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Abstract. The Marchenko inversion method of the one-dimensional non-relativistic quantum
mechanics is generalised to perturbations. The change in the potential that corresponds to a
finite change in the scattering matrix is obtained by formulating a Marchenko-like integral
equation. The method used here may be generalisable to higher dimensions because the
inversion is formulated in terms of scattering matrices, not only in terms of reflection
coefficients.

1. Introduction

Our purpose in this paper is to generalise the Marchenko inversion to perturbations, i.e., to
obtain the change in the potential that corresponds to a finite change in the scattering
matrix by using the method of Marchenko. In other words, our starting point is a
comparison potential for which everything is assumed to be known and we try to obtain
the solution to another inverse problem in terms of the known solution with the
comparison potential by using the Marchenko method.

The linear integral equation of Gel’fand and Levitan and that of Marchenko have been
the sources of important developments later in the field. In the Gel'fand—Levitan
procedure, one sets up a linear integral equation where the integration is performed on a
finite interval containing the origin (Gel’fand and Levitan 1951). The kernel of this integral
equation is related to the spectral function, which is constructed from the scattering matrix.
Then the potential can be recovered from the solution to the Gel’fand—Levitan integral
equation. In the Marchenko procedure (Agranovich and Marchenko 1963, Marchenko
1955), one sets up a linear integral equation where the integration is performed on an
interval containing + oo or —co. The kernel of this Marchenko equation is directly
obtained from the scattering matrix, and the potential is recovered from the solution of the
Marchenko equation. Note that many people misname the Marchenko equation and call it
the Gel’fand—-Levitan equation.

The generalisation of the Gel'fand—Levitan and Marchenko procedures to obtain a
perturbation of the potential in terms of a perturbation of the scattering matrix has been
studied by several. The generalisation of the Gel'fand—Levitan method is already
completed; the interested reader is referred to the classic by Newton (1982b) for the
method, development, and further references in the Gel'fand—Levitan case. The
generalisation of the Marchenko method for perturbations has been less studied. In the
radial case, Agranovich and Marchenko (1963) mention that one can express the solution
to the Schridinger equation with potential »'(x) in terms of the solution with potential
Vo(x)=1(I+ 1)/x?, ie., in terms of Bessel functions; however, it is added that ‘this
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approach leads to considerable analytical difficulties connected primarily with investigating
the integral equations obtained. These difficulties are further compounded when matrix
equations are considered.” So, they try another approach, but they do this only when /is an
integer, and they use a Crum transformation to find the perturbation V' (x)— Vy(x), and
they also generalise this to the matrix case where they study it explicitly with the potential

matrix
6 (0 O
Vo(x)=—5 .
o) x? (O l)

In the Marchenko formalism, the perturbations are built on the potential Vy(x)=
%(xi %)”2 in the radial case by Dyson (1976) using the language of Fredholm
determinants. Deift and Trubowitz (1979) have shown how the potential changes when a
bound state is added to the scattering matrix by using a Crum transformation in one
dimension. In case the reflection coefficient R(k) is a rational function of k (Kay 1960),
Sabatier (1983a, b) has shown how the potential changes when R(k) is changed by a phase
factor that is also a rational function; this is done in the one-dimensional case by using the
Darboux-Bécklund transform.

This paper is organised as follows. Section 2 is a summary of the main facts about the
scattering matrix, the potential and the wavefunctions, and these results are used in later
sections. The other purpose of this section is to set out the notation used in this study. In
§ 3, the matrix solution to the Schrédinger equation is given and this matrix will be used to
obtain the matrix Riemann—Hilbert problem. In § 4, an integral expression for the Jost
matrix is obtained, which will be used later. In § 5, the transformations of the scattering
matrix and of the matrix solution are given when the space coordinate is shifted; hence it is
shown how the matrix solution is related to the Jost matrix. In § 6, the Riemann—Hilbert
problem is given in the matrix form and the matrix Marchenko equation is obtained. The
matrix potential is obtained from the solution to the matrix Marchenko equation. Another
matrix Marchenko equation with a different kernel is given. The solutions to these two
matrix Marchenko equations will be used later to obtain the perturbation of the matrix
potential from a matrix integral equation. In § 7, the matrix Riemann—Hilbert problem for
perturbations is given. In § 8 the Marchenko formalism is generalised to perturbations.
Since the matrix formalism is used, the method of this section may be generalisable to
higher dimensions. Starting from the matrix Riemann—Hilbert problem, a matrix integral
equation is obtained, and this equation is the analogue of the Marchenko equation. The
perturbation of the matrix potential is obtained in a similar way one obtains the potential in
the Marchenko formalism. The properties of the kernel of this Marchenko-like integral
equation are given; a bound on the eigenvalues of this kernel is obtained in terms of a
bound on the perturbation of the scattering matrix so that the eigenvalues can be made less
than one in absolute value and hence the existence and the uniqueness of the solution can
be given. In § 9 some further properties of the solution to the Marchenko-like integral
equation are presented.

2. Preliminaries

The Schrédinger equation
2

d
)+ Ry )=V (uthe )
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in one dimension, if the potential V' (x)~0 in some appropriate sense, for real &, has two
linearly independent solutions satisfying the boundary conditions

Y (k, x) =T, exp(ikx) + o(1) as x— oo
¥ (k, x) =exp(ikx) + L exp(—ikx) +o(l) asx— — 0
V. (k, x)=exp(—1ikx) + R exp(ikx) +o(1) asx— oo
Ve (k, x)=T; exp(—ikx) + o(1) as x— — 0.

These are the scattering states and the subscripts / and r are used to indicate that y; and ,
are usually called waves travelling from the left and from the right respectively.

The scattering matrix, often called the S matrix for short, is obtained from the
asymptotics of y; and i, and it is given by
Ti(k) M@)

2.1

Swz&w T,(k)

We will assume V(x) is a real potential in L}, where L} is the space of measurable
functions ¥(x) such that the Lebesgue integral [, dx(1 + |x|") |[V(x)| exists. Thus we
assume (Deift and Trubowitz 1979) that S(k) is continuous and unitary, S(—k)=S(k)*
where * denotes the complex conjugation, 7)=T, =T, and that T(k) has a meromorphic
extension to C*, the complex upper-half plane, with a finite number of simple poles at
{if1,182, ..., iB,} all located on the imaginary axis in C*. The characterisation problem for
a potential in L{ is recently given by Melin (1985); however, the analysis is simpler in class
L; and hence we will work with potentials in L}.

It is possible to combine the solutions y; and y, into a column vector

=)

and to write the vector Schriodinger equation (Newton 1983):
d?y
dx?

Let y*(k, x)=y(—k, x). We can express y* in terms of i as (Newton 1983):
v*=5"qy (2.2)

where the matrix g is defined as

o)

It is known that a real potential in L{ is uniquely determined by one of the reflection
coefficients, bound states, and the so-called norming constants, which can be obtained
from the asymptotics of the bound state solutions to the Schrédinger equation (Deift and
Trubowitz 1979). Instead of determining a potential in a given class from one of the
reflection coefficients, it is also desirable to have a method in one dimension that uses the
whole S matrix and which can also be generalised to higher dimensions. This is because in
higher dimensions the S matrix becomes an operator and there is no analogue of a
reflection coefficient. The method that uses the whole S matrix is due to Newton (1980a)
and its generalisation to three dimensions is also given by Newton (1980b, 1981, 1982a).

+ kR y=Vy.
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In this paper, we will use the whole S matrix to formulate the Marchenko equation for
perturbations. Hence the method given here may be generalisable to higher dimensions.

