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The Jacobi system on a full-line lattice is considered when it contains additional weight factors. A factorization formula is
derived expressing the scattering from such a generalized Jacobi system in terms of the scattering from its fragments. This
is performed by writing the transition matrix for the generalized Jacobi system as an ordered matrix product of the transi-
tion matrices corresponding to its fragments. The resulting factorization formula resembles the factorization formula for
the Schrédinger equation on the full line. Copyright © 2016 John Wiley & Sons, Ltd.

Keywords: Jacobi system; discrete systems; scattering; scattering from fragments; transition matrix; factorization formula
_____________________________________________________________________________________________________

1. Introduction
Consider the Schrodinger equation on the full-line R := (—oo, +00) given by
— V") + V)Y kx) =K ykx), xeR, (1.1)

where the prime denotes the x-derivative and the potential V is real valued and satisfies
o0
[ dx (1 4+ |x]) [V(X)| < 4o0. (1.2)
—0o0

The restriction given in (1.2) allows us [1-6] to develop a mathematical theory of scattering for (1.1), assures the existence of scattering
solutions, and also guarantees that there are at most a finite number of bound states.
There are two particular solutions to (1.1). The first is the Jost solution from the left, denoted by fi(k, x), satisfying the spatial
asymptotics
fitk,x) = e [1 +0(1)], x— 400, (1.3)

and the other is the Jost solution from the right, denoted by f,(k, x), satisfying the spatial asymptotics
fk,x) =e ™1 +0(1)], x— —o0. (1.4)

The scattering coefficients corresponding to V are obtained through the spatial asymptotics

_ 1 ikx L(k) —ikx _

filk,x) = —T(k)e +7T(k)e + o(1), X — —00, (1.5)
_ 1 —ikx R(k) ikx

fi(k,x) = 7T(k) e + 7T(k) e +o0(1), X — 400, (1.6)
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where T is the transmission coefficient, R is the reflection coefficient from the right, and L is the reflection coefficient from the left.
Corresponding to the potential V, let us use A (k) to denote the 2 x 2 transition matrix defined for k € R as

AR
Ak = | [ . (1.7)
T TR

Let us fragment the real axis R into N pieces as

R = (xo,x1] U (X1, X%2] U -+~ U (Xn—1,Xn],

where N > 2, and we have
X := —00, X1 <Xy <:-+<XyN—1, Xy:= +O00.
We then obtain the fragmentation of the potential V into N pieces as

Vitx),  x € (xo,x1],
Va(x), x e (xq,xa),
V(x) = . . (1.8)

Wn(x),  x € (xn—1,Xn],

whereforj =1,2,...,N we have defined
_ Ve, X € (Xj—1, X,
Vi) = { 0, x & (Xj—1,X].

Let us use fij(k, x) and f;;(k, x) to denote the Jost solution from the left and from the right, respectively, corresponding to the potential
V. Let us also use T}, R;, and L; for the respective scattering coefficients corresponding to V;. Thus, fij(k, x) and f;(k, x) satisfy (1.1) when
V is replaced with V;, and they satisfy (1.3) and (1.4), respectively. They also satisfy (1.5) and (1.6), respectively, with the scattering
coefficients T, R, and L replaced with T}, R;, and L;, respectively. Let A;(k) be the corresponding transition matrix for V; defined in a similar
way asin (1.7) as

_1_ _R®
Ajk) = [ to } .
Ti(k)  Ti(—k)
Corresponding to the fragmentation (1.8), we have the factorization formula [7-13]:

A(k) = Ar(k) Ay (k) ---An(k),  keR, (1.9)

where the right-hand side consists of the product of the 2 x 2 transition matrices in the order indicated.

The factorization formula (1.9) and its various generalizations [7,8, 14] allow us to understand how the scattering from a system devel-
ops in terms of the scattering from the components of that system. It has important applications in various areas, such as determining
the phase [15, 16] of a complex-valued reflection coefficient based on amplitude measurements, determining material properties of
thin films via neutron reflectometry [17-20], quantum wires [9, 21], quantum computing [21], and quantum scattering from coupled
systems [22].

