex constants D(k;) and W (k).
Let us divide the open sector Qf“w“ specified in (2.35) into two parts, the first of which is the sector with arg[k] € (7, 77/6) and the

second sector is described by using arg[k] € [77/6, 47 /3). If the bound state at k = k; occurs when arg[k;]| € (7, 77 /6), then from (3.2)
we get D(k;) = 0 and hence (3.2) yields

fl, %) =Wk )k, %), arglk)] € (7,2), xeR, 33)

where W(k;) # 0 and the complex constant W (k;) corresponds to the dependency constant at the bound state with k = k;. On the other
hand, if we have arg[k;] € [77/6,47/3), then from (3.2) we get W(k;) = 0 and hence (3.2) yields

fk;,x) = D(k;) g(zk;, x), arglk;] €

T 4r
?,?>, XER, (34)

where D(k;) # 0 and the complex constant D(k;) corresponds to the dependency constant at the bound state with k = k;.

By using the following argument, we show how each of (3.3) and (3.4) follows from (3.2). When k; € Qdovnthe real and imaginary
parts of the complex constant k; are both negative, that is, we have

Re[k;] <0, Im[k;] <0, k; € Qfovn, (3.5)

Using (3.5) in the first line of (2.10), we see that f(k;, x) decays exponentially as x — +o0. Since T(k;)™" = 0, from the second line of
the right-hand side of (2.14), it follows that f(k;, x) also vanishes as x — —co. Since those decays are exponential, f(k;, x) corresponds
to a bound-state solution to (3.1). With the help of the first line of the right-hand side of (2.11), we get

g(zk;, x) = exp((—% +i ?) (Re[k;]+i Im[kj])x>[1 +o(1)], X = —o0, (3.6)
which yields
|g(zk,,x)( = (exp(—% Re[k;] - ? Im[k,]>x>[1 +o(1)], x— —co. (3.7)

Using (3.5) on the right-hand side of (3.7), we see that g(zk;, x) decays exponentially as x — —oo. On the other hand, from the second
line of the right-hand side of (2.15), we observe that

lgCzk;, )| = (exp(—% Re[k;] - E] Im[kj]>x>[1 +o()],  x— +oo. (.8)

T,(zk;)™

2

When arg[k;] € (7, 77/6), we see from (3.8) that | g(zk j,x)‘ becomes unbounded as x - +oo0. On the other hand, when we have
arglk;] € [7r /6,47 /3), we see from (3.8) that g(zk;, x) decays exponentially as x — +oo. Hence, for (3.2) to hold, we must have
D(k;) = 0 when arglk;] € (7, 77/6). In a similar way, since T(k;)™" = 0, from the first line of the right-hand side of (2.33), it follows
that n(z’k;, x) vanishes exponentially as x — +oo. From the second line of the right-hand side of (2.33), we get

n(z’k;, x) = exp<<—% —i ?)(Re[kj] + iIm[k,])x)[l +0o(1)], X — 400, (3.9)
which yields
‘n(zzkj,x)| = <exp<—% Relk;] + ? Im[kj])x>[1 +o(1)], X = +o0. (3.10)

From (3.10) we see that n(z>k;, x) decays exponentially as x — +oco when arg[k;] € (7, 77r/6). On the other hand, when arg[k;] = 77/6,
it follows from (3.10) that n(z’k;, x) remains bounded as x — +co but does not vanish as x — +co. When arg[k;] € (77/6, 47 /3), from
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(3.10), it follows that |n(zzkj, x)| becomes unbounded as x — +o0 and hence n(zzkj, x) does not vanish as x — +o0. Thus, for (3.2) to

hold, we must have W (k;) = 0 when arg[k;] € [77/6,47 /3). This concludes the justification of (3.3) and (3.4).

Next, we determine the time evolution of the dependency constants W (k;) and D(k;) appearing in (3.3) and (3.4), respectively. We first
determine the time evolution of the dependency constant W(k;). In analogy with (2.40) and (2.41), we have the time evolution of the

solution n(k, x) given by
%n(k, x) — An(k,x) = =9k> n(k, x), ke Q_‘fp x € R.

From (2.40) and (3.11), we have

8f(k;,x)

3 —Af(k;,x)= —9k;? [k, %), x ER,

%n(zzkj,x) - An(z’k;, x) = —92kj5. n(z’k;, x), x eR,

where we have used z'° = z in (3.13). Using (3.3) in (3.12), we obtain

d
E(W(kj)n(zzkj,x)) - A(W(k)) n(z*k;, x)) = —9k; W (k) n(z’k;, x), x €R.
Taking the t-derivative of the first term on the left-hand side of (3.14), we get

oW (k;)
at

on(z’k;, x)
n(z’k;, x) + W(k;) —5

Multiplying both sides of (3.13) by W (k;) and subtracting the resulting equality from (3.15), we obtain

oW (k;)
ot

n(z’k;, x) = (—9k;’ + 9zk]5.) W(k;)n(z’k;, x), x €R,

which simplifies to

aW(k)

5
S =9 D W(k),  xeR.

Thus, the time evolution of W(k;) is given by

W) = UGk, arglkj] € (z, ),

where U(k;) is the dependency constant at ¢ = 0. We refer to U(k;) as the initial bound-state dependency constant at k = k;.

-W(k)An(z’k;, x) = —9k; W(k;) n(z*k;, x), x eR.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Next, we determine the time evolution of the dependency constant D(k;) appearing in (3.4). We again assume that we have a simple

bound state at k = k; with arg[k;] € [77/6,47/3). From (2.40) and (2.41), we have

9g(zk;, x)

5 - Ag(zk;,x) = —9zzk15. g(zk;, x), x €R,

where we have used z° = z? in (3.19). Using (3.4) in (3.12), we obtain
0
E(D(kj)g(zkj,x)) - A (D(k;) g(zk;, x)) = —9k15. D(k;) g(zk;, x), x €R.

By taking the t-derivative of the first term on the left-hand side of (3.20), we get

aD(k;) 9g(zk;, x)
3 8(zk;, x) + D(k;) =

- D(k;) Ag(zk;, x) = —9k]5 D(k;) g(zk;, x), x € R.

Multiplying both sides of (3.19) by D(k;) and subtracting the resulting equality from (3.21), we obtain

oD(k;) s S s
— g(zk;, x) = <—9kj +9z kj )D(kj)g(zkj,x), x €R,

(3.19)

(3.20)

(3.21)

(3.22)
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which simplifies to

aD(k;)
ot

=9(z% - 1)ij(kj), x €R. (3.23)

Thus, the time evolution of D(k;) is given by

9(z2-1)k3t
D(k;) = E(k;)e i, arglk;] € 3

= 4—”> , (3.24)

where E(k;) is the dependency constant at ¢ = 0. We refer to E(k;) as the initial dependency constant at the bound state at k = k;.

A simple bound state at k = k; with k; € Q‘f"W“ occurs when T;(k)™ has a simple zero at k = k; or equivalently when T(k) has a simple
pole at k = k;. A double pole at k = k; for T(k) corresponds to a bound state at k = k; having multiplicity two. If the bound state at
k = k; has multiplicity m;, then instead of having a single bound-state dependency constant W(k;) in (3.3) or D(k;) in (3.4), we have
m; bound-state dependency constants. We refer the reader to [22-24] for handling bound states with multiplicities and determining
the corresponding dependency constants in the presence of bound states with multiplicities. We postpone further elaborations on the
multiplicities of the bound states for (1.1) to a future paper.

Let us remark that a bound state can also be described with the help of a normalization constant instead of a dependency constant.
For example, let us assume that k; in Q‘f"“’“ corresponds to a simple bound-state pole of T)(k). As seen from (3.3), as a bound-state
wavefunction, we can use either f(k;, x) or n(zzkj,x) when arg[k;] € (7,77 /6) and we can use either f(k;,x) or g(zk;,x) when
arglk;] € [77 /6,47 /3). Thus, when arg[k;] € (7, 77/6) the bound-state data set can be specified by using k; and W(k;), and when
arglk;] € [77 /6,47 /3), the bound-state data set can be specified by using k; and D(k;). Alternatively, we can introduce the left
bound-state normalization constant ¢(k;) by using

a(k,) = ! ke Qi (3.25)

/_w dx‘f(kj,x)r

so that the quantity ¢,(k;) f(k;, x) is a normalized bound-state solution to (3.1). Instead of using the left bound-state normalization
constant, we can alternatively use the right bound-state normalization constant c,(k;) by letting

1 7
= arglk;] € (n, %)
\//_O:O dx|n(zzkj,x)‘
c.(k)) =4 X o (3.26)
= arglk;] € <3 )
\/f_ozo dx|g(zkj,x)|

so that c¢,(k;) n(zzkj, x) is a normalized bound-state solution to (3.1) when arg([k;] € (7, 77/6) or that c.(k;) g(zk;, x) is a normalized
bound-state solution to (3.1) when arg[k;] € [77 /6,47 /3). From (3.3) and (3.4), for x € R we have

) |W(kj)|2|n(zzkj,x)‘2, arglk;] € (7{, 7—”),

6
|f(kjsX)| = |D(kj))2|g(zkj,x) 2’ arglk,] € 7?7.[’ 4%[) (3.27)

Integrating both sides of (3.27) on x € R and using (3.25) and (3.26), we obtain

‘W(k]—)‘2 arglk;] € (7‘[,%),

T 4m
63 )

1
_ Cr(kj)z '
W = (3.28)

‘D(kj)|2 arglk;] €

1
cr(kj)2 ’
Since ¢(k;) and c,(k;) are chosen as positive constants, from (3.28) we get

el W] arelkle (v ).

7 4n
6’3 )

c(k;) B |D(kj)|, arglk;] €
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which is the analog of the second equality in (18) of [12]. It is possible to relate each of the dependency constants W (k;) and D(k;) to
the normalization constants ¢ (k;) and c,(k;) by using the residue of T(k) at the bound-state pole with k = k;. This can be achieved by
expanding both sides of (2.38) at k = k; and by equating the corresponding coefficient of (k — k;) on both sides of the expansion.

‘We remark that the sectors Q‘fp and Q‘f"“’“ defined in (2.34) and (2.35), respectively, are symmetrically located with respect to the directed
half line —R~. There is a one-to-one correspondence between the point k; € Q‘lio“’“ and the point kj € Qlllp, where we recall that an
asterisk denotes complex conjugation. Thus, if there is a bound state occurring at a k-value in the sector Q;", without loss of generality,
we can assume thatitoccursatk = k; with k; € Qdo" Tn that case, let us determine the counterparts of (3.18) and (3.24). By proceeding
in a manner similar to the steps given in (3.2)-(3.24), we introduce the bound-state dependency constants W(k;) and D(k;.*) as the
complex constants satisfying for x € R the equalities

Wi n(zk;, ), argll] € (27),
£, %) = z

s (3.29)
) ? .