3. Matrix formulation of the unperturbed problem

In order to formulate a Marchenko-like equation for perturbations and to generalise it to
higher dimensions, one must use 2 x 2 matrix solutions of the Schrédinger equation rather
than vector or scalar solutions. One way to form a matrix solution is to combine the vector
solutions that correspond to the scattering matrices

T R T -
s=(; 5] e as=( ] )
L T —L T

[ )

Assume that the matrices S and IS/ are associated with potentials V(x) and U(x)
respectively with the corresponding vector solutions w(”) and y®, where the superscripts
refer to the potentials. These solutions must satisfy the equations that correspond to (2.2):

Yy =51y (3.1)

where

and
YO* =(ISI) qu® = IS Iqy™. (3.2)

For a real potential in L3, if 7(0)=0, then ¥ (x) and U(x) cannot be simultaneously in L}
because the reflection coefficients for the potentials cannot both take the value of —1 at
k =0 (Deift and Trubowitz 1979). For example, if

0 -1 0 1
S(O)z(_1 O) then ISI(O)=(1 O).

However, if T(0) 0, then whenever S(k) satisfies the characterisation conditions for a real
potential in L} given in Deift and Trubowitz (1979), so does the matrix IS (k)J. Hence,
when T(0)#0, the simultaneous existence of the real potentials F(x) and U(x) in
L} is guaranteed.

In general, we can say the following. The matrices S and ISI satisfy the same
conditions for the existence and uniqueness of a real potential in L3, except for one
condition, namely the behaviour of the corresponding reflection coefficients at k=0.
Therefore, it is possible that when T'(0)= 0, the simultaneous existence or uniqueness of the
potentials ¥ (x) and U(x) in the specified class may not be known or may not be assured.
One possible way to overcome this difficulty is as follows. The introduction of the second
potential U(x) is made for a technical reason only. The main interest lies in the potential
V(x) of the scattering matrix S(k), not in U(x). Therefore, in case T(0)=0, we can form a
scattering matrix

L.(k) T.(k)
'such that lim,_o S.(k)=S(k) and that S.(k) and S(k) satisfy the same conditions for the

S.00= (n(k) Rg(k))
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existence and uniqueness of the potential in L, except that 7,(0) 0. Once V,(x) and U,(x)
are obtained as real potentials in L3, we can recover ¥'(x) as lim,_,o V,(x) provided that the
mapping S(k)— V(x) is stable. We expect lim,_o V;(x) to bein L] if RQ)=L(0)= — 1. In
general, we cannot expect lim,_q U,(x) to be in a previously specified class. Neither the
existence nor the uniqueness of lim,_o U (x) is guaranteed. In fact, explicit examples are
known where this limit is not unique (Aktosun and Newton 19835, Sabatier 1984).

We can combine the Riemann—Hilbert problems for the vector solutions i and y®
into a Riemann—Hilbert problem for a 2 x 2 matrix as follows. Let us define the matrix

e
Vs Yy

as:
1 v) u) o) _ g (1)
Y= "2“ (:Zév) i Zéu) iéu) + Zéu) . (33)
From (3.1) and (3.2) we obtain
P* =5"qyq. (3.4)
Define the potential matrix A(x) as
1 [V U Vix)--U
A= @)+ UX) V)~-Ux) ‘ 3.5)
2\Vx)—Ux) V) + U
Then the Schrédinger equation satisfied by the matrix P is given by
ay
=+ kPP =YL (3.6)
dx

Let us call ¥ the physical solution of the matrix Schrddinger equation. From the properties
of Yy and i, we see that ¥* =¥* when k€ R.

From the Lippmann—Schwinger equations satisfied by v and y® (Newton 1983), we
obtain the Lippmann—Schwinger equation satisfied by the matrix solution W(k, x):

Wk, ) =exp(iTk) + 2 [ ay explikte ¥k 920) 3.7

—0

Let us define the matrix F(k, x) as

1(fW+fW P

F=exp(—ilkx)¥ =— . . , . (3.8)
SO0 7O

2

where we have defined f{” =exp(—ikx)yf”, fP=exp(ikx)y?, /¥ =exp(ikx)y and
S =expikx)y®. 1t is straightforward to show that F(k,x) satisfies the matrix
differential equation

d°F 2ilk dF Fi (3.9)
ax2 7 dx 7 '

Let us define another matrix M (k, x) as

Mk, x) EF(II)- Fk, x).
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Since M (k, x) is a multiple of F(k, x), it satisfies the same differential equation that F(k, x)
satisfies, but certainly with different boundary conditions.

We can also define the matrix solution ®(k, x) by using the regular solutions ¢ (k, x)
and ¢ (k, x) of the Schrédinger equation which satisfy the boundary conditions from
Newton (1983)

dey . do:
ok, 0)=1 ok, 0)=1 e k,0)=ik P

(k, 0)= —ik

1 [0 +of wF”)—M”) (3.10)

ok, x)=— 1", y y
2 oo 1

where the superscripts again refer to the potentials. Since the regular solutions satisfy the
same Schrodinger equation the physical solutions satisfy, the matrix ®(k, x) satisfies (3.6).
We will call ®(k, x) the regular matrix solution. From the boundary conditions satisfied by
the regular scalar solutions, we obtain

1 0
Ok, 0)=1 do(k, 0)/dx=ilk where 1= (0 ) ) .

For k € R, the matrix solutions F, M, and ® satisfy, for real potentials,
F#:F* M#:M* (D#zq)*

because for these matrices k and i appear together as ki both in the matrix equations and
the boundary conditions.

4. Jost matrix
Let J(k) be the Jost matrix that corresponds to the S matrix with the potential V(x). We
have (Newton 1983):
TRk, )= 0" (k, x) CRY
where the vector solutions ¥ and ¢ are given by
w}v) . ) w}”)
w(v) - ( » and (/)( Y (o(u) .

The following theorem shows that the solutions ¥ and @ of the matrix Schrédinger
equation are related to each other by the same Jost matrix given in (4.1).

Theorem 4.1. J(K)¥(k, x) = ®(k, x) where J(k) is the Jost matrix defined in (4.1) and ¥ and
@ are the physical and regular solutions of the matrix Schrédinger equation respectively.
Proof. Let J, (k) be the Jost matrix of the scattering matrix ISI. From (4.1), we have

J Y =¥ (4.2)

where ™ and ¢ are the physical and regular vector solutions for the potential U(x). The
Jost matrices satisfy (Newton 1983):

J*=8"1qJ g 4.3)
JF=IS"1q) " g.
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Multiplying the last matrix equation by I both on the right and on the left, we obtain
L7 I=1*S"IqJ gl =8""qlJ ;' Iq 4.4)

where we have used 72 =1 and Iqg = — gI, which are straightforward to verify. Subtracting
(4.4) from (4.3), we obtain

W '=uin*=s"qUu " =17 ).

Since J™' =T and J; ' >71 as [k|]» o in C* (Newton 1983), where C* =C * UR, we have
J™'—1J7'I-0 as |k] » co in C*. Then the uniqueness of the solution to (4.3) requires that
J7' =17 I (Newton 1980a). Thus we obtain

J=1J,1I.
From (3.3) and (3.10) it is seen that

Thus we obtain

)
J‘P(_i):(b(_i). (4.6)

Hence the two vector equations (4.5) and (4.6) give us the matrix equation J¥=®. QED

and

Since @(k, 0)=1, the above theorem gives us J{(k)¥(k, 0) =1 or equivalently
J N k)=¥(k, 0). 4.7

The following theorem shows that it is possible to express J (k) in terms of the vector
solution ¥ alone.

Theorem 4.2. The matrix inverse of the Jost matrix is given by

1 dlﬂ[ 1 d'ffl
J_l(k)___l l//l(ka O)'*';%E;(’Q O) WI(k9 0)—‘E"a;(k7 O)
2 1 dy, 1 dy,

l//r (k» O) + E E (k3 0) l//r (ka O) - -C'l'x— (ks 0)

ik
where (5: ) is the vector solution of the Schrédinger equation with the potential V(x).