Our goal in this paper is to derive the analog of the factorization formula (1.9) for some difference equations related to (1.1) and its
generalizations. In particular, we will do so for the general Jacobi system on the full-line lattice given by [23]

aln+ D) yA,n+1)+bn) YA, n +an)y(tn—1)=Aw(n) (i, n), nez, (1.10)

where Z denotes the set of integers, A is the spectral parameter, and a(n), b(n), and w(n) are some real coefficients that may depend on
the location in the lattice. Due to the presence of w(n) in (1.10), we call it the general Jacobi system, whereas the Jacobi system [23-27]
corresponds to the case w(n) = 1.

The system given in (1.10) is used as a model for various physical systems. It describes the behavior of particles in a one-dimensional
lattice where each particle may experience a local force as well as a force from the nearest neighbors. By including the weight factors
w(n), we can use (1.10) to describe wave propagation in a lattice where the propagation speed may depend on the location.

The coefficients a(n), b(n), and w(n) appearing in (1.10) are assumed to belong to class A specified below. The resulting restrictions
on the coefficients allow us to develop a mathematical scattering theory for (1.10) and to assure the finiteness of the number of bound
states associated with (1.10).

Definition 1.1
The coefficients a(n), b(n), and w(n) belong to class A if they satisfy the following properties:

(1) They are real valued, and a(n) # 0 and w(n) > Oforn € Z.
(2) They have the finite limits doo, boo, and Weo, respectively, as n — o0, with doo # 0and weo > 0.
(3) They satisfy the restriction

= a(n+1) doo b(n)  beo
n;oow(ﬁn)w(nmfvm +‘W(n)—Woo’) < +o0. (1.11)
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We remark that the restriction (1.11) is the analog of (1.2). Such a restriction can be obtained from the mathematical theory [28, 29]
available for the case w(n) = 1.

Our paper is organized as follows. In Section 2, we introduce the alternate parameter z related to the spectral parameter A via (2.1).
We introduce the Jost solution from the left and from the right, respectively, and also introduce two other solutions related to the
Jost solutions. With the help of such solutions, the scattering coefficients are obtained as functions of z, and their basic properties are
provided. In Section 3, we introduce the transition matrix related to the scattering coefficients as in (3.1). Next, we fragment the full-
line lattice into N pieces. We then provide our fundamental result, namely, the factorization formula (3.5) expressing the relationship
between the transition matrix for the full-line lattice and the transition matrices for the fragments. The proof of the factorization formula
is first given when N = 2 and then extended to an arbitrary number of fragments using mathematical induction.

2. The general Jacobi system and scattering coefficients

In this section, in preparation for the derivation of the analog of the factorization formula (1.9), we introduce the scattering coefficients
for the general Jacobi system (1.10) and present their relevant properties that are needed later on.
Instead of using the spectral parameter A in (1.10), we can equivalently use the parameter z, which is related to A as

Aoo (Z+27") + beo
Woo !

A=

where doo, boo, and W, are the real constants appearing in Definition 1.1. Let us define

—2|doo| + boo 2|doo| + boo
Amin = - Amax e
Woo Weoo

When ao < 0, the transformation A + zin (2.1) maps the real A-axis to the boundary of the upper half of the unit disk in such a way
that the interval A € (=00, Amin) is mapped to the real interval z € (0, 1), the real interval A € (Amin; Amax) is mapped to z = €@ with
0 € (0, ), and the real interval A € (Amax, +00) is mapped to the real interval z € (—1,0), while A = A, is mapped toz = 1, and
A = Amax is mapped to z = —1. On the other hand, when as > 0, the transformation A — z maps the real A-axis to the boundary of
the lower half of the unit disk in such a way that the interval A € (—o0, Amin) is mapped to the real interval z € (—1, 0), the real interval
A € (Amins Amax) is mapped to z = e with 6 € (—,0), and the real interval A € (Amax, +00) is mapped to the real interval z € (0, 1),
while A = Anin is mappedtoz = —1,and A = Anax is mappedtoz = 1.