* 271,-% * 277"
D(k}.)g(z kj,x), arg[kj] S (T
The time evolution of W (k7) and D(k7) each is, respectively, given by

©y _ e p0E D ; 57
Wk = U(K)e L arg[kj]e(?,ﬂ>,
(3.30)

D(k:) = E(k;)eQ(z—l)(k;f)Sz, arglk’] € <27r 571]’

376

where U(k;f) and E(kj) are the respective dependency constants at t = 0. We refer to them as the initial bound-state dependency
constants at k = k}‘.

Let us now consider the special case when the potentials Q and P appearing in (1.1) are real valued. In that case, if there is a simple

bound state at k = k; with k; € Q°*" and also a simple bound state at k = ki withk; € Q.”, then we have
* * * * * 577:
W) =Wk, UKD =Ulk),  argllgle (=7),
(3.31)
. 2w 51
D(k;) = D(kj)*, E(k;) = E(k])*, arg[k;] € (T’ ?:|

The proof of (3.31) can be given as follows. When the potentials Q and P in (3.1) are real valued, by taking the complex conjugate of both
sides of (3.1), we get

7k, x)" + Q) Y (kj )" + P Ylk;, x) = (k) ke, x)°, xR (3.32)

On the other hand, by replacing k; by k;.‘, from (3.1), we obtain

gb”’(k_’;, x)+ Q(x) ' (k*, x) + P(x) p(kt, x) = (k;.‘)3 Pkt x), x € R. (3.33)

Comparing (3.32) and (3.33), we see that f(k;, x)* and f (k;‘, x) satisfy the same differential equation. From (2.10) it follows that f(k;, x)*
and f (kj, x) satisfy the same asymptotics as x — +oo obtained from (2.10) by taking the complex conjugate of the right-hand side of
(2.10). Because of the uniqueness of the solution to (3.32) with the aforementioned asymptotics as x — +oco, we have

[k, x) = fkj, %), x eR. (3.34)

A similar argument yields
n(zkj,x) = n(z’k;, x)*, x €R, (3.35)
g(zzkj,x) = g(zk;, x)*, x € R. (3.36)

By taking the complex conjugate of both sides of (3.3) and (3.4), for x € R we get

* " T
W(k;)* n(z’k;, x)*, arglk;] € (71', ?>,

Sk, x) = 47t> (3.37)

Ve
D(kj)* g(zkj,x)*, arg[kj] € [?, 3
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Comparing (3.29) and (3.37), with the help of (3.34), (3.35), and (3.36), we conclude that the first equalities in both lines of the right-hand
side of (3.31) hold. Since those first equalities hold for all t € R, they also hold at ¢t = 0. Hence, with the help of (3.30), we see that the
second equalities in both lines of the right-hand side of (3.31) also hold.

When the potentials Q and P are in the Schwartz class, or more generally when the Jost solutions f(k,x) and g(k, x) to (1.1) have
meromorphic extensions in k from their respective k-domains Q, and Q; to the entire complex k-plane, we have the following results.
In that case, we can use either of the sets {f(k, x), f(zk, x), f(z%k, x)} and {g(k, x), g(zk, x), g(z*k, x)} as a fundamental set of solutions

to (1.1). In particular, any solution in the first set can be expressed as a linear combination of the solutions in the other set. This yields
F(k,x) = G(k,x) A(k), k eC, (3.38)
G(k,x) = F(k,x) 2(k), keC, (3.39)

for some 3 x 3 matrices A(k) and 2(k), where we have defined

fkx)  fEkx)  fEkx) |
df(k,x) df(zk,x) df(zzk,x)

F(k,x) 1= dx dx dx ) (3.40)
d*f(k,x) d*f(zk,x) d*f(z%*k,x)
dx dx dx

glex)  glzk,x)  gZ’k,x) |
dg(k,x) dg(zk,x)  dg(z*k,x)

G(k,x) = dx dx dx . (3.41)
d?g(k,x) d*g(zk,x) d*g(z*k,x)
dx dx dx

With the help of (2.10), (2.11), (2.14), (2.15), (3.40), and (3.41), from the asymptotics as x — +oo for (3.38) and (3.39), we determine the
matrices A(k) and 2(k) in terms of the left and right scattering coefficients for (1.1), respectively, as

1 M(zk) L(z%) |
T(k) Ti(zk) T(z%k)
AGK) = L(k) 1 M(z%k) ’ (3.42)
T\(k) Tizk) T\(z%k)
M(k)  L(zk) 1
_Tl(k) T\(zk) T](sz)_
[ 1 N(zk) R(z%) |
T.(k) Td(zk) T/(z*k)
| R(k) 1 N(z%k)
MOS0 Te@n TEb | 49
N(k) R(zk) 1
| Ti(k)  Tu(zk) T.(z%k) |
From (3.38) and (3.39), we see that the matrices A(k) and Z(k) are inverses of each other. In other words, we have
(k) = Ak), kecC. (3.44)

In the reflectionless case for (1.1), from (3.42) and (3.43), we see that the matrices A(k) and X(k) are diagonal. Hence, in the reflectionless
case, from (3.44) we conclude that the left and right transmission coefficients for (1.1) must be reciprocals of each other, that is, we have
T.(k)= ——, keC (3.45)
Ty(k)
We remark that the result presented in (3.45) is used in the choice of the input data sets in the examples in Sections 5 and 6. The
result in (3.45) has also another implication in the reflectionless case when the zeros and the poles of a transmission coefficient are
symmetrically located with respect to the origin of the complex k-plane, as it is the case in (5.34) and (5.72). In that case, the bound-state
poles of T,.(k) in the sector Q5 and the bound-state poles of T;(k) in the sector Q, are located symmetrically with respect to the origin of
the complex k-plane. Thus, in the determination of soliton solutions to integrable systems associated with (1.1) in that case, the input
data set consisting of the bound-state poles of the left transmission coefficient T} (k) can equivalently be viewed as the bound-state poles
of the right transmission coefficient T,(k).
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plus function
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La

FIGURE 3 | The k-domains of T\(k)f(k, x), m(k, x), g(k, x), and n(k, x), respectively, are shown on the left plot. The right plot shows the plus and
minus regions in the complex k-plane separated by the directed full line £, as well as the plus and minus functions in their respective k-domains.

4 | The Riemann-Hilbert Problem in the Reflectionless Case

The inverse scattering problem for (1.1) consists of the recovery of the potentials Q and P from an appropriate scattering data set. Such a
data set consists of the scattering coefficients for (1.1) and the bound-state information. In this section, we consider the inverse scattering
problem for (1.1) in the reflectionless case, that is, in the special case when the reflection coefficients L(k), M(k), R(k), N(k) appearing
in (2.14) and (2.15) are all zero in their respective domains.

In terms of the four basic solutions f(k, x), g(k, x), h%""(k, x), and h*?(k, x) appearing in (2.14), (2.15), (2.16), and (2.17), respectively,
we introduce the two functions @, (k, x) and ®_(k, x) by letting

(k) flk,x), keQ,

D, (k,x) := T.(zk) hdown(k, x) ke TN (4.1)
z1-2)k ° >
glk,x),  keQ,
<I>,(k,x) = Tr(zzk) hup(k, x) ke Q_ (4.2)
—-z(1-2)k b

where we recall that T(k) and T,(k) are the left and right transmission coefficients appearing in (2.14) and (2.15), respectively. With the
help of (2.26) and (2.27), we can express (4.1) and (4.2), respectively, as

k) f(k keqQ,
d)+(k,x) _ {Tl( )f( 7x)’ _E Ql’ (43)
m(k, x), keQ,,
k keq,
®_(k,x) = {g( 0 ke, (4.4)
n(k, x), ke qQ,.

In terms of the directed half lines £, in (2.2) and L, in (2.4), we define the directed full line £ by letting £ := £, U(—L;) so that £
divides the complex k-plane into the open left-half complex plane P* and the open right-half complex plane -, as shown in the right
plot of Figure 3. We can parameterize £ as

L:={keC:k=zsfors e (—oo,+0)}

We refer to P* as the plus region and we use P+ to denote its closure, that is, we let P+ =PrtUL. Similarly, we refer to P~ as the
minus region and we use P- to denote its closure, that is, we let P- := P~ U L. We assume that the left transmission coefficient T,(k)
does not have any poles when k € £, U £,. Similarly, we assume that the right transmission coefficient T (k) does not have any poles
when k € £, U L,.Itis known [11] that the four basic solutions f(k, x), g(k, x), h%*"(k, x), and h“?(k, x) are analytic in k in the interior
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of their respective k-domains and are continuous in k in their k-domains. Furthermore, when the secondary left reflection coefficient
M (k) appearing in (2.14) vanishes for k € L,, we have

T.(zk) h%"(k, x)

Ty(k) f(k, x) = Aok

kecr,.

Similarly, when the secondary right reflection coefficient N(k) appearing in (2.15) vanishes for k € £,, we have

T.(z%k) h** (k, x)

gk, x) = —z(1-2)k

, kecL,.

Thus, @, (k, x) defined in (4.1) is meromorphicin k € P*, and itis continuousink € P+ except perhaps at the poles of the transmission
coefficient T(k) in Q, and at the poles of T,(zk) in Q,. It is possible that some of those poles are offset by the zeros of f(k,x) and
hdown(k, x), respectively. Using (2.12), (2.32), and the known [11] large k-asymptotics of the transmission coefficients, we have the large
k-asymptotics of ®_ (k, x) given by

d>+(k,x)=ekx[1+0<%>], k — oo in PF. (4.5)

We refer to @, (k, x) as the plus function. We remark that it is customary to use the term plus function when that function is analytic in
the plus region. We find it convenient to refer to @, (k, x) as a plus function even though it is meromorphic rather than analytic in the
plus region P*.

In a similar manner, we establish that the function ®_(k, x) defined in (4.2) is meromorphic in k € P, and it is continuous in k € P-
except perhaps at the k-values corresponding to the poles of the transmission coefficient of T,(z%k) in Q,. It is possible that some of
the poles of T,(z%k) in Q, are offset by the zeros of h*?(k, x). Using (2.13), (2.32), and the known [11] large k-asymptotics of T,(k) in its
k-domain, we have the large k-asymptotics of ®_(k, x) given by

d),(k,x):ekx[1+0(%>], k — oo in P-. (4.6)

We remark that we refer to ®_(k, x) as the minus function even though ®_(k, x) is meromorphic and not necessarily analytic in the
minus region P~.

The k-domain of @ (k, x) is P+ and the k-domain of ®_(k,x)is P-. The common k-domain of ®_ (k,x)and ®_(k, x) is the directed full
line £, and in fact in the reflectionless case those two functions agree [11] on L. Thus, we have

@, (k,x) = D_(k,x), kecL. 4.7)

We view (4.7) as our Riemann-Hilbert problem as follows. As our input, we are given the transmission coefficients T\(k) and T.(k)
in their respective k-domains Q, and Q;. We know that the reflection coefficients are all zero. In the reflectionless case, the right
transmission coefficient T, (k) is related [11] to the left transmission coefficient T(k) as

T.(z%k) = T\(k) T\(zk), ke Q,, (4.8)

and hence it is sufficient to specify only the left transmission coefficient T|(k) in our input data set. Our input data set also contains a
dependency constant for each pole of T|(k) in Q. In case of a pole with a multiplicity, the number of dependency constants for that
pole must match the multiplicity of the pole. However, in this paper, we only deal with simple bound states.