Proof. The Wronskian

- do* dv .
[¥; O* =¥ *

dx dx
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is equal to J™'[®; ®*] as seen from theorem 4.1. Note that the tilde denotes the matrix
transpose. Since the matrix potential A(x) is real and symmetric, from the matrix
Schrodinger equation for ®(k, x), we obtain [<I>;<i>*] =-—2i7k. In a similar way, we obtain
the Wronskian

- dw
[¥; ®*] = —ikJ™ ‘I——(k 0).

Thus, we have

o, 1adw
I = (kO

Combining this last result with (4.7), we obtain the expression stated in the theorem. QED

From the Lippmann—Schwinger equation for the vector solution y(k, x) (Newton
1983), we obtain

1
Yk, 0)= (1) f dy exp(—ikn) V(»)yr(k, y)+ f dy exp(iky) V(»)y(k,y)

and

dy(k, 0
“—‘wc(ix L_ik (_1> f dy exp(—1kp)V (»)ylk, y)——j dy exp(ikn) V() y(k, v).

Using these two expressions in the result of theorem 4.2, we obtain

i 1 0
1+— j dy exp(—ikNV Ok ) 5 j dy exp(iky) V()ytk, »)

-1 _

f dy exp(—ik) V()i k, ) 1+— f dy exp(iky) V(D) ur(k, )
4.8)

21k

Note that when V' (x)=0 for x < 0, (4.8) reduces to equation (3.31) of Newton (1983).

5. Shifting the potential
When the space coordinate x is shifted by z, the transformed potential matrix is given by

A (x)=A(x + z). The transformed wavefunction ¥,(k, x) can be obtained by using the
matrix Lippmann—Schwinger equation given in (3.7) as follows:

Wk, x)-exp(11kx)+— J dy expiklx—y)¥(k, 1)i(y)

=exp (ilkx) + -ZTE J dy exp(iklx —y—z|)W(k, y + 2)A(y + 2).
Thus, replacing x by x + z, we obtain

Yk, x + z)y=exp[iTk(x + 2)] + ﬁ jw dy exp(ik|x—y)¥(k, y + 2)A(p)
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and hence
1 (=
exp(—i Tkz2)¥(k, x + z)=exp(lkx) + >k J dy exp(ik|jx—y|)
1 —0

x exp(—ilkz)¥(k,y + 2)A, ().

Since exp(—ilkz)¥(k, x + z) satisfies the matrix Lippmann—Schwinger equation with the
shifted potential A,(x), assuming that the Lippmann—Schwinger equation has a unique
solution, we obtain

WY, (k, x)=exp(—ilkz)¥(k, x + z). (5.1)

At x =0 this last expression becomes ¥, (k, 0) = exp(—ilkz)¥(k, z). Since J ~'(k) =¥ (k, 0)
and F(k, x)=exp(—iIkx)¥(k, x), we obtain

I (ky=F(k, 2). (5.2

Thus F(k, x) is nothing but the matrix inverse of the transformed Jost matrix when the
potential is shifted.
Since W (k, x) satisfies (3.4), we have the canonical decomposition

S=q¥q¥*". (5.3)

The equivalent of this expression for S(k) and the expression (2.1) in terms of the
asymptotics of the physical solutions is already known when T'(k) is holomorphic in C*
(Newton 1984). Since the transformation of W(k, x) is explicitly known, from (5.3) we
obtain

Sz(k) = q‘Pz(ka x)‘I‘Pf(k, x)_l
=g exp(—iTkz)®(k, x + 2)q¥(k, x + 2)*" exp(—ilkz)
=exp(ilkz)qP(k, x + 2)q¥(k, x + z)*~" exp(—ilkz)
= exp(ifkz) S(k) exp(—ilkz).
Hence the transmission coefficient is transformed as T, (k) = T'(k).
It is known that det J ' (k)= T'(k) (Newton 1983), and hence we have
det F(k, x)=det J7'(k) =Ty, (k) = T(k).
Using
1
Y(k, x)=exp(ilkx)F(k, x) and Mk, x)= m F(k, x)

we see that

det W(k, x)=T(k) and det M(k, x)= _F%c-)_

Thus we can write the matrix inverse of W explicitly as follows:

- v 1 Vi —y 1 .
p-l— - _1
(‘//3 lﬂ4) det ¥ (—./,3 l//4) T d¥q. (5.4)
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Similarly we have

1~ -
F‘1=7q1F1q and M~ '=TqgIMIq.

6. Matrix Riemann—Hilbert problem and matrix Marchenko formalism
Using (3.8), we can write (3.4) as F* =exp(ilkx)S~! exp(—ilkx)qFq for ke R. Letting
Ak, x)=exp(ilkx)S~" exp(—ilkx), we obtain

F*=AqFq keR. 6.1)

From (3.8), we have F(k,x)=1+O(™") as |kl— o in C*. Thus (6.1) constitutes a
Riemann—Hilbert problem, which we will call Newton’s formulation. Here we assume that
there are no bound states, in which case F(k, x) has a holomorphic extension to C (k) for
each x. The case with bound states is studied in another paper (Aktosun 1987a).
Subtracting the asymptotic value of F as |k|— oo from both sides of (6.1), we obtain

F* - 1=(A—1)qgFq+ q(F-1)q. 6.2)
Letting = A —1 and taking the Fourier transform by f‘foo dk(1/27) exp(iky) of (6.2), we

obtain

© dk
nGx, y)= j 5 E 0aF (k. X)q exp(iky) + n(x, =) (6.3)

where we have defined

~o dk
n(w)zj o Pk, )= 0 exp(—ikp). (6.4)

F—1 is holomorphic in C* and as |k|-c0 in C*, F—1=0(k™") and it belongs to the
Hardy space; hence #(x, y)=0 for y < 0. Thus (6.3) becomes

© dk
n(x,y)= f - T X)aF (kD explky) >0, (6.5)

In case S(k) is a rational function, using (6.5), one can reduce the solution of the inverse
problem to solving a system of linear equations (Aktosun and Newton 1983).
We can write (6.5) as

© dk , < dk
nix, y)= f o T exp(iky) + J P Zq(F—1)q exp(iky) »>0

and letting g(x, y)= ffi,o dk(1/2m)Z(k, x) exp(iky), the above equation becomes
nx, »)=g(x,»)+(g * qn*q) (x, ) >0

where * denotes the convolution as a function of y and n*(x,y)=#n(x, —y). Since
#7(x, y)=0for y <0, we have

0
(g * gn™q) (x,y)=j dz g(x,y + 2)qn(x, z)g y>0.
0
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Hence we obtain the matrix Marchenko equation

nxy)=glx, y) + Jm dz g(x,y + 2)qn(x, z)q y>0. (6.6)
0

For a function A(k, x) which satisfies 4% =4%*, i.e., 4(—k, x)=AK, x)*, its Fourier
transform in L? is real. Since S, exp(iIkx), F, and their functions have this property, we see
that g(x, ») and #(x, ) are both real. Furthermore, since the Fourier transform on Llisa
unitary operator and since S—1, F—1eL*(—o <k< ), we have g(x,y)elL?
(— oo <y<oo)and 5(x,y) € L*(0 <y < ) for each x.