Using (2.1) in (1.10), we can write (1.10) in terms of the parameter z as

w(n
aln+Ne@zn+1)+bn)d@n) +an)pzn—1) = # [doo(z+27") + boo | P(z,1), (2.2)
oo
where n € Z and the z-values now occur on the unit circle T in the complex z-plane given by |z| = 1. The unperturbed equation

corresponding to (2.2) is obtained by replacing a(n), b(n), and w(n) with their limiting values dso, boo, and woo, respectively, and we
have

:f))(z,n +1)+ z;(z,n -1 = (z+z_1)<;5(z,n), nel (2.3)

The difference equation (2.2) with the coefficients belonging to class A specified in Definition 1.1 has [23] two linearly independent
solutions, namely, the Jost solution from the left fi(z, n) satisfying

fiz,n) =2"[1 +0(1)], n — +oo, (2.4)
and the Jost solution from the right f,(z, n) satisfying
fiz,n)y=z""[1+o0(1)], n — —oo. (2.5)

The scattering coefficients T, R, and L are now functions of the variable z, and they are obtained as in (1.5) and (1.6) from the spatial
asymptotics of the Jost solutions as

fi(z,n) = %zn + %z‘” + o(1), n — —oo, (2.6)
fi(z,n) = %zf” + %z” + o(1), n — 4o0. (2.7

There are two other solutions to (2.2) related to the Jost solutions. Let us use g|(z, n) and g;(z, n) to denote them and introduce them
as

1

gi(z,n):=fi(z" ", n), gi(zn) :="f(z""n). (2.8)

Because z and z~' appear symmetrically in (2.2), it follows that g(z,n) and g,(z, n) satisfy (2.2). Using (2.8) in (2.4) and (2.5), it follows
that gi(z, n) and g,(z, n) satisfy the respective asymptotics

gizn)y=z""[1+o0(1)], n — 4o0, (2.9)
. ______________________________________________________________________________________________________|
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gi(z,n) =2"[1+o(1)], n— —oo. (2.10)
The Wronskian [¢(z, n); ¢ (z, n)] of any two solutions ¢ (z,n) and ¢ (z, n) to (2.2) is defined [23] as

[Pz n);lzn]:=aln+1)(@@znizn+1)—dzn+1)izn), @1

and it is known [23] that the value of the Wronskian is independent of n and hence can be evaluated at any n-value oras n — +o0.
We have introduced the scattering coefficients through the spatial asymptotics of the Jost solutions via (2.6) and (2.7). Alternatively,
the scattering coefficients can be obtained by using some Wronskians involving fi(z, n), f.(z,n), gi(z,n), and g,(z, n). It is possible to
determine the basic properties of the scattering coefficients by evaluating such Wronskians as n — +oo and also asn — —oo and by
equating the resulting expressions.

Theorem 2.1
Assume that the coefficients in (2.2) belong to class A. Let fi(z, n) and f,(z, n) be the Jost solution from the left and from the right,
respectively, to (2.2), and let T(z), R(z), and L(z) be the corresponding scattering coefficients appearing in (2.6) and (2.7). Then:

(1) The z-domain of the Jost solutions f(z, n) and f,(z, n) can be extended to z € T with the help of
fiz7',n) =fiz",n) = fizn*, f(z7",n)=1f(Z*n="f(zn*, ze€T, (2.12)

where the asterisk denotes complex conjugation.
(2) The z-domain of the scattering coefficientsis z € T, and we have forz € T

Tz HY=TE")=T@* Rz ") =RZ")=RZ™* LEz"=LZ)=L" (2.13)

Furthermore, for z € T, the scattering coefficients satisfy

1 L)Lz
TTEz") Ttz (2.14)

1 R)Rz"")
TTEz" ToTz") (2.15)

R(z™") L@ Lz RO
Tz T@ TzhH 1@ (2.16)
T(2)

1@ -R@ L@ = 75 (2.17)

Proof

As stated in Definition 1.1, the coefficients a(n), b(n), and w(n) and their limiting values deo, boo, and weo are all real valued. For
z € T,we have z7! = z*. When z € T, replacing z by z* in (2.2) and then taking the complex conjugate of both sides of the resulting
equation, we see that fi(z*, n)* remains a solution to (2.2). Furthermore, fi(z*, n)* satisfies the asymptotics given in (2.4), and hence,
fi(z*,n)* = fi(z,n) when z € T. By a similar argument, we get f,(z*,n)* = f,(z,n) when z € T. Hence, (2.12) is proved. Using (2.12)
in (2.6) and (2.7) and the fact that z=' = z* for z € T, we obtain (2.13). We get (2.14) by evaluating the Wronskian [fi(z, n); gi(z, n)] as
n — +oo and also as n — —oo and by equating the resulting expressions, where g|(z, n) is the quantity appearing in (2.8) and (2.9). For
this purpose, using (2.4) and (2.9) in (2.11), we get the value of [f(z, n); g|(z,n)] as n — +oc0 as

