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Abstract

The direct and inverse scattering problems on the full line are analyzed for a
first-order system of ordinary linear differential equations associated with the
derivative nonlinear Schrodinger equation and related equations. The system
contains a spectral parameter and two potentials, where the potentials are
proportional to the spectral parameter and hence are called energy-dependent
potentials. Using the two potentials as input, the direct problem is solved
by determining the scattering coefficients and the bound-state information
consisting of bound-state energies, their multiplicities, and the corresponding
norming constants. Using two different methods, the corresponding inverse
problem is solved by determining the two potentials when the scattering data
setis used as input. The first method involves the transformation of the energy-
dependent system into two distinct energy-independent systems. The second
method involves the establishment of the so-called alternate Marchenko
system of linear integral equations and the recovery of the energy-dependent
potentials from the solution to the alternate Marchenko system.

Keywords: alternate Marchenko system, inverse scattering for first-order
systems, energy-dependent potentials

1. Introduction

In this paper we are interested in analyzing the direct and inverse scattering problems for the
first-order system
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where ( is the spectral parameter, x is the spatial coordinate, R denotes the real axis (—oo, +00),
. al.
the scalar-valued potentials ¢(x) and r(x) belong to the Schwartz class, and | | is the wave-

function depending on ¢ and x. Because of the appearance of the spectral parameter ¢ in front
of the potentials g(x) and r(x) in (1.1), the system (1.1) is referred to as an energy-dependent
system. We remark that ¢(x) and r(x) are not necessarily real valued.

As indicated in section 3, the system (1.1) is associated with the first-order AKNS system

[1-3]
m/ N [;(le) ui(;)} m x€R, (1.2)

where the prime denotes the x-derivative, the spectral parameter A is related to ¢ as

A= (1.3)
and the potentials u(x) and v(x) are related to ¢(x) and r(x) appearing in (1.1) as

u(x) == q(x) E2, (1.4)

() i= (=570 +  ato) ) B (1)

with E being the function of x given by

E := exp (; /x dyq(y) r(y)>- (1.6)

— 00

For notational simplicity, we suppress the dependence of E on x.
As also indicated in section 3, the system (1.1) is associated with another energy-independ-
ent AKNS system, namely

- 10 e

€ s(x) i ] |e
where the potentials p(x) and s(x) are related to g(x) and r(x) as
i 1
o0 = (500 + o ro)) £, (1)
s(x) := r(x) E% (1.9)

In contrast with (1.1), we refer to (1.2) and (1.7) as the energy-independent systems.

The goal in the direct scattering problem for (1.1) is, given the potentials ¢(x) and r(x), to
determine the scattering coefficients associated with (1.1) and also to determine the bound-
state information related to (1.1). The inverse problem for (1.1) is to determine the potentials
q(x) and r(x) in terms of the input data set containing the scattering coefficients and the
bound-state information for (1.1). The direct and inverse scattering problems for the energy-
independent systems (1.2) and (1.7) are well understood [1-3, 16] when the potentials u(x),
v(x), p(x), and s(x) belong to the Schwartz class and satisfy the additional restriction that each
bound state is simple (i.e. the assumption that there is only one linearly independent square-
integrable solution for each A-value corresponding to a bound state of (1.2) and of (1.7)). By
using the method of [4, 5, 9], the bound states with any multiplicities can easily and in an
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elegant way be handled, and hence in our paper we do not make the additional assumption
that the bound states are simple.

Our goal in this paper is to solve the direct and inverse scattering problems for (1.1) with
the help of the solutions to the direct and inverse scattering problems for (1.2) and (1.7). We
accomplish our goal by establishing the appropriate transformations among certain particular
solutions known as the Jost solutions, the scattering coefficients, and the bound-state informa-
tion for (1.1), (1.2), and (1.7). The bound states for these three systems are not necessarily
simple, and the multiplicities of the bound states and the corresponding norming constants are
treated in our paper without assuming simplicity of bound states.

The research presented is based on the second author’s doctoral thesis [10] under the super-
vision of the first author. Our paper is organized as follows. In section 2 we establish our
notation and provide the preliminaries needed for our analysis in later sections. We describe
the scattering data sets for the energy-independent systems (1.2) and (1.7), and this is done
by paying particular attention to the bound states and to their multiplicities and by expressing
the corresponding bound-state information in terms of certain triplets of constant matrices,
whereas in the main references [1-3, 16] the bound states are assumed to be simple. We pre-
sent a brief summary of the solution to the corresponding inverse problems via the so-called
Marchenko method. In section 3 the energy-dependent system (1.1) is transformed into the
two energy-independent systems (1.2) and (1.7). The transformations are presented relating
the Jost solutions for (1.1) to the Jost solutions for (1.2) and for (1.7). In section 4 a brief
description is presented for the determination of the scattering data set for (1.1) when the
potentials g(x) and r(x) appearing in (1.1) are used as input. In section 5 the inverse problem
for (1.1) is solved by exploiting the relations among the scattering data sets for (1.1), (1.2) and
(1.7). In section 6 the same inverse problem is solved by using a method different from the
one used in section 5. This is done by deriving a system of uncoupled linear integral equations,
which we refer to as the alternate Marchenko system. The scattering data set for (1.1) is used
as input to the alternate Marchenko system, and the potentials ¢(x) and r(x) are recovered
from the solution to the alternate Marchenko system.

When the potentials g(x) and r(x) appearing in (1.1) depend on an additional parameter 7,
which can be interpreted as the time parameter, the system (1.1) is replaced with

o P I LA o

Via the inverse scattering transform, the system (1.10) is related to the system of integrable
evolution equations [1, 3, 15]

{i% + g —i(grg): = 0,

R
iry — ry — i(rgr), = 0, *€R, 1>0, (.11

which is known as the derivative NLS (nonlinear Schrodinger) system. Note that the sub-
scripts in (1.11) denote the corresponding partial derivatives. The special case of (1.11) when
r(x) = Fq(x)*, where the asterisk denotes complex conjugation, corresponds to the derivative
NLS equation [1, 3, 14]

ig, + qx £i(qlql*)s = 0. (1.12)

The initial-value problem for (1.12) was solved by Kaup and Newell [14] by using the method
of inverse scattering transform. Tsuchida developed [15] a method to solve the initial-value
problem for (1.11) by deriving an uncoupled system of two linear integral equations resem-
bling our alternate Marchenko system.