Define

* dk
ni (x, y)= f 5 (/P )= 1) exp(—iky)
T

© dk
7 (x, )= f o (FO(k, x)— 1) exp(—iky)

~© dk
7 (x, )= j 3 10k 0= 1) exp(—iky)

o dk
7 (x, y) EJ 5= Wk, x)— 1) exp( —iky)

where we have used (3.8) and the superscripts refer to the potentials. Thus we can write the
matrix 7(x, y) as

1 (?75”’ +nf) -y )
n== :
2 77‘gv) _ nﬁu) 77Su) + 77Su)

Using the integral expressions for 7, 1, n#, and n® (Newton 1983), we obtain the
integral expression for the matrix #(x, »):

1 Ox—z+43y) O
neay)=—= LO dz (0 9(z-x+%y)) Mz)
1 © f@(x—z+3y—30) O
_EJO dt Lo dz(o 0(z—x+§y_gt)> 0 DA (6.7)

where A(x) is the matrix potential and 6(x) denotes the Heaviside function. From this
integral expression for #(x,y), by differentiation we can obtain the partial differential
equation

1 (ﬁ(x—z) 0

n(x, 0+)Elyilr{)1 nlx, y)=—= 0 0(z—x)> A2)

—a0
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and hence we have
d 1 (= 1 0
S 0= —ELO dz8(x—z2) (0 ~ 1) 2)

= -1

where &(x) is the Dirac delta function. Thus we obtain

Alx)= — 21i 7(x, 0 +). (6.9)
dx

n= s
Hy Y4

we obtain from (6.9) the scalar potentials

Letting

Vo= —25‘*;<m<x,0+>+m<x,0+»

d
=2&—(773(x,0+)+n4(x,0+))
X

and

d
U(x)=25(n2(x, 0+)—m(x,0+))

2L %, 04) = s (x, 0+ ).
dx

We can write (6.1) in terms of M =(1/7)F as
M* = Ay qMgq ke R

where we have defined

T
Ay = T exp(ilkx) S~ exp(iTkx).

Note that the equation M*=A,,gMq and (6.1) are similar. The asymptotic value of
M (k, x) as |k| = oo in C* is 1 because T'(k)— 1 and F(k, x)- 1. Since we assume there are
no bound states, M(k, x) is holomorphic in k€ C* for each x as F(k, x) is. Let us call this
formulation of the Riemann-Hilbert problem Faddeev’s formulation. Defining

EM EAM—-‘[]
© dk _
B(x,y>sf S (M (k. %) =) exp(—iky)
© dk .
gux, y)= f o Ty (k, x) exp(ky)

we can solve the Riemann—Hilbert problem in Faddeev’s formulation exactly the same
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way we solve it in Newton’s formulation. Hence we obtain
" dk .
Bu)= | ok )aMk Dgexplky) >0 (6.10)
0 2T

which corresponds to (6.5), and the matrix Marchenko equation in Faddeev’s formulation
which corresponds to (6.6):

B(x,»)=gu(x,») + J dz gu(x,y +2)gB(x, 2)q y>0. (6.11)
o}

Using exactly the same arguments as in Newton’s formulation, we see that g (x, ») and
B(x,y) are both real, and gy (x,y)e L?(— o <y< o) and B(x,y)e LX(0<y < ) for
each x. The integral equation for B(x, y) which corresponds to (6.7) can be obtained as in
Newton’s formulation. Defining

o 1 1

m® = — exp(—ikx)y m® =— exp(ikx) Y
T T
1 1
m¥ = T exp( —ikx)y ¥ m¥ = T exp(ikx)y
we obtain
1 (mP+mP mfP—m®
M(ka X)=-—2~ (mlsv) _m!gu) mlgu) + mgu)

where the superscripts again refer to the potentials. Hence we have

1 (Bf +B® B{—B
BlD=7 o _pw Y. pw

where we have defined

© dk
Byx,y)= f = Ok, )= 1) exp(~iky)

-0

and

© dk
B,<x,y>sf S Ol )= 1) exp(—iky)

with superscripts referring to the potentials. From the integral equations for B{*), B®), Bf#
and BY (Deift and Trubowitz 1979), we obtain

Lo f(z—x—3y) 0
B@do—zyfwdz@ ﬂx—z—%ﬁ)i&)
1@ e [0—x—3y+i) O
+2~£dh£wdz& Mx_z_bHﬁﬁ)B&JM&)wiﬂ

which corresponds to (6.7). The partial differential equation satisfied by B(x, y) can be
obtained from (6.12) by differentiation

0

8 17
= (53("’ ¥)— 21-5 B(x, y)) =B(x, y)A(x)
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which corresponds to (6.8). From (6.12) we have
6(z—x) O
0 Bx—2z)

and thus we obtain, in a similar way we have obtained (6.9),

, 1 =
B(x,0+)=lim B(x. )= Lo dz( )l(z)

IdB(x,O+).

Ax)= -2 i

(6.13)

Each of the matrix Marchenko equations, (6.6) of Newton’s formulation and (6.11) of
Faddeev’s formulation, is equivalent to two 2 x 1 vector equations, which can be obtained
by multiplying these matrix Marchenko equations on the right by the column vectors (})
and (_}). For example, in Newton’s formulation we have

1 1 S 1
n(x, ) (1 )=g(x, » (1 ) + f dz g(x, y + 2)qn(x, z) (1) »>0
0

and

1 1 " 1
n(x, ) ( 1)=g(x,y)( 1)—J dzg(x, y + 2)gnlx, 2)( 1) y>0
_ _ A _

where we have used

0o I e

Let G,(y, z2)=g(x, y + z)g; then G,(y, z) becomes the kernel of the operator G, defined
as

Gy: & ()= f " dz G, e, (6.14)
0

Thus, investigating the solvability of the matrix Marchenko equation in Newton’s
formulation is equivalent to studying the properties of the kernel G,.(y, z).

According to a theorem by Titchmarsh (1937), a function 4 (k) and its derivative
dA(k)/dk are both in L(k) if and only if 4 (y) and y4 (p) are both in L(p), where the caret
denotes the Fourier transform in L2 Thus, if S—1, dS/dke L%(k), then g(x, »),
veg(x, y) € L*(y) for each x. Using this result, we have the following theorem.

Theorem 6.1. If S —1 and dS/dk are in L*k), then the operator G, defined in (6.14) is
Hilbert—Schmidt.

Proof. Define the absolute value of an arbitrary matrix A =(4;) as

[A|=max > |4;. (6.15)
! J

Then we have (Agranovich and Marchenko 1963), provided that 4 + B and AB are
meaningful and [ dx|A(x)| exists, |4 +B|<|A4|+|B|, |AB||4|+|B|, |[dx4(x)|<
[ dxjA()].
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Using (6.15) we have

v o] [v 0] oo} 0
i [ 4wz G600 | < [7 7 arzlager s aretsy+ 2
0 0 0 4]

¥ el SO0
<[] azgrTol ety + ).
0 0
Thus G, is Hilbert—Schmidt if we have

[T 7 aroclayer+ 21 - lgm(y+ 2l < 0
0 0

for i,j,m,n=1,2 where g;(x,y) are the entries of the matrix g(x,y). Because of the
theorem of Titchmarsh mentioned above, g,-jeL2 in the second argument for each x.
Hence the product g gm» € L' by Holder’s inequality and the change of the order of
integration below is justified:

[+ o] oo} o0 ~
f f Aydzigy(x,y + gy + Dl = | A | dylgy(e, Dgm(e )
0 [¢] (4] 0

= J dr tigi,-(x, DEgmn(X, )|
0

© Y2 [ oo
2 2
g(fo dr|tg; (x, o) ) UO drlgmn(x, 0| )

< . QED

1/2

Corollary 6.1. Being Hilbert—Schmidt, the operator G, defined in (6.14) is compact and
hence bounded.

7. Perturbations of the potential and of the S matrix

Let us interpret Newton’s formulation of the Riemann—Hilbert problem as follows. We
have started with W* = S~'q¥q given in (3.4). Then in order to find the potential matrix
A(x), we have used the transformation ¥ — exp(—ifkx)¥, S~ — exp(i/kx)S " exp(—ilkx),
and hence S-—exp(ifkx)S exp(—ilkx), S—1—exp(ilkx) (S —1)exp(—ilkx), A—»1—0.
Since exp(ifkx) is the matrix wavefunction which corresponds to the identity scattering
matrix with zero matrix potential, we can rewrite the above transformation, by letting
Ao=0, So=1, and ¥, =exp(ilkx), as follows: ¥ W¥5'¥, S—1-(q¥eq) (S — So)¥E,
A—-A—2A. With this motivation in mind, we will investigate if such a transforma-
tion may lead to a Marchenko-like method to obtain a perturbation A—Ay of
the potential matrix Ao which corresponds to a perturbation S—S, of the
scattering matrix So also in cases Ag#0 and So#1. The subscript will refer to the
quantities on which the perturbation is built.