[fi(z.n); gz n)] = oo (27" —2). (2.18)

The same Wronskian, as n — —oo, is evaluated with the help of (2.6) and the first equality in (2.8) as

(2.19)

_ 1 L)Lz
fi(z,n); gi(z,n)] = '— - .
e e = ase (' =) (757075 ~ T
Comparing (2.18) and (2.19), we establish (2.14). Similarly, we obtain (2.15) by evaluating the Wronskian [f(z, n); g:(z,n)] asn — +o0
and equating the resulting expressions. We get the first equality in (2.16) by evaluating the Wronskian [f|(z, n); g;(z,n)] asn — oo and
equating the resulting expressions, where g,(z, n) is the quantity appearing in (2.8) and (2.10). The second equality in (2.16) is obtained
by evaluating the Wronskian [f,(z, n); gi(z,n)] as n — $o00 and equating the resulting expressions. Finally, we get (2.17) by using the
second equality of (2.16) in (2.14). O
|
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3. The factorization formula for the general Jacobi system

Our goal in this section is to establish the analog of (1.9) for the general Jacobi system (2.2). This will be accomplished by fragmenting
the full-line lattice Z and relating the transition matrix for the entire lattice to the transition matrices associated with the fragments. The
resulting factorization formula with two fragments is given in (3.6), and the factorization formula for an arbitrary number of fragments
is givenin (3.5).

For (2.2) with coefficients {a(n), b(n), w(n)},cz, we define the transition matrix A(z) forz € T as

1 _R@
A@) = { o } , (3.1)

T@ TN

which resembles the transition matrix given in (1.7) for the Schrédinger equation.
Let us partition the set of integers Z into N ordered subsets as

Z={no,...,n1}U{n1 —|—1,.‘.,n2}U---U{nN_1 +1,...,nN},

where N > 2 and we have
Nog:=—00, Ny <hy<---<nNy—q1, hy:=-+o0.

We then obtain the fragmentation of the coefficients in (1.10) into N disjoint sets as

(ay(n), by (n), wy(n)), nog<n<n,
(GZ(n)l bz(n), W2(n)) ’ n <n=sny,
(a(n),b(n),w(n)) = (3.2)
(an—1(n), by—1(n), wy—1(n)), NN—2 <N < ny—y,
(an(n), by(n), wy(n)), Nn—1 < n = ny,
where forj = 1,2,...,N we have defined
aj(n) :=a(n), bj(n):=b(n), wn):=wn), nj— <n=<n;, (33)
aj(n) :=deo, bj(n) :=boo, Wj(N) := Woo, n<njorn>n; ’

For each fixed j, let us use f;(z, n) and f;;(z, n) to denote the Jost solutions from the left and from the right, respectively, correspond-
ing to the coefficients {a;(n), bj(n), w;j(n)}sez. Let us also use T}, R;, and L; for the respective scattering coefficients corresponding to
{a;(n), bj(n), wj(n)}nez. Let Aj(z) be the corresponding transition matrix for {a;(n), b;(n), w;(n)},cz defined in a similar way as in (3.1) as

1 _R@
T 7@

N =g TP . (3.4)
@ TEH

Corresponding to the fragmentation (3.2), we are interested in proving the factorization formula
A2) = A1(2) Ax(2) -~ An(2), zeT, (3.5)

where the right-hand side consists of the product of the 2 x 2 transition matrices in the ordered indicated. It is enough to prove (3.5)
when the number of fragments is two, thatis, N = 2 in (3.5), because the case N > 2 can be obtained via mathematical induction. Thus,
we would like to prove that

1 _R@ 1 _R@ 1 _R@

T T _ | 7 T, T, T,

B |=| 08 0@ |Eg 1@ | zer Gs)
T2 T T2 Tz @) Tz

In order to prove the factorization formula with two fragments, that is, to prove the formula given in (3.6), we need a series of auxiliary
results presented in the next several propositions.

In our first proposition, when N = 2 in the partitioning in (3.2), we express the Jost solutions f|(z, n) and f,(z, n) in terms of the Jost
solution fi2(z, n) and its relative g3 (z, n) for n > ny. The result is needed later on in the proof of the factorization formula (3.6).