With the given input data set, for each fixed x € R, we solve (4.7) to determine @ (k, x) in P+and ®_(k,x)in P-insucha way that the
large k-asymptotics stated in (4.5) and (4.6) hold. Once we obtain @, (k, x) and ®_(k, x) in their respective k-domains P+ and P-, as
seen from (4.1) and (4.2), we can recover the four basic solutions f(k, x), g(k, x), h**"(k, x), and h"?(k, x) in their respective k-domains
Q_l, Q_z, Q_S, 9_4. Having those four basic solutions at hand, we can use them in their respective k-domains and we can recover the two
potentials Q(x) and P(x). For example, we can recover Q(x) and P(x) by using either the left Jost solution f(k, x) obtained in k € Q,
or the right Jost solution g(k, x) obtained in k € Q, with the help of the large k-asymptotics of those solutions. The determination of
Q(x) and P(x) from f(k, x) can be achieved as follows. It is known [11] that we have the asymptotic expansion

flk,x) = e 1+u1I(CX)+uzk(ZX)+O<%)], k—)ooinﬂ_l, x €ER, 4.9
where we have defined
1 [so]
u(x) 1= 3 / dy Q(y), x €ER, (4.10)
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0 o) 2
uy(x) 1= —% / dy[Q'(y) - PO + 1—18 / dyQ(y)] , x €R. (411)

With the help of (4.10) and (4.11), the potentials Q(x) and P(x) can be recovered from u,(x) and u,(x) as

Q(x)=-3 dul_(x) x ER, (4.12)
dx
B du,(x)  d*u(x)  duy(x)
P(x)=3 [ul(x) i de T dx ], x €R. (4.13)

Alternatively, we can recover the potentials Q(x) and P(x) from the right Jost solution g(k, x) as follows. It is known [11] that we have
the asymptotic expansion

— pkx
gk,x)=e X e

R TCOINXE) +O<;>], k — coin O,

where we have defined

v (x) 1= —% / dy Q(»), x €R, (4.14)

<)

¥ 2
3 / dy Q(y)] , x e R. (4.15)

00 =3 [ aiQe)-PoN+

With the help of (4.14) and (4.15), we can recover the potentials Q(x) and P(x) from v, (x) and v,(x) as
du, (x)

Qx)=-3 I x eR,
dv,(x)  d’vi(x) du,(x)
P(x)=3 [vl(x) i de dx | xeR.

We recall that we suppress the dependence on the parameter ¢ in our notation. The procedure outlined above holds regardless of
whether the potentials Q and P contain the parameter ¢. The parameter ¢ in the input data set only appears in the time evolution of the
bound-state dependency constants. For example, if the left transmission coefficient T (k) has a simple pole at k = k; in Qj“’wn, then the
corresponding bound-state dependency constant D(k;) evolves in time as in (3.24). If the left transmission coefficient T)(k) has a simple
poleatk = k7 in Q;’p , then the corresponding bound-state dependency constant D(k_’;) evolves in time as in the second line of (3.30).

5 | Soliton Solutions

In this section, we present some explicit solutions to the system (1.5) and its special case given in (1.9). This is done by solving the
inverse scattering problem for (1.1) explicitly with the appropriate input data set in the reflectionless case. We recall that we suppress
the appearance of the time parameter ¢ in the arguments of the functions we use.

In the first example below, we assume that our input data set contains the left transmission coefficient T)(k) with N simple poles
occurring at k = k; for 1 < j <N, all located in the sector arg[k] € [77/6,47/3). Our input data set is given by {kj,E(kj)};“:l, where
E(k;) is the initial bound-state dependency constant at k = k; appearing in (3.24). In case the simple poles k; occur in the sector with
arg[k] € (7, 77 /6), the example can be modified so that one can instead use the input data set {k;, U(k j)}N where we recall that U(k;)

j=1
is the initial bound-state dependency constant at k = k; appearing in (3.18).

Example 5.1. In this example, we construct the N-soliton solution to (1.5) by solving the inverse scattering problem for (1.1) in the
reflectionless case. Our input data set consists of a transmission coefficient and the associated bound-state dependency constants. We
choose the left transmission coefficient T,(k) as

F(k) ~
T,(k) = —=, ke Q,, 5.1
1(k) 0 €, 5.1
where the scalar quantities F(k) and G(k) are defined as
N N
Flk) =[]k +k), Gk := ][]tk -k). (5.2)
j=1 j=1
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In (5.2), N is a fixed positive integer and the complex constants k; are distinct and all occur in the sector arg[k] € [77/6,47 /3). From
(3.45), we know that the right transmission coefficient T,(k) is given by the reciprocal of T(k), and hence we have

_ 6k

=t ke (5.3)

T (k)

We remark that (5.1) and (5.3) are compatible with the constraint (4.8). Our Riemann-Hilbert problem (4.7) with the large k-asymptotics
in (4.5) and (4.6) can be solved by multiplying both sides of (4.7) by e™** G(k). From (4.7), we get

e Gk) @, (k,x) = e G(k)@_(k,x), ke L. (5.4)

The left-hand side of (5.4) has an analytic extension from k € L to the plus region P* and the right-hand side of (5.4) has an analytic
extension from k € £ to the minus region P~. Using the large k-asymptotics given in (4.5) and (4.6), with the help of a generalization
of the Liouville theorem [25], we conclude that each side of (5.4) is entire and equal to a monic polynomial in k of degree N. We define
V (k) as the row vector with N components given by

V(k) := [kN‘1 kN=2 ...k 1] , k eC. (5.5)
We use A(x) to denote the column vector with N components, which is given by

[An-1(X0)]
An-(X)

A(x) := : , x eR, (5.6)
A (%)

| Ag(x) |

where A;(x) is a scalar-valued function of x € R for 0 < j < N — 1. Thus, each side of (5.4) becomes equal to the monic polynomial
[KN + V (k) A(x)], and we obtain the solution to the Riemann-Hilbert problem (4.7) as

e KN+ V() A(x)

P, (k,x)=¢e 0 S ke P+, xeR, (5.7)
®_(k, x) = ¢k %, keP-. xeR. (5.8)

Comparing (5.7) with (4.3), with the help of (5.1) we recover the solutions f(k, x) and m(k, x) to (1.1) as

e KN+ V() A(x)

flk,x)=e 0 , keQ,, x€eR, (5.9)
mk, x) = e %, keQ, xeR. (510)

Similarly, comparing (5.8) and (4.4), we recover the solutions g(k, x) and n(k, x) to (1.1) as

o KN+ V() A(x)

glk,x)=e 0 s ke (2_3, x €R, (5.11)
KN +V(k)A(x —
n(k,x) = ek #, keQ, xeR. (5.12)

We note that the column vector A(x) with N components is uniquely determined by using the N initial dependency constants E(k;)
given in our input data set for 1 < j < N. From (3.4) and (3.24), we get

flk,x) = E(k)) e ™ g(zk;,x), 1<j<N. (5.13)
Using (5.9) and (5.11) in (5.13), we obtain

K HVk)AG) SV i (zk )N + V(zk;) A(x)

kj = )
F(k;) J G(zk;)

, 1<j<N. (5.14)
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In terms of the initial dependency constants E(k;), we introduce the modified initial dependency constants y(k;) as

Pk Eky) <j<N. (5.15)

y(k;) = G(zk,) s <Jj<

We emphasize that each y(k;) is a complex-valued constant independent of x and ¢. We also introduce the quantities y(k;) by letting
(k) :=exp ((z — Dk;x +9(z* — 1)kjt), 1<j<N. (5.16)
We remark that each y(k;) is a function of x and . Since x and ¢ are real-valued parameters, it follows that each y(k;) is real valued if

and only if k; = izn; for some positive constant 7;. This can be justified as follows. From (5.16), we see that for y(k;) to be real valued,
it is necessary that (z — 1)k; is real. With the help of (2.1), we evaluate the real and imaginary parts of (z — 1)k; and we get

(z- 1)k, = <—§ Re[k; ] V3 Im[kj]> + i(ﬁ Re[k,] - %Im[lg]), (5.17)

2 T2 2

where we use Re[k;] and Im[k;] to denote the real and imaginary parts, respectively, of the complex constant k;. From (5.17) we see that

(z — 1)k; isreal if and only if Re[k;] = \/5 Im[k;], which is equivalent to having k; = iz»; for a real constant 7;. Since k; is in the sector
arglk] € [77 /6,47 /3), we must have 7; > 0. Then, with k; = izy;, from (5.16) we get

x(izn,)=eXp<\/5n,x—9\/§nft), 1<j<N (5.18)

Comparing (5.16) and (5.18), we observe that if the quantity (z — 1)k; is real, then the quantity (z% - 1)k}5, is also real. Hence, we have
shown that each y(k;) is real valued if and only if k; = iz»; for some positive constant 7;. Using (5.15) and (5.18), we write (5.14) as

KN+ V() AR) = —y(k) x(k)[(2k )N +V(Zk)ARK)],  1<j<N. (5.19)

We observe that (5.19) for 1 < j < Nyields a linear algebraic system of N equations with the N unknowns A;(x) for 0 < I < N — 1. This
can be seen by defining the scalar quantities m(k;) as

my(k;) := K+ (zk) y(k;) x(k;), 1<j<N, 0<I<N. (5.20)

We remark that the dependence on x and ¢ in m,(k;) appears only through y(k;). Using (5.20), we form the N X N matrix M(x) and the
column vector B(x) with N components as

my_(k)  myo(k) o my(ky)  mg(ky)
my_i(ky) myoy(ky) o my(ky)  my(ky)
M(x) := ) ] _ ) , (5.21)
my_1(kn) myoo(hy) 0 mytky)  mo(ky)
my(k;)
my(k,)
B :=| | (5.22)
my (k)
With the help of (5.21) and (5.22), we write the linear algebraic system (5.19) as
M(x) A(x) = —B(x), (5.23)
and hence the column vector A(x) is obtained as
A(x) = -M(x)'B(x), (5.24)

where we stress that we suppress in our notation the ¢-dependence in both M(x) and A(x). Alternatively, the N components A4;(x) with
0 < j <N -1 of the column vector A(x) can be obtained as the ratio of two determinants, and this is achieved by applying Cramer’s
rule on the linear algebraic system (5.23). For example, we have

det[M, (x)] >1, (5.25)