Let WF = S5'q¥Woq and ¥* =S ~'qW¥q for k € R, where W, is the matrix wavefunction
of the scattering matrix S, with the corresponding matrix potential 1, and ¥ and S are the
matrix wavefunction and the S matrix for the corresponding matrix potential A. Let us
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define, as in the previous sections,

Th Ry
So= d
° (Lo T ) an

7

1(V0+Uo Vo—Uo) 1(V+U V——U)
an A .

2 \Vo—Us Vo+U, =2\v-u v+u

Ao

1]

Since the case of bound states is studied in another paper (Aktosun 1987a), we can here
assume that both Sy and S are free of bound states.

It is already known that 5" is holomorphic in C* when Tp(0) #0 (Newton 1984) or
when Ty (k) vanishes linearly as k— 0 (Aktosun and Newton 1985). Multiplying (3.4) on
the left by W3~', we obtain

(P W)* =g S qWq=(P¢ S q¥oq)q¥5 P
We can write this equation as

H* = YqHq keR .1
where we have defined

H=¥;'y (1.2)
and

L =wt'5"q%q. (7.3)

Comparing (7.1) with (6.1), we see that we have a matrix Riemann—Hilbert problem for
and we may solve (7.1) by a Marchenko-like method. For this we need to know the
properties of the matrices H and .%, Define the matrices A(k) and & (k, x) as

A=S—3S, (7.4)
E=9-1. v (7.9)

Since §* =S* and ¥* =¥* for ke R, ¥*=%* and £ *=&* for k€ R. From (7.3) it is
straightforward to show that ¥~ =¢.%%g.
The equality of 7; and 7; in

(T, R)
S=
L T

is known as the reciprocity and it is equivalent to the statement S =¢Sq (Newton 1983).
The lemma below shows that in general .#is not reciprocal.

Lemma 7.1. In general ¥+ q.%q and the equality holds only when So=71, and hence in
general Zis not unitary unless So="1.
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Proof. Since ¥*=¥%, P*=F*. Since ¥'=¢%*q, & is unitary only when P*=
g ¥*q, or equivalent £ = g.%q. However, from (7.3)
q%q=q¥§7' S g%,
and
F=qPqS 19 =¥, 5 ' qPL .
Since S and ¥, are independent of each other, we see that = g%y only when Po=wF",

or equivalently only when P, wZ =1. Since det Wo =Ty, Po¥§ =1 implies | Tp|? = 1, which
occurs only when Sy = 1 because we assume that Sy does not have bound states. QED

In order to apply a Marchenko-like method on (7.1), we need the Fourier transform of

#—1. Hence we need F(k,x)—1e L%(k) for each x. For this we need the following
lemmas.

Lemma 7.2. For each x, &(k, x) defined in (7.5) is continuous in k when the matrix
(1/T3) (§ — Sp) is bounded at k=0.

Proof. From (7.3) and \P{)":So“q‘goq we obtain $=‘P0‘IS:‘SO\P5". Replacing S~! by
(So + A)* or equivalently by S5 + A*, we obtain #'=1+ ¥§'A*S,PZ¢. Thus we have

&=V A*S,¥E. (7.6)

From (5.4) we see that ¥~ =(1/7%)ql ¥% Ig. Hence we obtain

1 -
~7F gl Wt IgA*S,¥E .

In terms of Fy = exp(—ilkx)W,, the last expression becomes
1 ~ ~
=7z gIFT exp(—iTkx)IgA*S, exp(—ilkx)F§
]

=glF§ Iq exp(—ilkx) (A/To)*So exp(—ilkx)FZ. (1.7)

By (5.2) F, is nothing but J5' shifted by x; ie., Fo(k, x)=(J5'),. Whenever Vy(x) is in
L?*(x), it is known that J5! is continuous (Newton 1983). Since the shift in the potential
does not change the property of being in L*(x), F, is still continuous in & for each x. Since
both Sy and S are assumed to be continuous, it is seen from (7.7) that for each x, &' (k, x) is
continuous in k everywhere except maybe at k=0 when 7, vanishes linearly. If Ty
vanishes linearly at k=0, then by requiring that A also vanish linearly as k— 0, we can
make & (k, x) continuous at k=0. QED

Lemma7.3. As |k| - o, & (k, x)=0(k™"), where & (k, x) is the matrix in (7.5).

Proof. As |k|- oo, we have Fo=1+0k™"), Sy=1+0(k"") and S=1+0k™).
Furthermore 1/7y =1+ O(k™") (Deift and Trubowitz 1979). Hence from (7.7) we see that
=0k as |kj- . QED
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From the two previous lemmas, we have the following.

Corollary 7.1. When (1/Ty) (S — So) is bounded at k=0, & (k, x) € L*(k) for each x, and
hence the Fourier transform in L?(k) of & (k, x) exists.

The following two lemmas are about the properties of H (k, x).

Lemma 7.4. The matrix H(k, x) defined in (7.2) is holomorphic in k € C* for each x.

Proof. In terms of Fy =exp(—1ilkx)¥, and F=exp(—ilkx)¥, we can write (7.2) as H=
F§'F. It is known that Fg' is holomorphic in k€ C* when Tp(0)0 (Newton 1984) or
when Tj(k) vanishes linearly as k-0 (Aktosun and Newton 1985). Since F is also
holomorphic in C*, the product Fg'F is holomorphic in k € C* for each x. QED

In order to have the Fourier transform L*(k) of H—1, we need the following lemma
concerning the behaviour of Fo(k, x) near k=0.

Lemma 7.5. Assume T(0)=0 and V(x) € Lj. If the second derivative d *T/dk?|;.o exists,
then we have F(k, x)=F(0, x) + O(k) as k- 0.

Proof. By (5.2) J7'(k)=F(k, x), where the subscript x denotes the transformed quantity
when the potential is shifted by x. Since the property ¥ € L3 is independent of such a shift,
it is enough to prove that J ~(k) =J ~1(0) + O(k) as k— 0.

We have as k-0

d*T
dk?

T(k)= k%; (0) + 3k? (0) + o(k?)

because we are assuming that 7(0)=0. Letting, as in § 6, ;=T exp(ikx)m; and y,=
T exp(—1ikx)m,, we can write (4.8) as

[ A0 0 \
. f AV ()mi(k, ) f dy exp(Riky) V (y)milk, »)
-1 _ — 0

ATyl w

f dy exp(—20kp) V ()ms(k, y) f AV mk, »)
—© 0

If V e L;, we have from Deift and Trubowitz (1979)

8
- my,. (k, x)

£ < constant x (1 + x?) forke C*

and hence

3m1,r

my, (k, x)=m, (0, k
e (K, X)=my . (0, x) + %

0, x) + o(k)
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as k—0and

4 (1 dT(0) & dzT(O))
JT =1+ AT + 2
2ik dk 4 dk
/ ] 0
f dyV (y)m; (0, y) j dy expQik)V(y)m«0, y)
B )
X
0 +00
f B exp(— 2V OImO.) [ &m0,
| Y- 0
k dT(0)
2 dk
f dyV(y)—(o » f dy exp(21ky)V(y)—(0 W
X
f dy exp(— 21ky)V(y> " 0.0) f dyV(y) L 0.)
+ o(k).

It is known that |m; . (k, x)| < constant x (1 + |x|) when V € L} (Deift and Trubowitz 1979).
Thus the integrals above in the expression for J~* all converge and we obtain J ~(k)=
J7H0) + O(k) as k—0. QED

Next we have a lemma about the continuity of H(k, x).

Lemma 7.6. Let H(k, x) be the matrix given in (7.2). If T,(0)#0, H(k, x) is continuous in
k for each x. In case T5(0)=0, by requiring that 7(0)=0 and that d Tp/dk|¢~o and
d?Ty/dk?|co exist, we can make H{(k, x) to be continuous in & for each x.