Proposition 3.1

Assume that the coefficients in (2.2) belong to class A. Further, assume that N = 2 in the partitioning given in (3.2). Let fi(z,n) and
f.(z, n) be the Jost solution from the left and from the right, respectively, to (2.2), and let f;, be the Jost solution from the left for (2.2)
with the coefficients {a,(n), bo(n), w2 (n)}sez specified in (3.3). Let gj(z, n) be the quantity related to fj(z, n) as in the first equality in
(2.8), namely,

gn(z,n) = fip(z7', n). (3.7)
Then, for n > n;, we have
f|(Z, n) ﬁ(Z, n) _ fIZ(Zr n) Ol(Z) f|2 (Z, n) + /3(2) g2 (Z, n) (3 8)
fizn+1) fizn+1) |~ [ falzn+1) a@falzn+1) +B@) galzn+1) |’ .
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where
_ @ 1

a(z) = T’ B2 = ﬁ

(3.9)

Proof
Because of the second line of (3.2), it follows that, for n > ny + 1, both fi(z, n) and fi;(z, n) satisfy the same equation, namely, (2.2), and
the same asymptotic condition, namely, (2.4). Thus, we obtain

fi(z,n) = fia(z,n), n>n +1

Because z and z~! appear symmetrically in (2.2), it follows from (3.7) that f;(z, n) and gi(z, n) both satisfy (2.2) withn > n; + 1, and
hence f,(z, n) can be expressed as a linear combination of fi;(z, n) and gj>(z, n) for n > ny; 4+ 1. Thus, (3.8) holds for n > n; provided we
can prove that

fi(Z,I'h) = f|2(z,n1), fr(Z,I’h) = O[(Z) le(Zrn1) + ﬂ(Z) g|2(z,n1). (310)

Using (2.2) atn = ny+1 with fi(z, n) and {a(n), b(n), w(n) },cz and also using (2.2) atn = n;+1 with fi,(z, n) and {a,(n), b2 (n), w2(n) }nez,
we obtain

a(n + 1) fi(z,n) = ax(nm + 1) fia(z, M),

and hence, from the facts that a(ny + 1) = a,(ny + 1) and a(n; + 1) > 0, we get the first equality in (3.10). Proceeding similarly, we
get the second equality in (3.10). By letting n — +o00 on both sides of (3.8) and using (2.4), (2.7), and (2.9), we get (3.9). O

In the next proposition, when N = 2 in the partitioning in (3.2), we express the Jost solutions f(z, n) and f,(z, n) in terms of the Jost
solution fiq (z, n) and its relative g1 (z, n) for n < ny. The result is needed to prove the factorization formula given in (3.6).

Proposition 3.2
Assume that the coefficients in (2.2) belong to class .A. Further, assume that N = 2 in the partitioning given in (3.2). Let fi(z,n) and
f.(z, n) be the Jost solution from the left and from the right, respectively, to (2.2), and let f,; be the Jost solution from the right for (2.2)
with the coefficients {a; (n), b;(n), w;(n)},ez given in (3.3). Let gy (z, n) be the quantity related to f;; (z,n) as in the second equality in
(2.8), namely,

gn(z,n) = fa (@', n). (3.11)
Then, forn < n; — 1, we have

fizm  f@m 1_[  v@ga@m+e@fa@n  fa@n) 312
fizn+1) fizn+1) | | y@gn@n+ 1) +e@fzn+1) fuzn+1) | ’

and we also have

fizn +1) = ﬁfn @m +1), (3.13)
1
fiz,m +1) = % V(@ gn@m + 1) + €@ fazm + 1), (3.14)
where L@ .
y(@) = 7@’ €(2) = T (3.15)
Proof

Because of the first line of (3.2), it follows that, for n < n; — 1, both f,(z, n) and f,; (z, n) satisfy the same equation, namely, (2.2), and the
same asymptotic condition, namely, (2.5). Thus, we obtain

fi(z,n) = f1(z,n), n<n —1. (3.16)
From (2.2) with n = n; — 1, it then follows that (3.16) actually holds for n = n; as well and we obtain
fi(z,n) = fa(z,n), n<n.