Inverse Problems 35 (2019) 085002 T Aktosun and R Ercan

Our emphasis in this paper is on the scattering and inverse scattering problems for the lin-
ear system (1.1) and not on the integrable nonlinear system (1.11) or its special case (1.12),
whereas the emphasis in [14] and in [15] is on the solutions to the integrable systems given
in (1.12) and (1.11), respectively. The most relevant references to our study are [14] and [15].
The transformation of the energy-dependent system (1.1) into the energy-independent sys-
tems (1.2) and (1.7) resembles the conversion of the energy-dependent Schrodinger equation

d> W (k,
4€%Q+%%QYW=Q xeR, (1.13)
into the standard Schrodinger equation
d’®(k,
d;”+#®wwVM¢wwa yER, (1.14)

by using the Liouville transformation

y:i= /Oxdzn(z), D(k,y) := /n(x) U(k,x),

n(x 31/ (x)?
Vo) = 2n((x))3 B 4n((x))3

When n(x) > 0, it is known [8] that there are no bound states associated with (1.13) or
(1.14), whereas the bound states and their multiplicities are relevant for (1.1), (1.2), and (1.7).
Furthermore, the independent variable x remains unchanged when (1.1) is transformed into
(1.2) and (1.7), whereas the independent variable x in (1.13) is different from the independent
variable y in (1.14).

Let us also mention [11], where Guillaume and Jaulent considered the generalization of
(1.1) given by

a1 =l

where ¢j(x) and rj(x) for j =0,1,...,n are some scalar-valued functions. Note that when
n=1,¢qo(x) =0, and ry(x) = 0 in (1.15), one obtains (1.1). In [11], assuming that the bound
states are all simple, the inverse scattering problem for (1.15) is analyzed using the scattering
data for (1.15) as well as the scattering data for the related system obtained by replacing ¢? in
(1.15) by —C 2. The method used in [11] is a generalization of the method used to analyze the
inverse scattering problem for the energy-dependent Schrodinger equation

d>W (k, x)

A2

by using the scattering data for (1.16) as well as the scattering data for the related system
obtained by replacing k in (1.16) by —k. For the analysis of the inverse scattering problem
for (1.16) when P(x) is purely imaginary and Q(x) is real, we refer the reader to [12, 13] and
refer to [7] when P(x) and Q(x) are both real valued. For further information on the scattering
problem for (1.16) and further related references, the reader is referred to [6], where it was
also shown by explicit examples that there may be bound states with multiplicities.

} , x eR, (1.15)

+ K20 = [ikP(x) + Q(x)] ¥(k,x), xER, (1.16)
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2. Preliminaries

In this section we establish our notation and provide the preliminaries needed in later sections.
This is done by presenting a brief summary of the solution to the direct and inverse problems
associated with the energy-independent systems (1.2) and (1.7), as these are needed to solve
the corresponding inverse problem for (1.1). We state the results mainly for (1.2), as the results
for (1.7) can be stated in a similar way. A proof is omitted because it can be found in [2] under
the further assumption of simplicity of bound states, and the bound states with multiplicities
can be handled by the method of [4, 5, 9].

Theorem 2.1. Assume that the potentials u(x) and v(x) appearing in (1.2) belong to the
Schwartz class. We then have the following:

(a) The system (1.2) has the so-called Jost solutions ), ¢, V), ¢ satisfying the respective as-

ympiotics
b(x) = [e&i +o(1), x-— 400, AER, 2.1
S(Ax) — [eOA] +o(1), x— -0, AER, 2.2)
Bx) = [e_(?x] +o(l),  x— 400, AER, 2.3)
SO0 x) = L(ﬂ Fo(l)y x——00, AER. 2.4)

We remark that an overbar does not denote complex conjugation. We further remark that
our definition of the Jost solution ¢ differs by a minus sign from that used in [2].

(b) The six scattering coefficients T, R, L, T, R, L associated with (1.2) are obtained from the
large x-asymptotics of the Jost solutions as

0y

(A x) = +o(1), x—= —o00, AER,

iAx 2.5

d(Ax) = +o(1), x— 400, AER,

% P (2.6)

(A x) = @ . +o(1), x— —00, MER, @
T
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@efi)\x
o\ x) = () . +o(1), x—+oo, AeR. 2.8)
(V) '

We remark that T and T are known as the transmission coefficients, R and R as the reflec-
tion coefficients from the right, and L and L as the reflection coefficients from the left.

(c) The scattering coefficients are not all independent, and in fact we have
LY = _R(AT)(;W, L(\) = _’w, AER
2.9
(d) The transmission coefficient T(\) has a meromorphic extension from the real A-axis to
the upper-half complex plane C*. Similarly, the transmission coefficient T(\) has a mero-
morphic extension from the real \-axis to the lower-half complex plane C~. Furthermore,

we have
1 R
T\ =1+0 ()\) , A—oo in AeCt, (2.10)
_ 1 —
T()\)1+0<)\>, A—oo in AeC—, (2.11)

where we have defined CE := C* UR.

(e) The bound states for (1.2), i.e. column-vector solutions to (1.2) that are square integrable
in x € R, occur at those \-values at which T(\) has poles in C* and at those \-values at

which T () has poles in C™. The number of bound states is finite, and each bound state
N

is not necessarily simple but has a finite multiplicity. We use {)\j} to denote the set of
j=1

poles of T(X) in C*, and we use m; to denote the multiplicity of N;, i.e. we assume that the

number of linearly-independent square-integrable column-vector solutions to (1.2) when

A = \jis equal to mj. Thus, the nonnegative integer N denotes the number of bound states
N

associated with T(\) without counting multiplicities. In a similar way, we use {S\j} to
J=1

denote the set of poles of T(\) in C, and we assume that each \; has multiplicity mj, i.e.
the number of linearly-independent square-integrable column-vector solutions to (1.2)
when \ = j\j is equal to m;. Thus, the nonnegative integer N denotes the number of bound
states associated with T(\) without counting multiplicities.

For the system (1.2), associated with each bound state at A = \; we have the bound-state
norming constants cj, where a double index is used as a subscript with j=1,..,N and
k=0,1,...,m; — 1. Similarly, associated with each bound state at A = 5\]- we have the bound-
state norming constants Cj, where j =1, ..N and k=0,1, ....,m; — 1. We refer the reader
to (4.29) and (4.49) of [9] for the definitions of and elaborations for cj and cj, respectively.

We recall that the direct scattering problem for (1.2) consists of the determination of the
set of scattering coefficients

{T(/\),R(/\),L(/\), T(/\),R(A),Z(A)}, (2.12)

as well as the bound-state information
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Potak Y (et 21

when the potentials u(x) and v(x) are given.
The solution to the direct scattering problem for (1.2) can be obtained as follows:

(a) Using the potentials u(x) and v(x) appearing in (1.2), when they belong to the Schwartz
class, we uniquely determine the corresponding Jost solutions v, ¢, 1, ¢ satisfying the
asymptotics (2.1)—(2.4). The existence and uniqueness of the Jost solutions are established
by converting (1.2) and (2.1)—(2.4) into the corresponding integral equations for those
Jost solutions and then by solving those integral equations iteratively by representing
their solutions as uniformly convergent infinite series.