Proof. Since Fy' =(1/Ty)glF g, as given in § 5, we have
H=Fy'F=(1/Ty)qIF, IgF. (7.8)

Since Fy, F and T, are continuous, and Tp # 0 except maybe at k=0, we see from the
above expression in (7.8) that H is continuous for k0. Furthermore, if H(0, x) is
bounded, from (7.8) it is seen that H becomes continuous even at k=0. Hence we only
need to prove the second part of the lemma for the case 75(0)=0.

We can write (6.1) at k=0 as S(0)F(0, x)=¢qF(0, x)q. Since T(0)=0, S(0)= —q.
Thus, letting

B
FO.9= (y 5)

S A R [

we obtain
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which yields

F(O,x)=<:§ ﬁ)

Similarly, we obtain

Fo O, x)=(—ﬁ0 '3").

-—50 50

We also have (1/Ty) =(1/k) (constant) + O(1) as k— 0 (Deift and Trubowitz 1979). Hence
from (7.8), we have

_1 —Bo  —do -8 B
H= P’ (constant) g/ ( 5 50) Ig (_5 5) +O(1)

1 -1
1 -1
Hence if we choose f,/d, = /0, we obtain H=0(1) as k- O for each x. The choice of the
ratio 8/J has been shown to be equivalent to the specification of the parameter in the one-
parameter family of potentials U(x) (Aktosun and Newton 1985). The same remark
applies to the choice of the ratio fy/dp. Hence we can make H(k, x) bounded at k=0.

From now on, without further mentioning, we will assume that we choose Fy(0, x) and
F(0, x) such that 8,/0o =8/6. QED

=71€- (constant) (8o 6 — o ) ( ) +0(1) as k-0,

The asymptotic value of H(k,x) as |k|— oo is given in the following.

Lemma 7.7. As k|- oo in C* we have H(k, x)= 1+ O(k™"), where H(k, x) is the matrix
defined in (7.2).

Proof. As |k|— oo in C*, we have 1/Ty=1+ O(1/k) (Deift and Trubowitz 1979), Fy=
1+ 0O(1/k) and F =1+ O(1/k). Hence from (7.8), we have, as |k|» o0 in C™,

H=(1+0(1/k)qI[1+ O(1/k)]Ig[1+ O(1/k)]
=1+ O(1/k). QED

From lemma 7.6 and lemma 7.7, we have the following.
Corollary 7.2. H(k, x)—1 € L*(k) for each x if we assume the hypothesis of lemma 7.6.
Having obtained the properties of H(k, x) and & (k, x), we can solve (7.1) by a method

similar to the Marchenko method given in § 6. Hence we will refer to the method to be used
as the Marchenko formalism for perturbations.

8. Marchenko formalism for perturbations
Using (7.5) we can rewrite (7.1) as

H*=(&+ 1)qHq ke, (8.1
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Since H— 1 as |k|— o0, we can subtract the matrix 1 from both sides of (8.1) to obtain
H?* —1=6&qHq + q(H—1)q.

Note that we essentially repeat the steps following (6.1). The Fourier transform of the
above equation by fﬁ"w (dk/27) exp(iky) gives us

© dk
&, )= f 5o € e X)qgH (K, x)q exp(iky) + g(x, —)g 8.2)

where we have defined

© dk
£x, )= f = (e 1)) exp(— k) 8.3)

From lemma 7.4 and lemma 7.7, we obtain &(x, ) =0 for y < 0. Thus (8.2) becomes

© dk
&, y) = j > €k X)qH(k D explky)  ¥>0. (8.4)

In the case where Sy and S are rational functions of &, one can use (8.4) to reduce the
solution of the inverse problems for perturbations to solving a system of linear equations,
as one can use (6.5) for the same purpose. From (8.4) we obtain

© dk
£, y) = j 5 € 6, ) exp(iky)

© dk
" f 55 £l 0aWH k) g expiy)  y>0. (8.5)

Defining w(x, y) as

© dk
W(x, y)= f 5 € e %) exply) (8.6)

we obtain from (8.5)

E0e, ) =wlx, )+ (w * g&%q) (x, ) »>0

where * denotes the convolution as a function of y and where &*(x,y)=¢&(x, —).
Equivalently, the above equation can be written as

EC ) =wlx, p) + fc dz w(x, y + 2)qé(x, z)q y>0 8.7
(o}

where we have used &(x, y)=0 for y < 0. Comparing (8.7) with (6.6), we see that (8.7) is a
matrix Marchenko equation, and we will refer to it as the Marchenko equation for
perturbations.

We have already seen in § 7 that &% =& *. From (7.8) it is seen that H* = H* because
Ty, Fy and F satisfy the same property. Hence w(x, y) and &(x, y) are both real due to the
argument given following (6.6). Furthermore, for each x, w(x, ¥) € L?(— o <y < «) and
&(x, ) € L*(0 <y < o) because these are the Fourier transforms of functions in L 2(k).

We can write (7.8) as

H=gqIMyIgF (8.8)
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where My, =(1/Ty)Fy, which is the matrix used in Faddeev’s formulation of the
Riemann—Hilbert problem given in § 6. From (8.8) we obtain

H—1=ql(M¢— 0)Ig+F—"1) + gI(Mo—DIg(F—"1).
Taking the Fourier transform by fﬁ%o (dk/2n) exp(—iky), we obtain
+00
&(x, ¥)=qIBo(x, y)Iq + n(x, )+ j dz qIBo(x, y— 2)Ign(x, z) (8.9)

where &(x, y) is defined as in (8.3) and

© dk
Bo(x, )= j == (Mo(k, ) D) exp(~iky)

*© dk
n y) = j 3 (Fle )= D exp(=iky).

The properties of By(x,y) and #n(x,p) are given in § 6. Hence we already know that
By(x,»)=0when y <0 and n(x, y)=0 for y < 0. Thus (8.9) becomes, for y >0,

R oy P
£(x, ) = glBo (e Iq + n(x, ¥) + j dz giBoCr, y— 2)Ign(x, )
0

and hence we obtain, as y—» 0"
&(x, 0+)=qIBo(x,0+)Ig +n(x,0+)

and taking the derivative of both sides, we obtain
dé( 0+) IdB( O+)I+d (x,0+)
— X, = a ) 5 ’ .
dx 4 dx ? x 7 dx e
Using (6.9) and (6.13), we can write this equation as
d P el
= &x, 0+)= —3qITo(x))Ig — 3TA(X)

= —1gIko(x)q—A(x)

= %Mo (x)— %M(x).
Hence we have

Ax)—Ag(x)= —2Iié(x,0+). (8.10)
dx

Thus we see that the perturbation of the matrix potential is related to the solution of the
matrix Marchenko equation for perturbations in exactly the same way as the potential is
related to the solution of the Marchenko equation in either Newton’s or Faddeev’s
formulation.

The matrix Marchenko equation for perturbations given in (8.7) is equivalent to two
2 x 1 vector equations that are obtained by multiplying (8.7) on the right by the column
vectors (}) and (_}) respectively:

1 1 ~o0 1
&(x, ) (1)=W(x,y) (1>+ [ dz wix, y + 2)gé(x, 2) (1) y>0

0
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and
1 1 *0 1
£, ) ( )= w(x, ) ( )— j dz w(x, y + 2)g&(x, 2) ( ) »>0.
-1 —1 o -1

The computations are similar to those given in § 6.

Let Q,(v, z)=w(x, y +z)q. Then Q,(y, z) becomes the kernel of the operator Q.
defined as

Ot &) jm dz (3, DE). (8.11)
Q

Thus investigating the solvability of the Marchenko equation for perturbations becomes
equivalent to the study of the properties of the kernel Q,(y, z). First we have the following
theorem.