A () =~ Vo] =
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AN (X) = —%, >2, (5.26)
where we use M, (x) to denote the N x N matrix obtained by replacing the first column of M(x) with the column vector B(x), and we
use M,(x) to denote the N X N matrix obtained by replacing the second column of M(x) with B(x). Let us remark that, when N = 1,
the column vector A(x) contains only one entry, namely, A,(x). Hence, (5.26) is valid and needed only for N > 2. Having obtained
the column vector A(x) explicitly in terms of the input data set {k;, E(k j)}}il, as seen from (5.9)-(5.12), we have the solutions f(k, x),
m(k, x), g(k, x), and n(k, x) to (1.1), where each of those solutions in their respective k-domains is explicitly expressed in terms of the
input data set consisting of the bound-state poles of T}(k) in Q‘fo‘”n and the corresponding bound-state dependency constants. Having
f(k,x) at hand, we can recover the potentials Q(x) and P(x) with the help of (4.12) and (4.13), respectively. For this we proceed as
follows. Comparing (4.9) with (5.9), we observe that

N+ VAR L () | u(x) O(l

0 . = = > k > o0in Q. (5.27)

With the help of (5.2), (5.5), and (5.6), we expand the left-hand side of (5.27) in powers of 1/k and obtain

KN+ V(x)A(x) _ An(x) = Zy | Anoo(x) — ZnAyn (%) + Iy 1
Fky K * 2 +0 <F

) s k — coin Q_l, (5.28)
where we have defined

In =k AR Ak, (5.29)

Iy := kf(kf +k3-+ k;;) + k;‘(k;‘ +k; 4+ k;,) + - +k;1(k§). (5.30)

Comparing (5.28) with (5.27), we see that

Uy (x) = An_ 1 (X) — 2,
(5.31)
Uy (%) = An_r(X) — ZnAn_1 (%) + .
Using (5.31) in (4.12) and (4.13), we express the potentials Q(x) and P(x) in terms of Ay_;(x) and Ay_,(x) as
dAn_;(x
Qe = -3 L),
(5.32)

p(x) =300 2 - S SO0,

We remark that (5.27)—(5.32) are valid for N > 1 with the understanding that we use A_,(x) = 0 on the right-hand sides of (5.28), (5.31),
and (5.32) when N = 1. From (5.31) and (5.32), we observe that the constant terms Xy and ITy do not appear in (5.32). Using (5.25)
and (5.26) in (5.32), we see that the potentials Q(x) and P(x) are explicitly constructed in terms of the input data set {k;, E(k j)};“:l. As
seen from the first line of (5.32), the potential Q(x) is determined by Ay_;(x) only. Similarly, as seen from the second line of (5.32), the
potential P(x) is determined by Ay_;(x) and Ay_,(x) only. The remaining entries of A(x) are only needed to construct the solutions
to (1.1). Having constructed Q(x) and P(x) in terms of our input data set, we now have the explicit solution pair Q(x) and P(x) to the
integrable nonlinear system given in (1.5). Thus, we have demonstrated the construction of the N-soliton solution to (1.5) by using the
input data set consisting of the locations of the poles k; for 1 < j < N as well as the complex-valued initial dependency constants E(k).
We note that the 1-soliton solution to (1.5) when k, = iz, for some positive #, is obtained from (5.32) as

912 y(k e\/gm(X—%‘l‘t)
Q)= —2 ré) ,  x€R, (5.33)

(14 yyevonto )

9izn} y(k,) eVIme-9nin <z +7(k,) e\/5m<x—9n;‘t>>
P(x) = 3 , x eER,
(1 +7(k,) ex/gm(xf%i‘t))

where we recall that z is the special constant appearing in (2.1). From (5.33), we see that Q(x) becomes real valued and nonsingular
when y(k,) is chosen as positive. However, in that case, P(x) remains complex valued.

In the next example, we construct the 2N-soliton solution to (1.5) again by solving the inverse scattering problem for (1.1) in the
reflectionless case with a particular input data set. One of the reasons for us to present this example is that our 2N-soliton solution
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to (1.5) yields Hirota’s real-valued N-soliton solution to the Sawada-Kotera equation by using an appropriate restriction on our input
data set.

Example 5.2. In this example, we choose our left transmission coefficient T(k) as

(k)

Ty(k) = keQ, 5.34
0=ty kel (5.34)
where the scalar quantity I'(k) is defined as
N
I'(k) := H(k +k(k + k7). (5.35)
j=1

Here, N is a fixed positive integer and the complex constants k; are distinct and all occur in the sector arg[k] € [77/6,47/3). From
(3.45) and (5.34), we get

T,(k) = % k € Qs (5.36)

and hence (5.34) and (5.36) are compatible with (4.8). We solve the Riemann-Hilbert problem (4.7) with the large k-asymptotics in (4.5)
and (4.6) by multiplying both sides of (4.7) by e ** I'(~k). From (4.7), we get
e ** (k) @, (k,x) = e T'(=k) d_(k, x), kecL. (5.37)

The left-hand side of (5.37) has an analytic extension from k € L to the plus region 7* and the right-hand side of (5.37) has an analytic
extension from k € L to the minus region P~. Using the large k-asymptotics given in (4.5) and (4.6), with the help of the generalized
Liouville theorem, we conclude that each side of (5.37) is entire and equal to a monic polynomial in k of degree 2N. We define V (k) as
the row vector with 2N components given by

V(k) 1= [N kN k1], keC. (5.38)
We use A(x) to denote the column vector with 2N components, which is given by

[ Aon-1(X)]

Axn_o(x)

A(x) = : , x €R, (5.39)
A (x)

| Ay(x) |

where each A;(x) is a scalar-valued function of x € R for 0 < j < 2N — 1. Thus, each side of (5.37) is equal to the monic polynomial
[N + V(k) A(x)], and we obtain the solution to the Riemann-Hilbert problem (4.7) as

e KN+ V() A(x)

o, (k,x)=e ) ,  kePt, xeR, (5.40)
2N R
&_(k,x) = e~ k+(kk;A(x) keP-, xeR. (5.41)

Having @_ (k, x) expressed as the right-hand side of (5.40), we compare (5.40) with (4.3). That comparison shows that the solutions
f(k,x) and m(k, x) to (1.1) are expressed as

e KN+ V() A(x)

flk,x)=e R0 , keQ, xeR, (5.42)
o N V() A®X) —
m(k,x) =e —F(—k) , keQ, xeR. (5.43)

Similarly, comparing (5.41) and (4.4), we recover the solutions g(k, x) and n(k, x) to (1.1) as

e KN+ V() A(x)

glk,x)=e &) , ke Q_3 x €R, (5.44)
2N N
n(k, x) = ek k%“g“(x), keQ, xeR. (5.45)
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We note that the column vector A(x) with 2N components is uniquely determined by using the 2N initial dependency constants E(k;)
and E(k;.‘) given in our input data set for 1 < j < N. From (3.4) and (3.24), we get

flk,x) = E(k) e’ o(zk,,x), 1<j<N, (5.46)
j j j
and from the second lines of (3.30) and (3.37), we have

flk0) = Ek) T g2k x), 1<j<N. (5.47)
Using (5.42) and (5.44) in (5.46), we obtain

N+ V() AR) (zk )™ + V(zk;) A(x)

= B(k;) &’ e ,  1<j<N, 5.48
0 (k) " = <j< (548)
and using (5.42) and (5.44) in (5.47), we get
. (KON +V(EY) Alx . (22N 1 V(Z2k*) A(x
ij( _)) ( ]) ( ) =E(k;)e9(z71)(kj)5z ezzij( j) ( _1) ( )’ 1 Sj <N. (5.49)

I(k7) I(-z%k})

In terms of the initial dependency constants E(k;) and E(k}f), we introduce the modified initial dependency constants y(k;) and y(kj)
as

I'(k.)E(k;)
y(k) = —%, <j<N, (5.50)
J
o TREG)
7( j) '__F(TZk;?)’ 1<j<N. (5.51)

Since the dependency constants E(k;) and E (k;f) are nonzero, the modified dependency constants y(k;) and y(k;) are also nonzero. We
empbhasize that y(k;) and y(k;?) are complex-valued constants independent of x and ¢. We also introduce the quantities y(k;) and )((kj)
by letting

x) i=exp (= Dx +9( = DKSt),  1<j<N, (5.52)

x(k) 1= exp ((z2 — kx4 9(z - 1)(k;)5t), 1<j<N. (5.53)

We remark that y(k;) and )((kj*.) are functions of x and ¢. Since x and ¢ are real-valued parameters, it follows that each of x(k;) and
)((k;.‘) is real valued if and only if k; = iz7; for some positive constant ;. This can be justified as follows. From the same argument used

in (5.16)-(5.18), we already know that y(k;) is real valued if and only if k; = iz7; for some positive constant 7);. Then, with ki = —iz’y;,
from (5.53), we get "

x(—izzn,-)=eXp(\/§n,-x—9\/§n§t), 1<j<N (5.54)

Hence, we have shown that each of y(k;) and )((kj) is real valued if and only if k; = izn; for some positive constant 7;. With the help
of (2.1), from (5.52) and (5.53), we observe that

x06) = x(k),  1<j<N. (5.55)

From (5.35) we get
N(k)=T(k)", 1<j<N, (5.56)
F(—zzk;.‘) =T(-zk;)*, 1<j<N. (5.57)

In general, we do not have E(kj) = E(k;)" for 1 < j <N, but as indicated in the second equality of the second line of (3.31), we have
E(k?) = E(k;)* for 1 < j < N when the potentials Q and P are real valued. Using (5.50)-(5.53), we write (5.48) and (5.49), respectively,
for1 <j<Nas

k_)Z.N +V(k)A(x) = —y(kj))((kj)[(zkj)ZN + V(zkj)A(x)], 558)
5.58
(kPPN + V) AG) = 7)) x (k)| @K™ + V(22K A
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We observe that (5.58) for 1 < j < N yields a linear algebraic system of 2N equations with the 2N unknowns A4;(x) for 0 <[ < 2N —1.
This can be seen by defining the scalar quantities m(k;) and ml(k;‘) for1 < j < NandO0 < < 2N, where we have let

mi(l;) = ke + (k) v(0y) (k)
m(k;) 2= () + (2 7)) 2.