(b) From the respective asymptotics (2.5)—(2.8) of the four constructed Jost solutions, we
recover the scattering coefficients appearing in the set described in (2.12).

(c) Since the transmission coefficient T()\) has a meromorphic extension from R to C*
and the transmission coefficient 7(\) has a meromorphic extension from R to C™, by
_ N
using the respective poles and multiplicities of those poles we determine N, N, {)\j} ,
_\N J=1
{)\j} as well as the multiplicities m; and n;.
J=1 -
(d) I:Iaving obtained the Jost solutions 1, ¢, 1, ¢, and the transmission coefficients T'(\) and
T (), we determine the norming constants cj and ¢j appearing in (2.13) as described by
(4.29) and (4.49) of [9].

Having outlined the solution to the direct scattering problem for (1.2), let us turn our atten-
tion to the corresponding inverse scattering problem. The inverse problem for (1.2) consists
of the determination of the potentials u(x) and v(x) in terms of the input data consisting of the
corresponding sets appearing in (2.12) and (2.13). As a result of (2.9), we can omit the left
reflection coefficients L(\) and L()) from the set in (2.12). A solution to this inverse problem
can be given as follows:

(a) Using the quantities appearing in (2.12) and (2.13), we form the 2 x 2 matrix-valued
function F(y) given by

_ [0 Q@
F(y) == {Q(y) 0 ] (2.14)
where
Qly) == % /jo dAR(\)e™ + Ce ™ B, (2.15)
Q@) := % /_oo dAR(\) e ™ 4 Ce ™ B, (2.16)

Here R(\) and R()) are the reflection coefficients from the right appearing in (2.12) and
Gi= o G v Gl @.17)

Ci = [Cim-1) Cim—2) -+ 1 Col, (2.18)
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where we observe that C; is a row vector with m; components and C; is a row vector with
m; components. The square matrices A and A and the column vectors B and B appearing
in (2.15) and (2.16) are constructed as follow. We first form the square matrices A; and A,
with respective sizes m; X m; and m; X m;, as

(i, -1 0 - 0 0
0 -y -1 - 0 0
0 0 —iN - 0 0
Aji=| . ) . ) s (2.19)
0 0 0 -y -1
L 0 0 0 0 —i\]
iy -1 0 -+ 0 0]
0 iy -1 0 0
B 0 0 iy -~ 0 0
A= . . A I (2.20)
0 0 0 - iy —1
L0 0 0 - 0 i)

We note that A; and A; are in Jordan canonical forms. Next, we construct the column
vector B; so that its first (m; — 1) components are all zero and its last component, i.e. the
mjth component, is equal to one. Similarly, we construct the column vector B; so that its
first (7m; — 1) components are all zero and its last component, i.e. the /;th component, is
equal to one. Thus, we have

0"

Bi:= ||, j=1,...,N, (2.21)

B:=||, j=1..,N (2.22)

The block matrices A and A, the blogk row Yectorst and C, and the block column vectors
B and B are formed in terms of A, A;, B, B;, Cj, C; as

Ay 0 - 0 0
0 A --- 0 0
R (223)
0 O Ay—1 O
0 0 0 Ay
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A 0 0 0
0 A 0 0
A= : I (2.24)
0 0 Ay, O
0 0 0 Ay
[B) B,
B _ B,
B = N B': . N (2'25)
L Bn BN
C:=[Ci G - G, C=[C1 G - Cy]. (2.26)

We refer the regder to [4, 5, 9] for further details of the construction of the matrix triplets
(A,B,C) and (A, B, C) in terms of the scattering data sets appearing in (2.12) and (2.13).

(b) Having formed the matrix F(y) appearing in (2.14), we use it as input to the linear 2 x 2
matrix-valued integral equation, known as the Marchenko system of integral equations,

K@ﬂ+F&+w+/ dzK(x,2) F(z+y) =0,  x<y, (2.27)

and we obtain the solution K (x, y) for —oco < x < y < 400, where K(x, y) is expressed in
terms of its entries as

Ki(x.y) Ki(x.y)
Ky(x,y) Ka(x,y)

It is understood that K(x,y) = 0 when x > y, and hence (2.27) is valid only when x < y.

] = K(x,y). (2.28)

(c) Having obtained K(x, y), we use K(x,x), which is defined as K(x,x"), in order to recover
the potentials u(x) and v(x) via

u(x) = =2 K;(x,x), (2.29)
v(x) = =2 K> (x,x), (2.30)
/oo dzu(z) v(z) = 2 Ki(x,x), (2.31)
/ dzu(z) v(z) = 2 K5 (x, x). (2.32)

To prevent any confusion, we can use the superscript (u, v) and the superscript ( p, s) for
the input data sets appearing in (2.12) and (2.13) in order to associate them with (1.2) and
(1.7), respectively. In other words, instead of (2.12) and (2.13) we can respectively use

{T(u,v)’ R(u,v) , L(u,v) , T(u,v)’ R(u,v) , i(u,v) }’ (233)
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) )
( ( ) (u v) 1 ( ) ( 7;L(.v) 1 N
{)\ uv { u. }k 0 }J 1 , {)\ u,v { MV Lo }jZI . (2'34)

We remark that the potentials p(x) and s(x) appearing in (1.7) can be recovered from the input
data sets expressed as in (2.12) and (2.13), i.e.

{T(m, R L(P) T(ps) R(PS) [(Ps) } (2.35)

NP

E gm0y N —(ps w1
(NP ey },-:1’ N ey, T @36

Jj=1

and this can be achieved by using the analogs of the steps (a)—(c) listed above and by starting
with the input data set consisting of (2.35) and (2.36).

3. Transformations

In this section we provide the transformations of the energy-dependent system (1.1) into the
two energy-independent systems given in (1.2) and (1.7), respectively. Thus, we deal with
three first-order systems glven in (1.1), (1.2), and (1.7). For each of these systems there are
four Jost solutions 1, ¢, 1), ¢ and there are six scattering coefficients T, R, L, T, R, L. From
(1.1), (1.2), and (1.7), we see that the corresponding coefficient matrices for these three sys-
tems all have the same asymptotic limits as x — 400, and hence for each of these three sys-
tems it is possible to define the corresponding Jost solutions 1, ¢, 1, ¢ in the same way by
using the spatial asymptotics given in (2.1)—(2.4). Similarly, for each of these three systems it
is possible to define the scattering coefficients 7, R, L, T, R, L in the same way by using the
spatial asymptotics given in (2.5)—(2.8).