Theorem 8.1. The operator Q, defined in (8.11) becomes Hilbert—Schmidt if we assume

that (1/75) (S — So) is bounded at k=0 and that 84 (k, x)/ék € L*(k) for each x, where
& (k, x) is as defined in (7.5).

Proof. As in the proof of theorem 6.1, Q, is Hilbert—Schmidt if we have & (k, x) and
8¢ (k, x) /6k in L*(k) for each x. By corollary 7.1, & (k, x)€ L*(k) if we assume that
(1/T3) (S — Sp) is bounded at k=0. Hence the boundedness of (1/7T) (S —S;) at k=0 and
the property 8& (k, x)/ék € L*(k) are sufficient. QED

Since Hilbert—Schmidt operators are compact and hence bounded, we have the
following.

Corollary 8.1. When the hypothesis of theorem 8.1 holds, the operator Q, defined in
(8.11) is bounded and compact.

However, in general, the operator €, is not self-adjoint due to the fact stated in lemma
7.1. Hence we cannot expect the eigenvalues of Q, to be real. Nevertheless, we will find a
bound on the absolute value of the eigenvalues of Q,. For this we need the following two
lemmas.

Lemma 8.1. For any 2 x 1 column vector p, we have |5 <(5*p)"* and |p|<2(5*p)"?,
where the absolute value denotes the matrix norm defined in (6.15).

o

Then by (6.15), we have

Proof. Let

|Bl=max(|p:l, [p2))<(Upil* + 122D

and

=211+ P2l K(Upa* #1221 DY + (a2 + 122 Y2, QED
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Lemma 8.2. Let & (k, x) be the matrix defined in (7.5) and Fy=-exp(—ilkx)¥,, where ¥,
is the matrix solution of the Schrddinger equation with the matrix potential Ao. Then we
have |£], |&] LITo| ™ |Fo| + [Fo| + |S — So| where the absolute value denotes the matrix
norm defined in (6.15).

Proof. From (6.1) we obtain Sy exp(—ilkx)FZ =exp(—ilkx)gF,q, and hence we can
write (7.7) as

1 - -
(9@=F gIF§ Iq exp(iTkx)A” exp(—ilkx)qFyq. (8.12)
0
Hence we obtain

&1 <— |Fo] - |A] « o
— [Fol « |A] « |[Fo
=T

where we have used |g| = 1, |I| = 1, lexp( £ ilkx)| = 1. Since
1Al =18 — S| =S — So|

we obtain |€|<|Tp|™" |Fol - |[Fol + 1S — So|. To find a bound on ||, we take the matrix
transpose of (8.12) to obtain

&= —7-%— qFoq exp(—iTkx)A* exp(ilkx)gIF% Iq.
Thus €< Tol™" 1Fol « |A] « (Fol. QED
The two preceding lemmas give the following.
Theorem 8.2. The eigenvalues of the operator Q, defined in (8.11) are bounded in absolute
value by max; \/§|F0| . |f0| « |(S — So)/To|, where the absolute value of a matrix is as

defined in (6.15) and Fy =exp(—ilkx)¥,, where ¥, is the physical solution to the matrix
Schrédinger equation with the matrix potential 4.

Progf. Let &, be an eigenvector of Q, with the eigenvalue u. Then we have for y >0,

()= f dz 0,(7, 2E(2).
0

Taking the scalar product of both sides with &,(y), we obtain
u[ T EDrEOI= | | andz EDI O D80
0 -0 Y—©

where we have extended the domain of definition of &.(3) by setting &.(y)=0 for y < 0. The
Fourier transform of the last equation gives us

© dk ——— 0 dk -
u f Pl n= | 5P R (k X)aplk. )
o 27 o 27

where we have defined

plk, x)= jo " 4y &) explikp).
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The last equation can be written as u{p, p) ={p*, £qp) where (, ) is the usual scalar
product on C?. Using the Schwarz inequality, we obtain

Wl <p, 0> <Lp* DY (Eqp, Eapy " = p, p>""*{p, a6 *Eqp) .

Thus we have

(p,q€*Eqp)"”
290 O 8.13
Y% ®13)

Using the matrix norm defined in (6.15), we obtain |p*qE*Eaqp| <|B| 1€ +1&] - |p| and
using lemma 8.1 and lemma 8.2, we have

|5*q8 *Eqp| K (F*p)*(ITo| ™" |Fo| » |Fol + 1S — So)*[2(5*p) *].
Using this last inequality in (8.13), we obtain

(%0 dk[(V/2/\To)) |Fo| « \Fol + 1S ~ o] ﬁ*p)

U< [% dkep*p

<max I\/_I \Fol « |Eo + 1S — Sol. QED

Note that in the Marchenko equation for perturbations given in (8.7), x appears only as
a parameter. Hence we expect the eigenvalues of the operator , also contain x as a
parameter. The matrix Fy(k, x) is continuous in k for each x and Fo(k, x)— 1=0(1/k) as
|k| > co. Thus |Fo| and |Fo| are both bounded in k for each x. Hence for each x, if we have

ma |S — Sol < 1
X ~
Tl Y2 max |Fo « |Fol

then the eigenvalues of Q, will be less than one in absolute value, in which case the
Marchenko equation for perturbations given in (8.7) has a unique solution that can be
found by iteration.

Multiplying (8.10) by the row vector (1, 1) on the left and by the column vector (}) on
the right, we obtain

V(x)—Vo(x)= —(1, 1) dj(x,0+) ( ) (8.14)
Let us define the scalar 4(k, x) as

Ak, x)=(1, DIE(—k, x)gH(—k, x)q (i) (8.15)
where H(k, x) as in (7.2) and & (k, x) as in (8.12). We can simplify (8.15) to obtain

A(k, x)=—%0—(w01, Wor)I(S — So) (:/ﬂ/;) (8.16)

Using (8.14) and (8.4), we obtain

V() — Vo) = ———hmf —A(k %) exp(—ikp). 8.17)
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We will use (8.17) to study the stability of the Marchenko inversion in another paper
(Aktosun 1987b).

9. Further properties

Using (3.6) we can find the Schrédinger equation satisfied by the matrix H(k, x) defined in
(7.2) as follows. Since ¥ =¥, H, we have

d2
W(TOH)+I<2\POH=‘PO Hj.

Using the matrix Schrddinger equation for ¥, and multiplying the above equation by ¥5"
on the left, we obtain the equation satisfied by H(k, x):

d*H , d¥, dH
et —— L A H=H. .1
dx 5 "Po dx dx +/10 A. (9 )

The next lemma shows that ¥5' dW¥,/dx can be given explicitly.

Lemma 9.1. Let ¥ be the physical solution to the matrix Schrédinger equation with the
matrix potential

1_1 V+U V-U
2 \v—U v+UJ

Then we have

d¥ *
v =itk dg |V O-VO)

Proof. Using (5.4) and some straightforward algebra, we obtain

\y—li‘ﬁz—l—( U R R B U SHR VA ) B LAV
dx — [ T+ W5y — [ g — [y ®; v)

d
L el = el s )
s X
AT d
— [ Y1 — s v P [Py + Py ®] |

The Wronskians [; v{] and [y®; y{9] are both equal to 2ikT (Newton 1983). We
have Yy + Yy =2 det W=2T and this is independent of x. The Wronskians
(W25 ] and [y*; ] can be evaluated directly in the usual way to obtain

d
o W Y =V — U)y@yf®
X

and

d
IR SYX () FONH (Y IS O (), (v)
= W )=V - Uyl
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and thus using the asymptotics of ¥\, ¢, y* and y*, we have
d
T W5 w1+ s gD = =U) uipl? +wiyl)

=(V—-U)(2det¥)

=2T(V-U)
and by integration, we obtain
[WPs )+ W3 yP)=2T | dr()—-U() 9.2)
—©
=—2Tf 1V (6)— UD). (9.3)
Using all these results in the expression for ¥~' d¥/dx, we obtain
d¥ [ik 0 *
gl = 1J dr(V () —U(®)).
- (0 —ik)+2q | drO-Uw) QED

From (9.2) and (9.3), we have the following.