(5.59)

We remark that the dependence on x and ¢ in m,(k;) and ml(k;?) appears only through x(k;) and )((kj), respectively. Using (5.59), we
form the 2N x 2N matrix M(x) and the column vector B(x) with 2N components as

[monoa(ky)  mona(ky) - my(k) myg(ky) ]
monoa(ky)  mono(kY) e my(kD)  me(ky)
M(x) := : : : o, (5.60)
mon_1(kn)  Mono(ky) o my(ky)  mg(ky)
[ monoa(ky) monoa(ky) 0 ma(ky)  my(ky) ]
[ mon(ky) |
mon (k)
B(x) := : . (5.61)
mon(ky)
_mZN(kf\j)_

With the help of (5.60) and (5.61), we write the linear algebraic system (5.58) as
M(x) A(x) = —B(x), (5.62)
and hence the column vector A(x) is obtained as
A(x) = —-M(x)'B(x), (5.63)

where we emphasize that we suppress in our notation the t-dependence in both M(x) and A(x). Alternatively, by using Cramer’s rule
on (5.62), the 2N components A;(x) with 0 < j < 2N — 1 of the column vector A(x) can be obtained as the ratio of two determinants.
For example, we have

_detM,()]

Ana(X) = T A ME)] >1, (5.64)
__ det[M,(x)]

Apno(x) = T detMx)] >1, (5.65)

where we use M, (x) to denote the 2N X 2N matrix obtained by replacing the first column of M(x) with the column vector B(x), and
we use M, (x) to denote the 2N x 2N matrix obtained by replacing the second column of M(x) with B(x). Having obtained the column
vector A(x) as in (5.63) explicitly in terms of the input data set {k;, k;‘ E(k;), E(k;)}?‘zl, as seen from (5.42)—(5.45), we have the solutions
f(k,x), m(k, x), g(k, x), and n(k, x) to (1.1), where each of those solutions in their respective k-domains is explicitly expressed in terms
of the input data set consisting of the bound-state poles of T}(k) in Q‘f"“’“ and the corresponding bound-state dependency constants.
Having f(k, x) at hand, we can recover the potentials Q(x) and P(x) with the help of (4.12) and (4.13), respectively. For this we proceed

as follows. Comparing (4.9) with (5.42), we observe that

kKN +V(x) A(x) 14+ uy(x) + U, (x) +O<

(k) - k k2

1
k3

), k - coin Q. (5.66)

With the help of (5.35), (5.38), and (5.39), we expand the left-hand side of (5.66) in powers of 1/k and obtain

kN + V(x) A(x) A (X) = Zy | Apnoo(X) — ZnAgn- (x) + Ty 1 L
TZI-'_ X + 2 +0 F , k—>001an, (5.67)
where we have defined
Iy =k H K ARy AR+ kg Ry (5.68)

Oy =k (ky+k; + -+ kny+ky) +kf (k] +ky+ - +ky+ky) +ky (ky+ K+ +kn + ki) + -+ ky (kn + K5y ) + ki (k) »

25 0f 38



which are the analogs of (5.29) and (5.30), respectively. Comparing (5.67) with (5.66), we see that

Uy (X) = Apn_q (%) — 2y,
(5.69)

Uy (X) = Apn_p (%) = ZyApno (X) + Ty

Using (5.69) in (4.12) and (4.13), we express the potentials Q(x) and P(x) in terms of A,_,(x) and A,x_,(x) as
dA,n_(x
Q) = -3 == )
x

(5.70)

P(x) = 3<A2N_1(x) dA;n_1(x) _ d* A,y (%) _ dAszz(x))

dx dx? dx

From (5.69) and (5.70), we observe that the constant terms Zy and ITy do not appear in (5.70). Using (5.64) and (5.65) in (5.70), we
see that the potentials Q(x) and P(x) are explicitly constructed in terms of the input data set {k;, k; E(k;)), E(kj)};\‘:l. As seen from the
first line of (5.70), the potential Q(x) is determined by A,y_;(x) only. Similarly, as seen from the second line of (5.70), the potential
P(x) is determined by A,y_;(x) and A,x_,(x) only. The remaining entries of A(x) are only needed to construct the solutions to (1.1).
Having constructed Q(x) and P(x) in terms of our input data set, we now have the explicit solution pair Q(x) and P(x) to the integrable
nonlinear system given in (1.5). Thus, we have demonstrated the construction of the 2N-soliton solution to (1.5) by using the input data
set consisting of the locations of the poles k; and k;‘ for1 < j < N as well as the complex-valued initial dependency constants E(k;) and
E(k)),

In the next example, by using the appropriate restrictions on the locations of the bound-state k-values and the appropriate restrictions
on the corresponding bound-state dependency constants, we show that the 2N-soliton solution to (1.5) constructed in Example 5.2 yields
the real-valued N-soliton solution to the Sawada-Kotera equation (1.9).

Example 5.3. From Example 5.2, we know that for the potentials Q(x) and P(x) to be real valued, it is necessary that we choose the
complex constants k; as distinct and satisfying

k; =izn;, 1<j<N, (5.71)

with positive 7);-values. Without loss of generality, we assume that we have 0 <7; <7, < -+ < 7. In that case, as we see from (5.34),
the left transmission coefficient T;(k) is given by

N (k+izn; k—iz’n,
T\(k) = g ( = isz TJ) (5.72)
Using (5.71) in (5.52), we obtain
2y =V 1 <j<N, (5.73)
and from (5.55) and (5.73), we see that
x(k7) = x(k)), 1<j<N. (5.74)

We have the modified initial dependency constants y(k;) and y(k}‘) appearing in (5.50) and (5.51), respectively. We introduce the real
constants r; and s; as the real and imaginary parts of y(k;), that is, we let

y(k;) =r; +is;, 1<j<N. (5.75)

Since y(k;) is nonzero, we know that r; and s; cannot vanish simultaneously. In order to have the real-valued potentials Q and P, as
seen from (5.50), (5.51), (5.56), (5.57), and the second equality of (3.31), we have

y(k_’;)zrj—isj, 1<j<N.

To obtain the N-soliton solution to (1.9) with the constraint P(x) = 0, from the second line of (5.70) we see that the real constants r; and
s; must be restricted. Similarly, in order to obtain the N-soliton solution to (1.9) with the constraint P(x) = Q,(x), from the second line
of (5.70), we observe that the real constants r; and s; must be restricted. Those restrictions can be evaluated explicitly, and they allow
us to obtain the real-valued N-soliton solution Q(x) to the Sawada-Kotera equation (1.9). As seen from the argument presented in the
steps involving (1.9)-(1.13), the real-valued N-soliton solution to (1.9) can be obtained by using the inverse scattering theory either for
(1.1) with real-valued Q(x) and P(x) = 0 or for (1.13) with that real-valued Q(x). As indicated in Section 1, the transmission coefficients
for (1.1) with P(x) = 0 and the transmission coefficients for (1.13) coincide. Thus, only the bound-state dependency constants for (1.1)
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with P(x) = 0 and the bound-state dependency constants for (1.13) differ from each other. In our example, we specify the corresponding
dependency constants in both cases. When we have (5.71), the determinant of the matrix M, (x) appearing in (5.64) as well as the
determinant of the matrix M(x) appearing in (5.60) are related to each other via

det[M, (x)] = =y det{M(x)] + dix (detfMx)]), N>1, (5.76)

where X is the scalar quantity defined in (5.68). A proof of (5.76) can be given by using mathematical induction. Using (5.64) and (5.76)
in the first line of (5.70), we obtain the potential Q(x) explicitly in terms of the determinant of the matrix M(x) as

d 1 d
Q) =337 | detiMco)] dx

(det[M(x)])], N> 1. (5.77)
The determinant of the matrix M(x) in (5.60) can be further simplified when we have (5.71). From (5.73) and (5.74), we get
lim y(k;)=0, lim )((k;f) =0, 1<j<N. (5.78)

With the help of (5.59), (5.60), and (5.78), we observe that, as x - —oo, the matrix M(x) has a simple limit as a Vandermonde matrix
[26], which is given as

[ k2N kN2 k1]
(k;‘ )2N—1 (k]* )2N—2 .. k; 1
lim M(x) = : : o], (5.79)
N1 kN2 kg 1
_(k;)ZNfl (k;)szz e klx\l 1_

and hence the determinant of the matrix on the right-hand side of (5.79) can be expressed in a simple manner as a Vandermonde
determinant [26] in terms of the elements in the set {k;, kj ;\Ll. From (5.54), (5.55), (5.59), (5.60) it follows that M(x) is a continuous
function of x in R. Hence, we have

det [ lim M(x)] = xl_i)l;n det[M(x)].

X——00

With the help of (5.60) and (5.79), we define the scalar quantity A(N, x) as

det[M(x)]

A(N,x) := Tim_det[M(0)]

(5.80)

Let us use y; to denote the quantity y(k;) when k = izz;. From (5.73), we get

(yv—_0pd
Xj c= e\/gﬂj(x 977jt), 1 S]S N.

From (5.60) and (5.79), we observe that the quantity inside the square root on the right-hand side of (5.80) is a polynomial of degree 2N
in the variables y; for 1 < j <N, and in fact the constant term in that polynomial is 1. The coefficients in that polynomial are uniquely
determined by our input data set given by {k;, E(k j)};“:l or equivalently in terms of the elements of the set {k;, y(k j)}}“:l, where we recall
that the modified initial bound-state dependency constant y(k;) is related to the initial bound-state dependency constant E(k;) as in
(5.50). Since y(k;) is expressed in terms of its real and imaginary parts as in (5.75), we observe that the coefficients in the aforementioned
polynomial are explicitly expressed in terms of the elements of the set {n;,r;, s; }?‘:1. Moreover, each of the two restrictions P(x) = 0 and
P(x) = Q,(x)in (1.8) allows us to express each s; proportional to r; with the coefficient determined by the elements of the set {x; ?1:1_ One
can prove, by using mathematical induction, that those expressions for s; make the aforementioned polynomial of degree 2N a perfect
square of a polynomial of degree N, which is the polynomial A(N, x) appearing on the left-hand side of (5.80). For each j, the coefficient
of x; in A(N, x) is a linear combination of r; and s;. Replacing s; by its equivalent expressed in terms of ; and {; _1).\':1 , we express A(N, x)
in terms of the elements of the set {;, rj};\;l. The positivity of the coefficient of each y; in A(N, x) for 1 < j < N guarantees that the
resulting potentials Q(x) and P(x) do not have any singularities. We list the first few of the values of A(N, x) so that the reader can see
the general pattern.

¢« When N =1, we have

A =1+wPy, w? i=r —/3s,. (5.81)
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« When N = 2, we have
ARx) =1+ wx + WPy, + w2y o (5.82)
where we let

Lo 3l G =) + V3s, (7 +72)]

, (5.83)
! (o} =020} —n3)
2.2\ \/' 2 2
w(z) _ (771 + 772)3 [rz (771 772) 3 SZ (771 + 772 ] (5 84)
? (7 =03 —n3) ’
@ _ (1 +n)layrir;, + ay8,8, + as(rys; —115,) (5.85)
Wy, = 2 222\(13 _ 13 ’ '
(n —m)m; —n3)
with the constants a,, a,, a; expressed in terms of 7, and 7, as
ay 1=n) =400, — 13n{n; + 20m7n; — 139703 — 43 + 75,
ay 1= =3(n] = 4nin, — nim; — 4nin] —nin; — 4mm; +n5),
a; 1= V3@t =02 — 4, + ).
We remark that there are various symmetries in (5.83)—(5.85) coming from (5.71).
« When N = 3, we have
AGG,x) =1+ w?))(l + w;3))(2 + w?))(s + wg))(l X2+ wg))h X3+ w;?)(z X3+ wi?s)(l X2 X3 (5.86)

with the coefficients explicitly expressed in terms of 7,, 1,, 93, 71, ¥, '3, 81, S, and s;. Since the expressions are lengthy, we do not
display those coefficients here. Using the symbolic software Mathematica, we can evaluate and explicitly display those coefficients.