By indicating the appropriate pair of potentials appearing in the off-diagonal entries in the
corresponding coefficient matrix, we are able to uniquely identify the Jost solutions and the
scattering coefficients for each of the three first-order systems given in (1.1), (1.2), and (1.7),
respectively. For example, we use (€47, (€< ¢)(Ca¢r) - 4(Ca<r) to denote the four Jost
solutions corresponding to (1.1); we use 7,/1(””), (b(”'v), zZ_J(“"’), 95(“"’) to denote the four Jost solu-
tions corresponding to (1.2), etc. Similarly, we use 7(¢4<"), R(Ca:Cr)| [ (Ca.¢r) T (Ca.Cr) - R(Ca.Cr),
L2441 to denote the scattering coefficients corresponding to (1.1); as in (2.33) we use 7)),
R [ (wv) T@v)  Ruv) [ () to denote the scattering coefficients corresponding to the sys-
tem (1.2), etc.

In the next theorem we provide the relations among the Jost solutions to (1.1) and (1.2),
respectively.

Theorem 3.1. Assume that the potentials q(x) and r(x) appearing in the first-order system
(1.1) belong to the Schwartz class. Then, the system (1.1) can be transformed into the system
(1.2), where the potential pair (u,v) is related to (g, r) as in (1.4) and (1.5), and it also follows
that the potentials u(x) and v(x) belong to the Schwartz class. The four Jost solutions corre-
sponding to the respective systems (1.1) and (1.2) are related to each other as

(Cacr) _ ana | VAE 0 |
(i e [()EE P, (3.1

Py, (3.2)

peacn — | E O
mr(x)E WE
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_ . E 0 _
PlCar) — g=in/2 | N R (3.3)
2\/X r(.x) E ﬁ E
_ NE 0 |-
o = | VVE - O | (34)
sT)E E

where the quantity /X is the same as the spectral parameter ¢ appearing in (1.3), E is the
quantity defined in (1.6), and the scalar constant p is given by

pom / " dyq) ). (3.5)

— 00

Proof. Multiplying the second equation in (1.1) by ¢ we obtain

7

[a —i¢? q(X)} {a]
= . , xeR. (3.6)
19 {Czr(X) ic? ] ¢
We try to write (3.6) in a way similar to (1.2) by letting
o] ¢
=T ) 3.7
[CB] [77] G-D
where I' is a 2 x 2 matrix-valued function of x having the form
Ty ']
T F4] =T (3.8)

Using (3.7) in (3.6) we get

& _ (. [FiC @] [
N G I L TN R G
Multiplying (1.2) on the left by I we obtain
R
n v(x) x| |n

As a result of (1.3), we can replace ¢? in (3.9) by A. Then, comparing the right-hand sides
of (3.9) and (3.10), with the help of (3.8) we obtain a first-order system of differential equa-
tions for I, i.e.

x €R,
(3.11)

Fll FI2 . C]F3 — vl“z —2i)\F2 + qF4 — uI‘1
T, T, [2iADs + ATy — Iy ATy — ul's ’

which is also a linear polynomial equation in A of degree one. From (3.11), because 7 is
assumed to depend on x but not on A, by solving the polynomial equation we get six equa-
tions that are given by

1
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I =g, I,=0, Ty —ul'y =0,
{1 qLls 2 ql a4 1 (3.12)

F/3 = —VF4, 21F3 + I’F] = 0, le = —MF3.

We would like to solve (3.12) to obtain I'y, I'5, I's, I'4, u, and v in terms of ¢ and r. From (3.12)
we obtain

Iy =6E, T)=0, n:&ler,
qls _ T r I3 (3.13)

r, Iy uiqﬁ’ Ty
Ly=8E', u=—-qgE? v=-22 (3.14)

where 4, is a constant. For simplicity we let §; = d, and hence (3.13) and (3.14) yield u and v
as in (1.4) and (1.5), respectively, and

E 0
I'=9 Ye o) (3.15)

As indicated in the beginning of this section, the four Jost solutions to (1.1) satisfy the asymp-
totics similar to those given in (2.1)—(2.4), i.e.

PCacn = Ligzx +o(1), x— 400, CE€R, (3.16)
plCacr) — [e(ifzx +0o(l1), x——o00, CE€R, (3.17)
Peaen) = |ﬁ;§2x +o(1), x— 400, (E€R, (3.18)
PlCadr) = Li(c)zx +o(1), x— —00, (€ER, (3.19)

where we remark that ¢? can also be replaced by \ as a result of (1.3). From (3.7) we see that
we can relate any solution to (1.1) to any solution to (1.2) as

m - [(1) ;1 : m (3.20)

where I is the matrix-valued quantity given in (3.15). From (1.6) and (3.5) we have

lim E=1, lim E=¢e"/? (3.21)

X——00 x——+oo

12
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With the help of (3.20) and (3.21), by comparing the asymptotics of the Jost solutions to (1.1)
given in (3.16)—(3.19) with the asymptotics of the Jost solutions to (1.2) given in (2.1)—(2.4),
we obtain (3.1)—(3.4). [l

Next we provide the relations among the Jost solutions to (1.1) and to (1.7), respectively.

Theorem 3.2. Assume that the potentials q(x) and r(x) appearing in the first-order system
(1.1) belong to the Schwartz class. Then, the system (1.1) can be transformed into the system
(1.7), where the potential pair (p, s) is related to (q,r) as in (1.8) and (1.9), and it also follows
that the potentials p(x) and s(x) belong to the Schwartz class. The four Jost solutions corre-
sponding to the respective systems (1.1) and (1.7) are related to each other as

1 i —1
$(Cac = gin/2 lfBE BN ;_(T)E 1 P, (3.22)
E —iqx)E™!

(Car) — 2 (pss)
é 0 E otPs), (3.23)
_ . E —ilgqx)E7'| -

(Cq.Cr) — a—in/2 2 (ps)
’l)Z} (] lo \/XE71 1;Z) ) (324)

1 i —1

PG — [\%E PIVY ;ET)E ] P, (3.25)

where the quantity \/X is the same as the spectral parameter  appearing in (1.3) and E and
W are the quantities appearing in (1.6) and (3.5), respectively.

Proof. The proof is similar to the proof of theorem 3.1, except that, in the beginning of the
proof, instead of multiplying the second equation in (1.1) by ¢, we multiply the first equa-
tion in (1.1) by (. O

In the next theorem we summarize the transformations among the scattering coefficients
for the first-order systems (1.1), (1.2), and (1.7).