Corollary 9.1. f ®e dx U(x)= [ Z»dx V(x), where V(x) and U(x) are the potentials for the
scattering matrices

o (T R) and ISI:( T —R)

L T —L T
respectively.
Define X(x) as follows:
K@EJ de(Vo(t)— Us(0). (9.4)
-0
Then the Schrédinger equation satisfied by H(k, x) given in (9.1) can be written as
d*H dH dH
I +211k +Kq d—+,loH HJ. 9.5)

The partial differential equation satisfied by £(x, ) is given in the following.

Lemma 9.2. The matrix &(x, ), which is defined in (8.3), satisfies

9 3é(x,y)_21 o&(x, y) (%, )
ox

— + Ao(x)&(x, ) = &(x, Y)A(x)
ox ay

)+K(x)

where K(x) is the scalar defined in (9.4), and Ao and A are the matrix potentials for the
scattering matrices Sy and S respectively.

Proof. From (8.3) we obtain

Hx, p)=1+ fo " dy éx, ») expliky). 9.6)
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Hence using (9.6) in (9.5), we obtain

d? d d o e
(d—T +2ilk — + K(x)q —+ Ao(x)) J dy &(x, ») exp(iky) — J dy &(x, ) exp(iky)A(x)
X dx dx 0 0

=A(x) = Ao(x).

Using integration by parts, the above equation becomes

© . g [6&(x, ) 0¢(x, ) 0&(x, y)
L dy exp(iky) [—a; ( o —-2I o )+K(x)qT

+ Ao (ks ) — ECx, 1IA() }  A(X)— Ao) + 21 5"; Ex,0+)

The right side of the equation vanishes due to (8.10). Hence the left side must also vanish,
and by unfolding the Fourier transform we obtain the partial differential equation stated in
the lemma. QED

In order to show that the solution to the Marchenko equation for perturbations satisfies
the equation given in lemma 9.2, we need to prove the following three lemmas.

Lemma 9.3. The matrix w(x, y) defined in (8.6) satisfies the partial differential equation

& [0 d ow(x, y)
e | — 27— K ———= 3 Ao (Y wlx, y)=w(x, Y)Ao(x
P (6x ay)w(x,y)-&- (0q o o(X)wlx, )= wlx, ¥)Ao(x)
where K(x) is the scalar defined in (9.4) and A, is the potential matrix of the scattering
matrix Sjp. :

Proof. From (7.6) we obtain ¥o&* =ASEWo. The second derivative of this equation,
after using the matrix Schrédinger equation for W, gives us

a’6*  _d¥, d&* ~
2 dx" - + Wo(lo— kDE * =ASEXo(ho— k).

Yo

Multiplying both sides by ¥o ! on the left and using lemma 9.1, we have

d*¢* dé&* d&*
>— + 2ilk i +Kq P + A E*F=E%A,. 9.7)

dx

Using (8.6), we can take the Fourier transform of (9.7) to obtain

d? d d ® . © .
(8}7 +2iTk—+Kq 7+ Ao ) j dy w(x, y) exp(iky) = f dy w(x, y) exp(iky)do.
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The integration by parts gives us

© o (@&
J dy exp(iky) {5 (—-~ 21—6—) w(x, y) + K(x)g __aw((;;, )

e o + Ao{xywlx, »)

= f dy exp(ikp)wlx, )Ao(x)

and by unfolding the Fourier transform, we obtain the partial differential equation stated
in the lemma, QED

Lemma 9.4. The matrix w(x, y) which is defined in (8.6) satisfies the first order partial
differential equation

(?—Iiﬁmx)q) Wi, )= — D)
ox y

p % I+ 3w(x, WK (x)g

where K(x) is the scalar defined in (9.4).
Proof. From (7.6) we have ¥, & * = AST W,. The first derivative of this equation gives us

dé&* dvy -
+———0@'0“‘=AS”‘dﬂ

¥ .
® dx dx dx

After multiplying both sides by W5 on the left and using lemma 9.1, we obtain

d&*

X

+ilk £* +Kq E* =E* Tk + 36 * Kq.
Taking the Fourier transform of this equation and using integration by parts, we obtain

o & 8

f dy exp(iky) (5—1 P %K(x)q) w(x, )
ow(x,

_owny)

PPt wlx, y)K(x)q),

= fw dy exp(iky) (

Unfolding the Fourier transform, we obtain the first order equation stated in the
lemma. QED

Lemma 9.5. Let &()=&(x,y) where &(x,y) is the matrix defined in (8.3). Then &,(y)
satisfies

ﬁx Qx éxq - Qxﬁx éxq = W(X, )’) (l(x) *—ﬂo(x))

where 4g and A are the matrix potentials for Sy and S respectively, w(x, y) is the matrix
given in (8.6), €, is the operator defined in (8.11), and & is the operator defined as

0

P 8 8
0.6(N= [5; (5;— 2I 5) +K(x)q = lo(x)} &),
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Proof. The straightforward computation gives us, after using integration by parts

0 o0, Q) o0&,
ﬁxgxéxq_gxﬁxéxqz 2 —2I + KqQ, — Q. Kg— 21 <
ox ay ay ay
+ g (4% 2189" +K AL LoQ — QA |
o - + x T Rédy x
ox \ ox ay 7 ox 0 0| &xd

+Q.(»,0+)(A—10)g

© [a (o P 3
Zf_m dz [—;; (a—:(x,y+z)—-2la—;v(x,y+z))+K(x)q§Z—(x,y+z)

oé(x, z)
oz

+lo(x)W(x,y+Z)—W(x,y+z)qio(x)q] q q

@ ow(x, ow(x,

+J dz |2 W%, +2) —21 Wiy +2) +K(x)gw(x, y +2)
o ox ay

ow(x, y+2)

oy
+ wlx, Y)g(A(x)— Ao (x))g.

The first and second integrals above vanish by lemma 9.3 and lemma 9.4 respectively.
Since Ao and A are symmetric matrices, the non-vanishing part of the above equation gives
us the equation stated in the lemma. QED

—w(x, y+2)gK(x)— qZIq) gé(x, 2)q

Using the three lemmas given above, we have the following.

Theorem 9.1. If the matrix Marchenko equation for perturbations given in (8.7) has a
unique solution, then this solution satisfies the partial differential equation given in lemma
9.2.

Proof. Let &.(»)=¢&(x,y) be the unique solution to the Marchenko equation for
perturbations given in (8.7). Then the corresponding homogeneous equation has only the
trivial solution. Let &, be the operator defined in lemma 9.5. We then only need to show
that 7,.&, =& A. We can write (8.7) in the operator notation as &, = w, + Q.&.qg, where we
have defined w,(y) = w(x, ). Thus we have

Ol — &A= Ox(wy + Qu&xq) — A
=0Wy + O Qg —EA (9.8)
From lemma 9.3 we have 7, w, = w,4y. From lemma 9.5 we have
O :&eq =0 0x8:q + Wxd— Wxdo.
Using these two results in (9.8), we obtain
Oxle — &A= 0:6eq + (W — & (9.9)

From the operator form of (8.7), we have w, — & = — Q,£,q. Thus (9.9) becomes

ﬁxéx - éx/l = Qx(ﬁxéx - éxl)q-
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Hence 0, &, — &4 satisfies the homogeneous equation corresponding to (8.7), and it must
vanish. Therefore 0.& = 4. QED

10. Conclusion

In this paper we have extended the Marchenko inversion method to find the change in the
potential which corresponds to a finite change in the scattering matrix. Starting from the
Riemann—Hilbert problem, the Marchenko equation for perturbations is derived. The
change in the potential is related to the solution of the Marchenko equation for
perturbations the same way as in the regular Marchenko formulation.
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