« When N = 4, we have
4 4 4 4 4 4) 4 @ 4 @
A(4,x) =1+ w§ ))(1 + w§ ))(2 + wg ))(3 + wf; ))(4 + wiz))h X2+ w§3 X1 X3+ w§4))(1 Xa+ w23))(2 X3t w§4))(2 Xat w34))(3 Xa
4 4 4 4) 4
+ wgz)g)(l X2 X3+ wizl)(l XaXa+ wi;;)(l X3 Xat w;34)(2 X3 Xst wiz)34)(1 X2 X3 Xa» (5.87)

with the coefficients explicitly expressed in terms of 7, 7, 93, N4, ¥'1, 2, '3, T's» 81, 53, 83, and s,. Since the expressions are lengthy, we
do not list those coefficients. With the help of Mathematica, we can evaluate and display those explicitly expressed coefficients.

Using (5.80) in (5.77), we express the potential Q(x) in terms of the scalar quantity A(N, x) as

A'(N, x)

S N>1, 5.88
AN, %) (5.88)

d
=6 —
Q) =6 [
where A’(N, x) denotes the x-derivative of A(N, x). In the following list, we provide the restrictions on the constants r; and s; appearing
in the coefficients in (5.81), (5.82), (5.86), and (5.87) so that the quantity Q(x) in (5.88) yields the real-valued N-soliton solution to (1.9)
for each of the two cases corresponding to (1.1) with P(x) = 0 and to (1.13), respectively.

« When N = 1, the quantity Q(x) given in (5.88) yields a 1-soliton solution to the Sawada-Kotera equation, with P(x) = 0, if we use in
(5.81) the restriction

s, = V3r,. (5.89)

In that case, the coefficient wil) is evaluated as —2r; by using (5.89) in the second equality of (5.81), and we get the explicit expression
for Q(x) given by

36r17)f e\/gm(x—%‘ft)
Qx)=- x €R, (5.90)

2 b
(1 —-2r e\/gm(x—%‘l‘l))

where we recall that n, > 0. The choice r; < 0 ensures that Q(x) in (5.90) does not have any singularities. The explicit expression for
Q(x) is equivalent to that obtained by Hirota’s bilinear method [3], but our own method clearly indicates the physical origins of the
two constants 7, and r, appearing in (5.90) and relates them to the bound-state information for (1.1). On the other hand, in Hirota’s
method those two constants are introduced algebraically without any reference to any physical quantities. In fact, for any choice
of those two constants, the expression in (5.90) satisfies (1.9) because those two constants originate from the input data set used to
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solve the inverse problem for (1.1). The quantity Q(x) in (5.90) is a complex-valued solution to (1.9). If , is chosen as zero, we get
the trivial solution to (1.9). If n, is restricted to nonnegative real values, we still get a solution to (1.9), where the solution is complex
valued if the constant r, is nonreal, the solution is the trivial solution if r; = 0, and the solution has a singularity if r; > 0. Let us also
compare (5.90) with the quantity Q(x) given in (5.33). We recall that Q(x) in (5.33) is related to the transmission coefficient T,(k) in
(5.1) having N simple poles. On the other hand, the quantity Q(x) in (5.90) is related to the transmission coefficient T,(k) in (5.34)
having 2N simple poles. It is impossible to choose the complex-valued dependency constant y(k;) appearing in (5.33) so that the
quantity Q(x) in (5.33) and the quantity Q(x) in (5.90) coincide. This shows that the 1-soliton solution to (1.9) is obtained as a special
case of a 2-soliton solution to (1.5), but not as a special case of a 1-soliton solution to (1.5).

When N = 1, the quantity in (5.88) again yields a 1-soliton solution to the Sawada-Kotera equation, with P(x) = Q,(x), if we use the
restriction

s, = 0. (5.91)

In that case, the coefficient wﬁl) is evaluated as r, by using (5.91) in the second equality of (5.81), and we have the explicit expressions
for Q(x) given by

181’177% e\/gm(x—‘)n‘l't)
Qx) = x €R, (5.92)

>
(1 +r eﬁm(}f—%}‘l))

where 7, > 0. The choice r, > 0 ensures that Q(x) appearing in (5.92) does not have any singularities. Again, our method clearly
indicates the physical origins of the two constants 7, and r; appearing in (5.92) and relates them to the bound-state information for
(1.13). By comparing (5.92) with the quantity Q(x) in (5.33), we see that it is impossible to choose the complex-valued dependency
constant y(k;) appearing in (5.33) so that the quantity Q(x) in (5.33) and the quantity Q(x) in (5.92) coincide. The quantity Q(x) in
(5.33) is related to the transmission coefficient T}(k) in (5.1) with N simple poles, and the quantity Q(x) in (5.92) is related to the
transmission coefficient T}(k) in (5.34) with 2N simple poles. It is impossible to choose the complex-valued dependency constant
y(k,) appearing in (5.33) so that the quantity Q(x) in (5.33) and the quantity Q(x) in (5.92) coincide. Thus, the 1-soliton solution to
(1.9) is obtained as a special case of a 2-soliton solution to (1.5), but not as a special case of a 1-soliton solution to (1.5).

For N = 2, the quantity Q(x) in (5.88) yields a 2-soliton solution to the Sawada-Kotera equation, with P(x) = 0, if we use in the

equations (5.82)-(5.85) the restrictions
P EL 2 VY GREL Y
1= 1 2 = 5 2
21 +7; n; +2n;

In that case, the coefficients in (5.82) are given by

w® = 2ri(my +1,) (ﬂf - 77;) (5.93)
1~ 5 2 2y '
(m = 12?20} +13)
w® = _2"2(771 +1,) (77% - 77;) (5.94)
2 202 2N’ :
(m —m2)*(ny + 213)
arirs(f = )
®) 112\ 2
2= (5.95)

0 =20 + 1) (0% +212)

We remark that the symmetry induced by (5.71) allows us to determine (5.94) from (5.93) and vice versa. The
right-hand side of (5.95) has the corresponding symmetry when the subscripts 1 and 2 are interchanged.

When N = 2, the quantity Q(x) in (5.88) yields a 2-soliton solution to the Sawada—Kotera equation, with P(x) = Q,(x), if we use in

(5.82)-(5.85) the restrictions
V3 V3
si=-| 5 s ) s =— — |2 (5.96)
Ny +2m; 2n7 +m;

In that case, the coefficients in (5.82) are given by

w® = _2"1(771 +1,) (77? - 77;) (5.97)
1 _ 2(n2 2y’ :
(m = 12)*(my + 213)
2r,(n, + 3_p3
w;z) _ (0 + 1) (771 7]2) (5.98)

(=022 +12)
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@ _ _ 4r1r2(77§ - 7];)
By = m)@ny )+ 2m3)
We observe various symmetries in (5.96)—(5.99) induced by (5.71).

(5.99)

« When N = 3, the quantity Q(x) in (5.88) yields a 3-soliton solution to the Sawada-Kotera equation, with P(x) = 0, if the coefficients
in (5.86) are restricted as

3(_ 4 + 2 2)
si=| = \/2_ an :72 23 — |r., (5.100)
ny+m 5+ 20703 +n3)
V3(=1 + 72 n2)
Sz:( rreIeawerseanpedl L2 (5.101)
7, + 05+ 20,(n) + 13
V3(=1t +m2n2)
55 = (774 PR P ra (5.102)
3 21 3N2 1
In that case, the coefficients in (5.86) for y;, x,, and x5 are given by
W = 2n0m +n)( +5) (3 =m); = n3) (5103)
L = = me2 (0 + 2k + 202 + D)
WO = 2 4 1)z + 3) (m; =13)(3 = n3) (5104)
P =Py — 02 (0 + 0P n? + 20207 + )
or + + 3 3V (n3 _ 93
w? = 301+ 030002+ 13) (g = 03)(; — ) (5.105)

(3 = 030202 = 022 (3 + 03 1} + 203003 + 1))
Using Mathematica, one can display all the coefficients appearing in (5.86) explicitly. We do not display the explicit expressions for
the remaining coefficients here because they are lengthy. We observe various symmetries in (5.100)—(5.105) induced by (5.71).

« When N = 3, the quantity Q(x) in (5.88) yields a 3-soliton solution to the Sawada—-Kotera equation, with P(x) = Q,.(x), if we impose
on the expressions for the coefficients in (5.86) the restrictions

3 2( 2 + 2 + 2)
si=| = \/_77; 7721 7722 2773 — |r., (5.106)
ny = 20,15 = 0700, +13)
3 2(2n2 + 2 + 2
. V3R + 02 +12) . 5107
2 4 2.2 20,2 2 2
n, — 2771 ny — 772(771 + 773)
3 2(492 + 2 + 2
5, = V3nii o + 7)) rs (5.108)
4 2,2 2(492 2
773 - 2772 771 - 773(772 + 771
In that case, the coefficients in (5.86) for y;, x,, and x5 are given by
W — __ 2nCr 4 m)an +13) (0 =m); = n3) (5109)
b = = )2 = mims = mims = 2m5m3)
W = 2+ 1) 4 133) (} =13)(; = n3) (5110)
P =y = 1) — s = mom3 = 2mim3)
2 + + 3 3\(n3 _ 3
= _ F3( +13)(102 +13) (7 — 03)(m; — 13) (5.111)

’ (= 132, = 02 (% — mm? — m2n2 — 292n2)

Using Mathematica, one can display all the coefficients appearing in (5.86) explicitly. We do not display the explicit expressions for
the remaining coefficients here because they are lengthy. The choice given in (5.71) induces various symmetries in (5.106)-(5.111).

« When N = 4, the quantity Q(x) in (5.88) yields a 4-soliton solution to the Sawada-Kotera equation, with P(x) = 0, if the expressions
for the coefficients in (5.87) satisfy the restrictions

. V3 (1 = i + i (n] + 0 +2)) . 5112
1= 1> .
Y =y =0y (n3 +m3 +13) =207 (03 mg + 03 M3 +m373)
. ( V3 (05 = ninini +mi(ni +ni+nl) )r 113)
2 — 3 .
s =mimy g =y (ny + 03 +m3) = 205 (03 m; + 7 03 + 75 03)
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o V3 (05 —mimini +ni(ni +mi + 7)) , (5.114)
. .
=m0} =i+ 0] ) = 205 (0} 4 o+ )
s _( V3 (s = nimi + i (02 + 2 +73)) , (5.115)
. .
;= im0} + 0k ) = 2 (00 4 793+ )

With the help of Mathematica, one can display all the coefficients appearing in (5.87) explicitly. We do not display those explicit
expressions here because they are lengthy. We remark that the symmetry induced by (5.71) enables us to obtain all four equalities in
(5.112)-(5.115) from any one of them.