Theorem 3.3. Assume that the potentials q(x) and r(x) appearing in the first-order system
(1.1) belong to the Schwartz class. Then, the scattering coefficients for (1.1) are related to the
scattering coefficients for (1.2) and for (1.7) as

TCalr) — g=in/2 puv) — o=in/2(ps) (3.26)
TCalr) — gin/2 Tluwv) _ in/2 7(ps) (3.27)
R(Calr) _ e\}: RWY) — g=in /X R(PS) (3.28)
R(Car) — ot \/\ Ruv) — f;; R(P) (3.29)
L(6asr) — )\ L) = \% L(Ps) (3.30)

13



Inverse Problems 35 (2019) 085002 T Aktosun and R Ercan

_ 1 - (s
1(Cacr) — 7 L) — /XL, (3.31)

where i is the quantity defined in (3.5), the quantity \/X is the same as the spectral parameter
C appearing in (1.3), and the superscripts for the scattering coefficients are as indicated in
(2.33) and (2.35).

Proof. As indicated in the beginning of the section, the scattering coefficients for (1.1) are
obtained from the large x-asymptotics of the Jost solutions to (1.1) as in (2.5)—(2.7), i.e.
rrCatr) 7
(¢q:6r) T(Ca<r) e
a-Cr) — < +o(l), x— —o00, (€ER,
v _ b e M ¢ (3.32)
L 7(Cq.Cr) i
-1 ]
(¢q.Cr) _ T(Cq,Cr)
o) R(CaCr) i +o(1), x— 400, (E€R, (3.33)
——— €
L 7(Ca.Cr) i

ro1

= €
7(Cacr) _ | TCacr) +o(1 X — —00 eER
(G LE9<) o (1), » CER (3.34)

| TCacn €

7i(2x_

M R(Ca:Cr) 4{2)“

PLeatr) = T(Caxr) ¢ +o(1), x— +oo, (€R.
1 i (3.35)
L 7(Ca.cr) J

Using (1.3), (3.16)—(3.19), (3.21), and (2.1)—(2.8) for each of (1.2) and (1.7) in (3.1)—(3.4) as
well as in (3.22)—(3.25), we obtain (3.26)—(3.31). O

From (3.26) we see that the poles of T(¢4¢") and of T(*") are closely related to each other,
and similarly from (3.27) we see that the poles of T(¢4<") and of T(*") are closely related to
each other. With the help of theorem 2.1(e), from (1.3) and (3.26) we conclude that the bound
states for (1.1) related to T(¢4<") occur at the ¢-values ¢ and —¢; for j=1,...,N, where
+(; and ); are related to each other as \; = (£¢;)* and N is the number of poles of T in
C* in the complex A-plane. We remark that (3.26) also implies that 7<) and T") have
the same number of poles in C* in the complex A-plane. In a similar way, with the help of
theorem 2.1(e), from (1.3) and (3.27) we see that the bound states for (1.1) related to 7(¢4-<")
occur at the (-values EJ and —Ej forj=1,... ,N, where j:@- and )_\j are related to each other
as \j = (£()?. We also remark that (3.27) implies that T(2<") and T(*") have the same num-
ber of poles in C~ in the complex A-plane and hence we can use N to denote that common
number. Since ¢; and —(; correspond to the same A, from (3.26) we see that each of ¢; and
—¢j has multiplicity m; and in an analogous manner from (3.27) we see that each of g_“, and —fj
has multiplicity ;.

As shown from the second terms appearing on the right-hand sides of (2.15) and (2.16), the
bound states with multiplicities and their corresponding norming constants can be handled by
using the matrix triplets (A, B, C) and (A, B, C) given in (2.23)—(2.26). Due to the flexibility
and ease of including the bound-state norming constants in the row vectors C and C appearing

14
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in (2.26), the treatment of the bound states in the solution to the corresponding inverse scat-
tering problems becomes elegant.

4. The direct problem for the energy-dependent system

In this section we describe the solution to the direct scattering problem for (1.1). This involves
the determination of the corresponding scattering coefficients T(¢4:¢"), R(Ca:<r) | [ (Ca.Cr) T(Ca:Cr),
R(Ca:Cr)| [(C4¢7) "and the relevant bound-state information when the potential pair (g, r) in the
Schwartz class is given. The solution is obtained as described below:

(a) We solve the system (1.1) and uniquely determine the four Jost solutions 1(¢%:<"), ¢(¢4:C),
e $(Ca<r) satisfying the respective asymptotics (3.16)—(3.19). The existence and
uniqueness of the corresponding Jost solutions can be proved in the standard manner
when ¢(x) and r(x) belong to the Schwartz class. For further details we refer the reader to
[10]. For example, (1.1) and (3.16) for ¢(Cq’<’) can be used in order to obtain an integral
equation for 1/(¢¢<"), When ¢(x) and r(x) belong to the Schwartz class, one can prove
that the resulting integral equation can be solved via iteration by representing its solution
as a uniformly convergent infinite series. Alternatively, one can use the already known
existence and uniqueness of the Jost solution ™Y associated with (1.2), and by using
(3.1) one can conclude the existence and uniqueness of 1(¢4<") associated with (1.1). The
existence and uniqueness of the remaining Jost solutions ¢(¢#¢"), 4/(¢2<) and $(¢4<") can
be established in a similar manner.

(b) We then determine the scattering coefficients T(¢4<"), R(C4:¢r)| [(Ca¢r) T (Cadr) - R(Ca.Cr),
L€4<7 from the Jost solutions (€47, ¢(Ca:¢r) | 4 (Ca¢n) - §(CaX) constructed in the pre-
vious step, by using the respective asymptotics described in (3.32)—(3.35). Alternatively,
those scattering coefficients can be obtained by using some Wronskian relations among
the constructed Jost solutions. We remark that the Wronskian of any two column-vector
solutions to (1.1) is independent of x, which is a consequence of the fact that the coef-

. .. . « «
ficient matrix in (1.1) has a zero trace. For any two column-vector solutions [ 1} and [52]
1 2

to (1.1), we recall that the Wronskian is defined as
a1 Qp

)5l =15 o

where the absolute bars on the right-hand side in (4.1) denote the determinant of a 2 x 2
matrix. By evaluating certain Wronskians of the Jost solutions to (1.1) at x = +o00 and
x = —oo and by using (3.16)—(3.19) and (3.32)—(3.35), it can directly be verified that we

) “4.1

have
1

(€q.Cr). (€l — — — —
[pleacr); ] = — s 4.2)
— - 1

(Cq.Cr). H(CaC)] —
[w ’ ¢ } T(C‘LC") s (43)

_ R(Cacr)  [(Cacr)

(€a.€r). $(Calr)] — — - .