From the second equation in (2.8), it follows that f1(z,n) and g, (z, n) both satisfy (2.2) with n < n; — 1, and hence f|(z,n) can be
expressed as a linear combination of f;1(z, n) and g1 (z, n) for n < ny, which is proved by proceeding in a similar way as in the proof of
Proposition 3.1. In a similar way, using (2.2) with n = n; and the facts that we have (3.16), a(n) > 0,and a;(n; + 1) = deo, we obtain
(3.13). Similarly, using (2.2) with n = n; and making use of the equality of the (1, 1)-entries in (3.12) for n = n;, we obtain (3.14). Finally,
letting n — —ooin (3.12) and using (2.5), (2.6), and (2.10), we obtain (3.15). O

The result in the next proposition is needed in the proof of Theorem 3.6.

Proposition 3.3

Assume that the coefficients in (2.2) belong to class .A. Further, assume that N = 2 in the partitioning given in (3.2). Let fi>(z, n) be the
Jost solution from the left for (2.2) with the coefficients {a,(n), b (n), w2 (n) }nez givenin (3.3). Let T, (2), R2(2), and L, (z) be the scattering
coefficients associated with the coefficients {a,(n), b(n), w2 (n)}nez. Then, we have

1 Lz(Z) _

fia(z,n) = z" ", n<n, 3.17

12(z,n) 5o L@ z <m (3.17)
|
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— doo 1 n+1 L(2) —n1—1
fa(z,n +1) = am 1) |:T2(z)z +T2(z)z ] (3.18)

Proof

When n < n; — 1in (2.2), the Jost solution f;(z, n) satisfies (2.3) with n < n; — 1. Furthermore, from the analog of (2.6) for fi,(z, n), we
already have (3.17) for n < n; — 1. Then, (3.2) with n = n; — 1 implies that (3.17) actually holds for n = n; as well. Thus, (3.17) is proved.
Then, using (2.2) with n = ny and utilizing (3.17) for n = ny and n = n; — 1, after some simplifications, we obtain (3.18). O

We need the following analog of Proposition 3.3, which is needed in the proof of the factorization formula given in (3.6).

Proposition 3.4

Assume that the coefficients in (2.2) belong to class .A. Further, assume that N = 2 in the partitioning given in (3.2). Let f,; be the
Jost solution from the right for (2.2) with the coefficients {a; (n), b1(n), w;(n)},cz appearing in (3.3). Let T;(2), R1(2), and L;(2) be the
scattering coefficients associated with the coefficients {a;(n), b1 (n), w1 (n)},ez. Then, we have

_n Ri@
fi(z,n) = n n > . 3.19
r(z,n) T1(z)z +T1(Z)z n > n (3.19)
Proof
When n > n; + 1in (2.2), the Jost solution f; (z, n) satisfies (2.3) with n > n; + 1. Furthermore, from the analog of (2.7) for f,1(z, n), we
already have (3.19) for n > ny + 1.Then, (2.3) with n = n; + 1 implies that (3.19) actually holds for n = n; as well. O

The next proposition is needed in the proof of Theorem 3.6.

Proposition 3.5

Assume that the coefficients in (2.2) belong to class .A. Further, assume that N = 2 in the partitioning given in (3.2). Let f,; be the
Jost solution from the right for (2.2) with the coefficients {a;(n), b1(n), w;(n)},cz appearing in (3.3). Let T;(2), R1(2), and L;(2) be the
scattering coefficients associated with the coefficients {a; (n), b;(n), w; (n) }pez. Similarly, let fi; be the Jost solution from the left for (2.2)
with the coefficients {a,(n), b (n), w2(n) }nez appearing in (3.3). Let T, (2), R2(2), and L, (z) be the scattering coefficients associated with
the coefficients {a,(n), by(n), w,(n) }nez. Furthermore, let gy, and g, be the quantities appearing in (3.11) and (3.7), respectively. Then,

we have
— Lz
[ o) - guzm) ]= [1 b ][ o fn";} Zﬁ me | (3.20)
fozm +1) go(z.n + 1) 0 amIn z"m z—m Ti(i) ﬁ
— 1 R ()
[ gn@m)  fa(zm) }:[ ” 7 n11][,§1({1§ r11<§>} (3.21)
m —n— V4 : .
gr1(zln1 + 1) fr'l(zln1 + 1) 4 z T1](271) )
Proof
We obtain (3.20) by using (3.7), (3.17), and (3.18). Similarly, we get (3.21) by using (3.11) and (3.19). O

In the next theorem, we prove the factorization formula when there are two fragments. The factorization formula (3.5) with N
fragments can then be proved via mathematical induction.