« When N = 4, the quantity Q(x) in (5.88) yields a 4-soliton solution to the Sawada-Kotera equation, with P(x) = Q. (x), if we use in
the expressions for the coefficients in (5.87) the restrictions

. V3 (32 + n3Cr2 + ) + ik + 02 + D) >r 116)
- : .
207 = 205 3 + i3 + 3 + ) = 07 (3 g + 3o + )
. < V32 (032 + niCrt + D) + 0} + 02 + D) >r 1)
= 2 .
25 = 273 n; + 03 (o7 + 03+ ) — 3 (3 g + (s + )
) _< V302 (3} + i} + ) + 3} + i 4+ ) >r 18)
_ . _
25 = 23y ng + 0303 + 07+ 03) =3 (7 g + 3t + )
. ( V302 (0203 + 3 + nd) +mi(n + 2 + ) ) (5119)
_ ’ .
213 = 2m 3 g+ 0iny + 3 40D — g (mi g + 13003 +0))

Using Mathematica, one can display all the coefficients appearing in (5.87) explicitly. We do not display those explicit expressions
here because they are lengthy. The symmetry induced by (5.71) enables us to obtain (5.116)—(5.119) from any one of those equalities.
We remark that the explicit expressions for the coefficients in A(N, x) agree with the coefficients evaluated by using Hirota’s bilinear
method [3]. Our method clearly indicates from where those coefficients come, whereas in Hirota’s method those coefficients are
introduced algebraically in an ad hoc manner without providing any physical insight.

In the next example, we present some snapshots for certain specific N-soliton solutions to the Sawada-Kotera equation (1.9) when
we have N = 1, 2, 3,4. As seen from (5.88), each soliton solution is uniquely determined by specifying the scalar quantity A(N, x). We
know from Example 5.3 that each A(N, x) is uniquely determined by the set {);, r; }?‘: 1» Where 7); is the real-valued constant identifying
the location of the bound state at k = k; and r; is the real-valued constant used to identify the corresponding bound-state dependency
constant.

Example 5.4. In Figure 4, we present four snapshots for the 1-soliton solution to the Sawada-Kotera equation (1.9) by using ;, = 1
and r; = —1 in (5.90). The right-hand side of (5.90) contains x and ¢ in the combination x — 97}t. Thus, the 1-soliton solution Q(x) in
(5.90) is a solitary wave moving to the right with speed 9}. Consequently, in this example, the soliton moves to the right with speed
9. In Figure 5, we present four snapshots for the 2-soliton solution to (1.9) by using the four real-valued parameters 7, 1,, ry, ¥, with
mLm) =00/ \/5, \/E) and (r,,r,) = (—=1,1). We observe that the faster moving taller soliton catches the shorter soliton, and after they
interact nonlinearly the taller soliton moves away from the shorter soliton. In Figure 6, we present four snapshots for the 3-soliton
solution to (1.9) by using the six real-valued parameters 1, 1,, 15, ¥y, ¥, F3 With (;,1,,15) = (1,3/2,2) and (ry, 75, 73) = (-1,1,—-1). We
observe that the fastest moving tallest soliton catches the two shorter solitons, and after they interact nonlinearly the tallest soliton
moves away from the shorter solitons. Figure 7 shows four snapshots for the 4-soliton solution to (1.9) by using the eight real-valued
parameters 7y, 9y, 03, Nus Y1 2, ¥z, ¥4 With (1,15, 95,1,) = (1,1.1,1.2,1.3) and (r,7,,75,74) = (—1,1,—1,1). We observe that at t = —1
the four solitons are aligned in such a way that the shortest soliton is in the front and the tallest soliton is behind the other three. Then,
they start interacting nonlinearly and the taller solitons pass the shorter ones. At t = 1, the four solitons are well separated from each

Qx.0) Qx0.2) Q(x.0.4) Q(x,0.6)
5

FIGURE 4 | The snapshots for the 1-soliton solution Q(x, t) to (1.9) at t = 0, ¢t = 0.2, t = 0.4, and ¢ = 0.6, respectively.
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Q(x,-0.04) Qlx.0) Q(x.0.06)

Qx-0.1)
10 10 1 10
5 5 5 5

10 s 5 " EN -5 5 " “10 s 5 " <10 =5 5 *

FIGURE 5 | The snapshots for the 2-soliton solution Q(x, t) to (1.9) at t = —0.1, t = —0.04, t = 0, and t = 0.06, respectively.

Q(x,-0.01) Q(x,0.006) Q(x0.06)
20 20

Qx~0.1)
20
15 15 15 15
10 10 10 10
5 5 5
x x x
-15 -10 -5 5 10 15 10 -5 5 10 - - E - - -

FIGURE 6 | The snapshots for the 3-soliton solution Q(x, t) to (1.9) at t = —0.1, t = —0.01, ¢t = 0.006, and ¢ = 0.06, respectively.

Qx-1) Q(x,-0.1) Q(x0.2) Q1)

10 20 30 * -30 -20 o 10 20 30 * -30 -20 -10 10, 20 30 " -30 -20 -10 0 20 30

FIGURE 7 | The snapshots for the 4-soliton solution Q(x, t) to the Sawada-Kotera equation (1.9) att = —1,¢ = —0.1,¢ = 0.2, and t = 1, respectively.

other with the tallest soliton is in the front and the shortest soliton is behind the rest. Since the amplitude of each soliton is large, in the
figure we do not show the whole amplitudes.

6 | A Modified Bad Boussinesq Equation

The method presented in this paper to obtain explicit solutions to the relevant integrable evolution equations is based on the solution
to the inverse scattering problem for (1.1) in the reflectionless case. Hence, our method is applicable to obtain explicit solutions to other
integrable nonlinear partial differential equations associated with the third-order linear ordinary differential equation (1.1). In this

section, we illustrate the use of our method to obtain explicit solutions to a modified version [9] of the bad Boussinesq equation [27].

Deift, Tomei, and Trubowitz analyzed [9] the inverse scattering transform for a modified version of the integrable bad Boussinesq system
[18, 27-32], which is given by

q = _3px’
{ ' (6.1)
Pt = —Quxx + Sqqx

The integrable system (6.1) is obtained from the Lax equation (1.4) by using the Lax pair (L, A) given by
L =iD?-i(gD + Dq) + p, (6.2)

A = i(3D? - 4q). (6.3)

We recall that we suppress the t-dependence in the potentials g and p in our notation, and we write g(x) and p(x) instead of g(x, t)
and p(x, t). We also remark that the complex constant i is used in the definition of the linear operator L in (6.2), whereas the operator
L in (1.2) does not contain that complex constant. The linear operator L appearing in (6.2) is self-adjoint when g and p are real valued.
Using (6.2) and letting L¢ = ik*$, we obtain the third-order differential equation given by

¢"(x) = 2q(0)¢'(x) — [¢'(x) + ip(N)]$(x) =k’p,  x ER, 64)
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which is a special case of (1.1). By eliminating p in (6.1) we obtain the integrable modified bad Boussinesq equation given by
g + lz(qz)xx -3 Qxxxx = 0, xeR. (65)

By comparing L¢ = ik3¢ with L$ = A¢, we see that the spectral parameter 1 used in this section is not equal to k* but to ik*, that is, we
have 1 : = ik>.

By defining the quantity §(x, t) as

- 1
Gx.1) 1= 4q(x.t/V3) + 3, (6.6)
where q(x, t) refers to the quantity q appearing in (6.5), one can directly verify that g(x, t) satisfies the bad Boussinesq equation
qtt - qxx + (qz)xx - qxxxx =0, x €R. (67)

The nonlinear equation (6.7) can be obtained from the Lax compatibility equation (1.4) by using the Lax pair (L, A), where we let

1 1. 1. i -
L=D3+<Z_Eq>D_qu+4_¢,

A=+3ip> - g

3
¥

Even though (6.5) and (6.7) are related to each other as in (6.6), soliton solutions to (6.5) are not related to solitons solutions to (6.7) via
(6.6). This is seen from (6.6) by recalling that solitons solutions decay exponentially as x — +oo at any fixed t. We refer the reader to
[33] and the references therein for the elaboration on this issue and why the development of an inverse scattering transform approach
and the asymptotic analysis of solutions to (6.7) have many challenges.

This yields the integrable nonlinear system

el
I
-

X

qx - (qz)x + qxxx’

from which we obtain (6.7) by eliminating ¢.

We refer the reader also to [34-37] for analysis of various aspects of the bad Boussinesq equation (6.7), the properties of the solution to
its initial-value problem, and the asymptotic behavior of such a solution in the presence of solitons.

With the goal of analyzing (6.5), Deift, Tomei, and Trubowitz [9] presented a formulation of the direct and inverse scattering problem
associated with (6.4). As in (2.14) and (2.15), they used two transmission coefficients and four reflection coefficients in their formulation
of the direct scattering problem. However, to obtain a proper formulation of a Riemann-Hilbert problem as in the case of the inverse
scattering problem for the full-line Schrodinger equation [12-17], they assumed [9] that the two transmission coefficients are identically
equal to 1 for all k-values and two of the reflection coefficients are identically zero for all k-values. Those assumptions allowed them to
formulate a proper Riemann-Hilbert problem on the complex k-plane and also to derive a system of linear integral equations as in the
case of the full-line Schrédinger equation. However, the severe restriction on the transmission coefficients prevented their method to
yield any explicit solutions to (6.5) because such solutions are mainly related to the bound states of (6.4), which occur at the k-values
corresponding to the poles of the transmission coefficients.

We now demonstrate how the solution to the inverse scattering problem for (1.1) in the reflectionless case yields explicit solutions to the
modified bad Boussinesq equation (6.5). The construction of the basic solutions f(k, x), m(k, x), g(k, x), and n(k, x) for (1.1) is the same
as the construction of the corresponding basic solutions to (6.4). The only difference comes from the time evolution of those solutions.
Using the linear operator A given in (6.3) instead of the linear operator A given in (1.3), we determine the time evolution of the basic
solutions to (6.4) as

# —Af(k,x)=-3ik’f(k,x), x€R, (6.8)
ag(akt’ Y _Aglex) = -3ikgk,x),  x€ER, (6.9)
% - Am(k, x) = =3ik*m(k, x), x €R,
@ — An(k, x) = =3ik*n(k, x), x €R.
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We remark that (6.8) and (6.9) are the counterparts of (2.40) and (2.41), respectively. The scattering coefficients T;(k), T,(k), L(k), R(k),
M(k), and N(k) for (6.4) are defined exactly the same way as in (2.14) and (2.15) they are defined for (1.1). The time evolution of the
scattering coefficients for (6.4) is, respectively, given by

T(k) ~ Ti(k),  k€Q,
T.(k) > Ti(k), ke€Q,
L(k) ~ L(k) exp (3i(z* — Dk*t), kecL,
M(k) — M(k) exp (3i(z — Dk?t), kecL,,

R(k) = R(k) exp (3i(z> — 1)k?t), kecL,,

N(k) —~ N(k) exp (3i(z — Dk?t), kecL,
which is the counterpart of (2.42).

The analysis of the bound states for (6.4) is similar to the analysis of the bound states for (1.1) presented in Section 3. The analysis
described in (3.2)-(3.10) holds verbatim. The respective time evolution of the dependency constants W(k;) and D(k;) appearing in (3.3)
and (3.4) is given by

w(k;) = U(kj)egi(z_l)klz't, arglk;] € (7‘[, 7?7[) ,

D(kj) = E(kj)esi(ﬂ_l)ka.z, arg[kj] c

T 4w
o T) ) (6.10)

which are the analogs of (3.18) and (3.24), respectively.