W R ] T(Cq.Cr) T(Cacr)’ @.4)

15
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R(CaCr) B L(Ca:Cr)
TCalr) —  T(Cagr)” (4.5)

[((Caen; (cacn] =

Hence using (4.2)—(4.5) the scattering coefficients can be expressed in terms of the
Wronskians of the constructed Jost solutions as

1

T(Ca¢r) —
[¢(Cq,cr);¢(c“q,<r)] ’
(4.6)
Feac 1
[$Ca<; 3Cacn]’
@.7)
(Car) [¢(Cq,cr); @(Cq,cr)]
R = e, glcacn] “8)
o (Ca) [g{,(Cq,Cr); 1/,(4‘61,0)]
R = g, geacn] “49)
(Cacr) W(C%Cr) : QE(Cq,Cr)]
Lo = [¢(Cq,cr);¢(§‘q,€r)]’ (4.10)
~ (Car) [¢(C%Cr); 1/_,(@130)]
L= [$(Ca); glCadn]” @10

(c) By using (3.26) and theorem 2.1 one can prove that the transmission coefficient T(CaCr) ig
meromorphic in A € C* with a finite number of poles there corresponding to the bound
states. Similarly, by using (3.27) and theorem 2.1 one can prove that the transmission
coefficient T(¢4<") is meromorphic in A € C~ with a finite number of poles there corre-
sponding to the bound states. The location and multiplicities of such bound-state poles in
C™T and C~, respectively, are determined as a result of the uniqueness of the meromorphic
extensions from R to C* and C~, respectively. The norming constants ¢, and ¢j can then
be constructed in a similar way as in (4.29) and (4.49) of [9].

5. The inverse scattering problem for the energy-dependent system
In this section we describe a solution to the inverse scattering problem for (1.1). This involves

the recovery of the potentials g(x) and r(x) appearing in (1.1) from the input data consisting
of the set of scattering coefficients

{T(cq,@*r)’ R(Ca:C) [ (Cadn) F(Cadr) R(Car) F(Cacr) } .1

and the bound-state information
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(¢a.¢n) N(<a<n)
(Cq.Cryym; -1
{ + Cj’ {Cjk }kao }

o (Cagr) e
{ + Cj’ {Cjk ! }k':o }j:I

From (1.3), (3.26), and (3.27) we see that ¢ appears as ¢ in T(¢%<") and in 7(¢4<"), From
(3.26) it follows that the number of poles for each of T(Cacr) 7wy) and 7% in Ct of the
complex A-plane is the same, i.e. we have

=t (5.2)
)

N(Cacr) — ) — (o), (5.3)

and we use N to denote their common value. Similarly, from (3.27) it follows that the number
of poles for each of T(€4<"), T(Y) and T(7*) in C~ of the complex A-plane is the same, i.e.

NCacr) — ) — o), (5.4)

and we use N to denote their common value. Note that the value of e ~i#/2, where 1 18 the con-
stant appearing in (3.5), can uniquely be determined from the large ¢-asymptotics of 7(¢4-<")
via

T(€CaCr) — o—in/2 [1 +0 <<1)] , ¢ — +o0, (5.5)

which directly follows from (1.3), (2.10), and (3.26). Alternatively, /2 can be determined
from the large ¢-asymptotics of T(¢4<") via

_ . 1
T(CaCr) — gin/2 [1 +0 <<2>:| , ¢ — +o0, (5.6)

which directly follows from (1.3), (2.11), and (3.27). Let us remark that from (4.4) and (4.5)
we have
R(Ca:¢r) T(Car) F(cacr) _ _R(ﬁqycr) T(Ca:Cr)

1(Calr) — _
T(Cagr) 7 T(Catr) 7

(5.7)

and hence, in order to solve the inverse problem, in the input data set, instead of (5.1), we can
use its subset

{T«;q,m, R(Ca:n) T(Cacr) RCacr) } (5.8)
We recall that =¢; and :l:fj appearing in (5.2) are related to \; and Xj appearing in (2.13) as
(£G) =N,  Jj=1,...,N, (5.9)
(£G) =N, j=1,....N, (5.10)

where we use ); to denote the common value of )\;"’v) and )\j(P ’S), i.e.
\ = AJ(”’V) — )\;P’S), j=1,...,N,

which is a consequence of (3.26). Similarly, we use j\j to denote the common value of 5\;”)
and 5\;”), ie.

)\jzij(u’v) :j\j(P,S)’ jzl,...,N,

17



Inverse Problems 35 (2019) 085002 T Aktosun and R Ercan

which is a consequence of (3.27). From (3.26) it also follows that the multiplicity of Cj(gq,gr)
and the multiplicity of \; are equal, i.e. we have

m{ D = m™ =P, =1, N (5.11)

We use m; to denote the common value appearing in (5.11). Similarly, from (3.27) it follows

that the multiplicity of C_j((q‘qr) and the multiplicity of ); are equal, i.e. we have
D = m™ =", j=1,....N. (5.12)

We use m; to denote the common value appearing in (5.12).
We can solve the inverse scattering problem for (1.1) by using the following steps:

(a) From T(CaCr) appearing in the data set (5.1) we can recover the value of e'"/2 via (5.5).

(b) Using the already recovered value of ¢'*/2, from (5.1) we get the auxiliary data subset

{ R R R(Ps) R(p) } (5.13)
where we have
. _ 1 L
R(“’V) — \/Xell‘ R(Cq,Cr)’ R(M»V) — ﬁ e # R(Cq’gr)’ (514)
1 . _ A
R(I’»S) — ﬁ elt R(C‘L(’), R(/”S) — \/Xe_lﬂ R((‘]»Cr)’ (515)

which are obtained from (3.28) and (3.29).
(c) Using (5.9)—(5.12) we obtain from (5.2) the auxiliary bound-state information

u,v s)ymi—1 N u,y s)y mi—1
[ et ey, },-:1’ e ey },-:1’ (5.16)

where we remark that the norming constants appearing in (5.16) can be obtained from the
norming constants appearing in (5.2) with the help of (4.29) and (4.49) of [9] by using
the relations among the Jost solutions given in (3.1)—(3.4).