Theorem 3.6

Assume that the coefficients in (2.2) belong to class \A. Further, assume that N = 2 in the partitioning given in (3.2). Let f; be the
Jost solution from the right for (2.2) with the coefficients {a;(n), b1(n), w;(n)}scz appearing in (3.3). Let T;(2), R1(2), and L;(2) be the
scattering coefficients associated with the coefficients {a; (n), by (n), w; (n) }pcz. Similarly, let fi; be the Jost solution from the left for (2.2)
with the coefficients {a,(n), b2 (n), w2(n) }hez appearing in (3.3). Let T»(2), R2(2), and L, (2) be the scattering coefficients associated with
the coefficients {a,(n), ba(n), wa(n) }nez. Furthermore, let g1 and g, be the quantities appearing in (3.11) and (3.7), respectively. Then,
the factorization formula given in (3.6) holds.

Proof

We will derive (3.6) by evaluating the left-hand side of (3.8) when n = n; in two different ways and by equating the resulting expres-
sions. The first expression will be obtained by using (3.8), and the second will be obtained by using (3.12). From (3.8) and (3.9), we
get

fizm)  fzm) J_[ fa@m)  go@n) (153 (3.22)
fizzm + 1) fiz,nm + 1) fo(z,m +1) ga(znm +1) || 0 ﬁ ' '
On the other hand, from (3.12)-(3.15), we get
fi(z,n1) fi(z,m) Y gn(z,m) fr(z,n1) %z) 0 (3.23)
fizzm +1) fiiz,nm +1) oS ILgn@m +1) fa@znm +1) % 1 :
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Thus, the right-hand side of (3.22) must be equal to the right-hand side of (3.23). Using (3.20) on the right-hand side of (3.22) and using
(3.21) on the right-hand side of (3.23) and equating the resulting expressions, after some simplification, we obtain

1 LEh 1 k@ 1 Ri@ T 0_
T(2) Taz™") T@ | —| ) Th@ (z
Ly(2) 0 1 Ri(zT") 1 L(z2) 11’

1 1
T, () Tz T(2) Tz T 1L T@

==
SO

or equivalently, we have

e 38 [ mg s o[ o[ e ]
T T T e | | T T
R:é_]) B Ligg 2(21 | = @1 0 E : (3.24)
nEH T@ n@ TE @ 7@ |
In a straightforward way, we evaluate the inverse matrices appearing in (3.24) as
—1
R(2)
- [1 _R(z)], (3.25)
0 7y 0 T(2)
1 RA@ 7T 1 1 _R@
Tz Th(@ — T (2) T (2)
meh 1| T T RORGE | _meh) 1| (3.26)
i) T @ Tz ) T@ThEh T T

From (2.15), we see that the determinantal quantity appearing as a coefficient on the right-hand side of (3.26) is equal to 1. Thus, (3.26)

simplifies to
1 Ri(m 17! 1 _R®@
Ti(z7h) T2 — T1(2) T1(2)
BEh 1 =| qeHy 1| (3.27)

Tz hH TI@ TThE) Ti@h

Using (3.25) and (3.27) in (3.24), we obtain

1 _R@ 1 Lz 1
@, ho || m@ nen || @ 0 |[1 RO (3.28)
R 1 Ly(2) 1 — | @ 0 T | .

T THE L@ TEh @)

Using (2.16) on the left-hand side of (3.28), we see that the left-hand side of (3.28) is equal to the matrix product A1(z) A,(z), where
A1(2) and A;(2) are the transition matrices defined in (3.4). On the other hand, with the help of (2.7) we see that the right-hand side in
(3.28) is equal to the transition matrix A (z) defined in (3.1). Thus, (3.6) is established. O

Via mathematical induction, the factorization formula (3.5) with N fragments holds, as stated in the next corollary.

Corollary 3.7

Assume that the coefficients in (2.2) belong to class .A. Further, assume that we have the partitioning specified in (3.2) with the coeffi-
cients {a;(n), bj(n), wj(n)}nez appearing in (3.3) for 1 < j < N for any positive integer N > 2. Let Tj(z), Rj(z), and L;(z) be the scattering
coefficients associated with the coefficients {a;(n), b;(n), w;(n)}ncz. Then, the factorization formula given in (3.5) holds, where A(z) and
Aj(z) are the transition matrices defined in (3.1) and (3.4), respectively.
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