In the next example, we illustrate the N-soliton solution to (6.4). The method used is the analog of the method described in Section 5
for (1.1).

Example 6.1. As in (5.1)-(5.3) we let the left and right transmission coefficients T;(k) and T,(k) be given by

Ti(k) = % T.(k) = % (6.11)
where we have let
N N
Fk) :=[Jte+k), Gk =[]k - k). (6.12)

Jj=1 Jj=1

The choice in (6.11) for the left and right scattering coefficients is compatible with (3.45). We remark that the poles k; of T,(k) for
1 < j €N, that is, the zeros of G(k), are all located in Q‘f"“’“. By proceeding as in Example 5.1, we recover the basic solutions to (6.4) as

o K+ V) A

flk,x)=e 0 , keQ, xeR, (6.13)
mk, x) = ek~ %, keQ, xeR, (6.14)
g(k,x) = ek~ %, keQ, xeR, (6.15)
n(k, x) = e~ %, keQ, xeR, (6.16)

which are the analogs of (5.9)-(5.12), respectively. We note that V(k) appearing in (6.13)-(6.16) is the row vector with N-components

defined in (5.5). The quantity A(x) appearing in (6.13)-(6.16) is the column vector with N-components, and it is given by

[ An_i(X) ]

An_o(x)

A(x) := : , x €R, (6.17)
A (x)

| Ap(x) |
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which is analog of (5.6). For our illustration purpose, without loss of generality, we assume that the k-values k; for 1 < j < N are all in
the sector arg[k] € [77/6, 47 /3). With the help of (3.4) and (6.10), for 1 < j < N we have

Flk,x) = Bk e gzk, x),  arglk;] € | 4-”), x €R, (618)

63

which is the analog of (5.13). Using (6.13) and (6.15) in (6.18), we obtain

KN + V(k;)A(x) _
ix J 3i(Z2-1Kk2t s x
: F(k)) (e e

(zk)N + V(zk;) A(x) <N )
G(zk)) ’ =J=N (6.19)

which is the analog of (5.14). In terms of the initial dependency constants E(k;), as in (5.15) we introduce the modified initial dependency
constants y(k;) by letting

_FGEGKy) <j<N. (6.20)

y(k;) = G(zk,) s <Jj<

We emphasize that each y(k;) in (6.20) is a complex-valued constant independent of x and ¢. We also introduce the scalar quantity y(k;)
as

x(k) :=exp <(z — 1k;x + 3i(z* — 1)kj.t), 1<j<N, (6.21)

which is the analog of (5.16). We remark that each y(k;) is a function of x and ¢. Furthermore, each y(k;) is real valued if and only if
k; = izn; for some positive 7;, and the proof for this is similar to the proof utilizing (5.17). This shows that each bound-state eigenvalue
at k = k; for the self-adjoint operator L appearing in (6.2) occurs when we have 4 = 7)13., which confirms that all the eigenvalues of the
self-adjoint operator L in (6.2) are real. Using (6.20) and (6.21) in (6.19), we obtain

kj.v +V(k)AX) = —y(kj))((kj)[(zkj)N + V(zkj)A(x)], (6.22)

which is the analog of (5.19). We observe that (6.22) yields a linear system of N equations with the N unknowns A;(x) for0 <I <N —1.
This is seen by defining m,(k;) as in (5.20), that is,

mi(k;) 1= k! + (2k) y(k) x(k)),  1<j<N, 0<I<N. (6.23)

Using (6.23), we form the N x N matrix M(x) and the column vector B(x) with N components as

my_1(k)  myo(ky) o m(k) me(ky)
my_i(ky)  my_y(ky) - my(ky)  my(ky)
M(x) = . . _ . (6.24)
my_(ky) myo(ky) o my(ky)  mg(ky)
my(k;)
k
B(x) := mN.( 2) , (6.25)
my(ky)

which are the analogs of (5.21) and (5.22), respectively. Using (6.24) and (6.25), we write the linear system in (6.22) as in (5.23) and
recover the column vector A(x) as in (5.24). Alternatively, the N components A;(x) with 0 < j < N — 1 of the column vector A(x) can
be obtained as the ratio of two determinants by using Cramer’s rule on (5.23). In particular, for the components Ay_;(x) and Ay_,(x)
we have the analogs of (5.25) and (5.26), respectively. Having obtained the column vector A(x) explicitly in terms of the input data set
{k;, E(k j)};il , as seen from (6.13)—(6.16), we obtain the basic solutions f(k, x), m(k, x), g(k, x), and n(k, x) to (6.4), where each of those
solutions in their respective k-domains is explicitly expressed in terms of the input data set consisting of the poles of T;(k) and the
corresponding dependency constants. To recover the potential g we can use the analog of (4.10), which is given by

_ % du, (x)

q(x) > Tdx

(6.26)

where u, (x) is the term appearing in (4.9). We remark that (6.26) is obtained by comparing the coefficients of the first derivative in (1.1)
and in (6.4), that is,

Q(x) = —2q(x), t=0, x€eR. (6.27)
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FIGURE 8 | The snapshots for the 2-soliton solution q(x, t) given in (6.35), which is the solution to the modified bad Boussinesq equation (6.5) at
t=-1,t =-0.5,t =0.5,and t = 1, respectively.

Even though (6.27) holds at t = 0, the time evolution of Q(x) and the time evolution of g(x) are different. Hence, (6.27) does not hold
when ¢ # 0. The quantity u,(x) appearing in (6.26) is obtained by using the large k-asymptotics of (6.13) given by

KN +V(k) A(x) _ u, (x) 1 .=
Fo =1+ E +O<F)’ k - 0 in Q,, (6.28)

which is the analog of (5.28). With the help of (5.5), the first equality of (6.12), (6.17), and (6.28), we have
() = Ay 1 () = (K + - + kg, (6.29)
which is the analog of the first equality in (5.31). Hence, comparing (6.26) and (6.29), we see that we can recover q(x) from Ay_,(x) as

_ é dAn_(x)

q(x) 2 dx

(6.30)
We remark that the potential g(x) given in (6.30) is in general complex valued even though it satisfies the modified bad Boussinesq
equation (6.5). In order to make g(x) real valued, we need to use the appropriate restrictions on the locations of the k;-values as well
as the choice of the initial dependency constants E(k;). The restriction k; = izn; with 7; > 0 is the necessary and sufficient restriction
on the location of k;. We obtain the appropriate restriction on the initial dependency constants E(k;) or equivalently on the modified
initial dependency constants y(k;) as follows. We require that u,(x) appearing in (6.26) and (6.28) be real valued, or equivalently we
require that Ay_;(x) appearing in (6.29) and (6.30) be real valued. Those initial dependency constants appear in the N X N matrix M(x)
and the column vector B(x) in (6.25). The value of Ay_,(x) is recovered from M(x) and B(x) by using the analog of (5.25). Hence, the
requirement that Ay_, (x) be real valued yields the appropriate restrictions on the initial dependency constants E(k;) or on the modified
initial dependency constants y(k;) for 1 < j < N. For example, when N = 1in (6.12) and k; = izz, with 7, > 0, by choosing the modified
initial dependency constant y(k;,) as positive, we obtain

9v(k Ze\/gnl(x+3mt)
o) = — YoM ., xeR, (6.31)

2 [1 +y(ky) e\/gﬂl(x+37711)]

corresponding to the left transmission coefficient
k —iz*n,
T\(k) = ———.
1) k —izn,
Using (6.31) in the first line of (6.1), we obtain the real-valued potential p(x) as

9y (k) n? o Vam G310

p(x) = xeR. (6.32)

=,
2 [1 +y(k) e\/§m(x+3mr)]

The modified bad Boussinesq equation (6.5) remains unchanged if we replace x by —x or if we replace ¢ by —t. Hence, from any solution
to (6.5), we get other solutions to (6.5) by using the replacement x — —x or t — —t. In particular, such transformations applied to (6.31)
and (6.32) yield solutions where the soliton moves to the right with the speed 37,, whereas the soliton in (6.31) and (6.32) moves to the
left with the speed 37);.

In the next example, we present the real-valued 2-soliton solution g(x, t) to (6.5) containing four arbitrary real parameters #,, 7,, b;,
and b,. The method used in this example is the same as the general method that we use and is based on solving the inverse scattering
problem for (1.1). The method yields a complex-valued solution to (6.5) with the four complex-valued parameters k,, k,, y(k,), y(k,),
where the first two parameters identify the location of the bound states in the complex k-plane and the latter two parameters correspond
to the modified initial bound-state dependency constants. Since the solution g(x, t) to (6.5) is expected to be real valued, we then restrict
the locations of the complex parameters k, and k, so that they each are identified by one of the real parameters 7, and 7,, respectively.
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Similarly, we also restrict the values of the complex-valued parameters y(k, ) and y(k,) so that they each are identified by one of the real
parameters b, and b,, respectively. In our example, we only present the final result by omitting the details of the derivation.

Example 6.2. We choose our transmission coefficients as in (6.11) where N = 2 is used in (6.12). The choice in (6.11) for the left and
right scattering coefficients is compatible with (3.45). In order to obtain a real-valued 2-soliton solution, we choose k, and k, as

k, =izn,, k,=izn,,

where we have 0 < 1, < 1, and we recall that z is the special constant defined in (2.1). We choose our complex-valued modified initial
dependency constants appearing in (6.20) as

b,

_ 6.33
M — 2N, ( )

b,
k)= ——, k) =
yhk) = o= ()
where we have b, > 0 and b, < 0 as a result of our choice 0 < 7, < 1,. We notice the symmetry in (6.33) so that knowing y(k,) we are
also able to specify y(k,) by symmetry. Using (6.30) with N = 2, we obtain the real-valued 2-soliton solution to (6.5) as

q(x) = _w X e R, (634)

2(n3—n) [den]z’

where we have defined

n-m
num, := (by7 1 — bam3xs) 772 _ ;71 ’

num, :=-b;b, 1 x, [2(77; - 7]%) + (0, — 1) + bm%xl - bz’?f)(z],

b x _ by x, _ bib,(n, —n)xix2
=M N2~ n;—nf ’

den :=1+
with y,; and y, defined as
X i= e\/gm(x+37ilf), X = e\/gﬂz(x+37)21)_
For example, by choosing
m=1 n=2, b =1, b,=-1,

from (6.34) we obtain the particular solution g(x) to (6.5) given by

N7x +28 )2+ 16 X1 2 +4 X000+ X0 X3)

2 ’

q(x) = - (6.35)

1
14<1 txitxat 7 )(1)(2)
with the quantities y; and y, given by

21 0= e\/g(x+3t)’ 1= ez\/E(eraz)_

In Figure 8, we present four snapshots for the 2-soliton solution g(x) given in (6.35). We observe that both solitons move from the right
to the left, the faster moving taller soliton catches the shorter soliton, and after they interact nonlinearly the taller soliton moves away
from the shorter soliton.

Data Availability Statement

The authors have nothing to report.
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