(d) Since the individual norming constants appearing in (5.16) can be combined into the row
vectors C+), Cw), ¢ C(P9) ag in (2.17), (2.18), (2.26), we can conclude that the
input data set consisting of (5.1) and (5.2) yields the auxiliary input data set consisting of

{R(u,v) (), R (A), R(Ps) (\), R(Ps) (\) }, 5.17)

{{Af}y:p {;j}f:l, clw) ¢ o(ps). @(p.s>}. (5.18)

In fact, with the help of (2.19), (2.20), (5.11), and (5.12) the sets {Aj};vz ,and {Xj};_v: ,and
the multiplicities m; and /m; yield the matrices A and A appearing in (2.23) and (2.24),

respectively. Knowing the multiplicities m; and /;, with the help of (2.21) and (2.22) we
are also able to construct the column vectors B and B appearing in (2.25). Thus, the input
data set consisting of (5.1) and (5.2) yields the auxiliary input data consisting of the two
sets

18
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{R(”’V),I_?(”’V), (A,B,C“"), (A, B, ")) } (5.19)

{ R(P9) R (4, B,C(r)), (A,B,C(r) } (5.20)

where the set in (5.19) is related to (1.2) with the potential pair (u, v) and the set in (5.20)
is related to (1.7) with the potential pair ( p,s). We remark that the matrices A, B,A, B
appearing in (5.19) coincide with the respective matrices A, B, A, B appearing in (5.20).
Furthermore, as seen from (3.28) and (3.29), we have

RwY) — )\R(P,S)’ R(Ps) — )\R(”’V)’ (5.21)
which, by using (2.14) and (2.15), yields
ct) =icr9)a, P = —iCc) A, (5.22)

(e) Having constructed the auxiliary input data set given in (5.19) with the help of (2.15) and
(2.16), we form the matrix-valued function F(*")(y) as in (2.14). We then use F“*)(y)
as input into the Marchenko integral equation (2.27) and obtain the solution K®")(x,y)
to (2.27). From (2.28) we then observe that we have the four scalar entries I?l("’v) (%),

R (x,y), K (x, ), K8 (x, y). As seen from (2.29)(2.32) we have

u(x) = -2 Kf”’v) (x, x), (5.23)
v(x) = =2 K (x, x), (5.24)
/ dzu(z) v(z) = 2K" (x,x), (5.25)
/ dzu(z) v(z) = 2K (x,x). (5.26)

(f) We now repeat the previous step by using the auxiliary input data set given in (5.20). In
other words, with the help of (2.15) and (2.16) we form F(”’S)(y) as in (2.14), use it as
input into the Marchenko integral equation (2.27), and obtain the solution K(p’s)(x,y) to
(2.27). As seen from (2.28) we then have the four scalar entries I_(](p ) (x,y), I_(z(p ) (x,y),
Kfp’s) (x,y), Kép’s) (x,y). Then, as seen from (2.29)—(2.32) we get

plx) =-2 Kl(p’s) (x,x), (5.27)
s(x) = =2 K7 (x, %), (5.28)
| st = 2K ), 5.29)
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/ dzp(z) s(z) = 2K7 (x, x). (5.30)

(g) Next, we construct the function E appearing in (1.6). This is done as follows. Note that
from (1.4) and (1.5) we have

() v(x) = 3 4() P () + e (e, (531
and from (1.8) and (1.9) we have

p(x)s(x) = % q' () r(x) + 7 q(x)* r(x)*. (5.32)
From (5.31) and (5.32) we get

plx) s(x) = ux) v(x) = 3 [q(x) r(x)]", (5.33)
which yields

/)r e [P(2) s(2) — u(z) v(z)] = —% q(x) r(x). (5.34)
Comparing (5.34) with (5.26) and (5.30) we see that we can write (5.34) as

2 (K5 () = K3 (5,0)) = % 4(x) r(x), (5.35)
which yields

2 [Co (K wa - K e0) = 5 [ e .30
Using (1.6) and (3.5) we can write the right-hand side of (5.36) as

% /xoo dzq(z) r(z) = % B % /:o dzq(z) r(z). (5.37)

From (5.36) and (5.37) we obtain

2/ dz (Ké""’) (z,2) — Kz(p’s) (z, z)) = %u — %/ dzq(z) r(z). (5.38)

X — 00

Comparing (5.38) with (1.6) we see that E can be constructed via

E = el"/? exp (2 / dz (Ké”’” (z.2) — K" (2, z))) , (5.39)

where we recall that e#/2 is already constructed via (5.5) or (5.6).

(h) Having already constructed u(x), s(x), and E in the previous steps, we then use (1.4) and
(1.9) in order to recover ¢g(x) and r(x) via

q(x) = u(x) E%, (5.40)
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r(x) = s(x) E% (5.41)

Thus, we have completed the construction of ¢(x) and r(x) from the input data set con-
sisting of (5.1) and (5.2), which completes the solution to the inverse scattering problem
for (1.1).

6. The alternate Marchenko method

As indicated in section 2, the solution to the inverse scattering problems for (1.2) and (1.7)
can be obtained from the solution to the system of linear integral equations given in (2.27),
which is known as the Marchenko system. In section 5 we have seen that the solution to
the inverse scattering problem for (1.1) can be obtained with the help of the solution to the
Marchenko systems associated with (1.2) and (1.7), respectively. In this section we present
another method to solve the inverse problem for (1.1) by formulating a system of linear integral
equations directly associated with (1.1). We refer to our method as the alternate Marchenko
method, and we call the resulting system of linear integral equations the alternate Marchenko
system, due to its similarity to the standard Marchenko system of integral equations.

The motivation behind our alternate Marchenko method comes from the analysis by
Tsuchida [15], who presented a system of linear integral equations resembling our alternate
Marchenko system. There are also some differences between our alternate Marchenko system
and that of Tsuchida’s; for example, Tsuchida’s system lacks the symmetry between the x and
y variables that exists in the standard Marchenko system. Tsuchida’s main interest in develop-
ing his method was to solve initial-value problems for certain integrable evolution equations,
in particular the derivative NLS equation and related equations. We have found Tsuchida’s
formulation not very intuitive and not easy to comprehend because it is not clear how the scat-
tering theory is used in the derivation and how Tsuchida’s gauge transformations are imple-
mented. Nevertheless, we would like to emphasize the importance of Tsuchida’s contribution.
Since our main concentration is on the analysis of the direct and inverse scattering problems
for (1.1), our work presented here may help to clarify the idea behind Tsuchida’s formulation,
by providing a clearer method to derive the alternate Marchenko system. For further details
and elaborations on our method, we refer the reader to [10].

In order to derive the alternate Marchenko system, we first present some auxiliary results.

Proposition 6.1. Assume that the potentials q(x) and r(x) appearing in the first-order
system (1.1) belong to the Schwartz class. Let u(x), v(x), p(x), s(x) be the potentials defined
asin(1.4), (1.5), (1.8), (1.9), respectively. Then, the zero-energy Jost solutions w(“"’) (0,x) and
(0, x) to (1.2) and the zero-energy Jost solutions 1 P*) (0, x) and 1P (0,x) to (1.7) are
given by

[, () ] a—ip/2 p—1 [o©

w%uv)(O’X) _ ,l/}(u,v)(o’x) _ { . /26 Ei fx do);q(y) ] , 6.
45" (0,x) e HPE (14 5r(x) [ dyg(y))
V09 _ G0, { i } 62)
y =rUX) =0 G ) .
400 ST
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_w(PsS) 0, ; i efi/,L/Z E-!

ép,s) Eo’i; = 1/)(’7")(0,)6) = |:2 671M3§)2, :| s (63)
U] __[ész-‘0~—;qw>L*dywy»]
] R T R H

where E and p are the quantities defined in (1.6) and (3.5), respectively.

Proof. One can directly verify that the quantities given in (6.1) and (6.2) with the respec-
tive asymptotics in (2.1) and (2.3) with A = 0 satisfy (1.2) with A = 0. Similarly, one can
directly verify that the quantities given in (6.3) and (6.4) with the respective asymptotics in
(2.1) and (2.3) with A = 0 satisfy (1.7) with A = 0. Alternatively, one can directly solve (1.2)
with A = 0 using the respective asymptotics (2.1) and (2.3) with A\ = 0 and directly obtain the
zero-energy Jost solutions given in (6.1) and (6.2). In a similar way, one can directly construct

the zero-energy Jost solutions to (1.7) with A = 0 and obtain (6.3) and (6.4). O
We remark that from (6.1)—(6.4) we obtain

ood [ (0,x)

q(x) = GW - [uv 5 (65)
dx | 4{*(0,x)
Lod [0 (0,x)

) =e ™ S | (6.6)
@l¥%m>

where we recall that the subscripts 1 and 2 in (6.1)—(6.6) refer to the first and second comp-
onents in the respective Jost solutions.

It is already known [1-3] that the entries appearing in (2.28) are related to the entries of the
corresponding Jost solutions as

[ (uv) 1 S (u.v)
A, 0 K , iy
1/)(‘“’)()\,)() — %u,‘})( x) _ [ i)\x:| +/ dy [ l(u,v) (x Y)] el)x)’ 6.7)
o (Ax)|Le x K" (%)
[ 7 () i —ix 00 o (.v)
—uw A X e K X,y —i\y
w( ’ )()\,x) = *iu,v)( ) - [ 0 ] +/ dy —l(u.v)( )] € )‘)’ (6.8)
[y (A X)) x K7 (xy)

K1(P~5) (x’ y

[ (Ps) by 1 0 ')
<m%x:¢1(ﬁ):{]+/d
(0 ( ) _ (p. ¥ eiMx ; y Kép’s) (x’ y)

FW, (6.9)

(p.s) 1 —idx 00
T (pss) A _ '(/)] (A, X) _ [e :| d
Ll TN Rl *l g

In the next proposition we relate the potentials g(x) and r(x) given in (6.5) and (6.6), respec-
tively, to the quantities appearing in the integrands in (6.7)—(6.10).

K7 (x,y)
K7 (x,y)

1€W4mm

Proposition 6.2. Assume that the potentials q(x) and r(x) appearing in the first-order
system (1.1) belong to the Schwartz class. Let u(x), v(x), p(x), s(x) be the potentials defined
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asin (1.4), (1.5), (1.8), (1.9), respectively. Then, the integrands appearing in (6.7)—(6.10) are
related to the components of the respective zero-energy Jost solutions to (1.2) and (1.7) as

[ee)
P (0,x) = / dy K" (x,y),

* (6.11)

P 0.0) = 1+ / Tay K" (x.), (6.12)

PiP(0.x) = 1+ / Tay Ky (x,y), (6.13)

P"(0,x) = / N dy K" (x,y). (6.14)

Proof. By letting A = 0 in (6.7)—(6.10) we directly obtain (6.11)—(6.14). O

Next we present the derivation of our alternate Marchenko system. For the motivation and
further details we refer the reader to [10]. Inspired by the right-hand sides of (6.5) and (6.6)
we define the scalar quantities % (x,y) and J¢ (x, y) as

j'yOO dZ Kl(u,v) (X, Z)

H(x,y) : - )
L [ dzK (" (x,2)

x <y, (6.15)

77 2K (x,2)
L [ dz Ky (x,2)]

f(x,y) = x <y, (6.16)

with the understanding that
H(xy) =0, H(xy)=0, x>y (6.17)

We remark that the y-dependence of ¢ (x,y) and % (x,y) occurs only in the numerators in
(6.15) and (6.16). Using # (x,x) and % (x,x) to denote ¢ (x,xT) and £ (x,x*), respec-
tively, with the help of (6.11)-(6.16) we obtain

) dZK(u,v) X,z u,) 0,
Hox) = - li(u’(v) ) _ ‘QW)( x), 6.18)
1+ [ dz K" (x,2) 7 (0,x)

0 4, g (P) 7(ps)

_ dzK X, Z 0,

H (x,x) = J; 2 (p(s) ) :w%m( *) (6.19)
L+ [T de K™ (x2) 4,"7(0,x)

Comparing (6.5), (6.6), (6.18), and (6.19) we observe that

g(x) = e %(x’x), (6.20)
r(x) =e 761'%;(; 3), (6.21)

We would like to show that the scalar quantities .# (x,y) and # (x,y) defined in (6.15)—
(6.17) satisfy the alternate Marchenko integral system
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H(x,y) + G (x +y)

+ / dz/ dw J#, (x, w) GYY) (w + 2) C_;E”’V) (z4+y) =0, x <y,
o (6.22)

H (x.y) + G (x +y)

[e o] [e o]
+ / dz/ dw #,, (x, w) GP9) (w + z) Ggp*") (z+y) =0, x <y,
X X

(6.23)
where the subscripts denote the respective partial derivatives and we have defined
o0 _ (o] _
GI(y) = / Q) (), G (y) = / dz Q) (2), (6.24)
y y
Gr(y) = / zQP(), GHI(y) = / dz Q" (2), (6.25)
y y

with the scalar functions Q") (z), Q") (z), QP9 (z), QP (z) defined as in (2.15) and (2.16)
for the potentials pairs (u, v) and (p, s), respectively. Note that using the input data sets given
in (5.19) and (5.20) for the potentials pairs (u,v) and (p,s), respectively, from (2.15) and
(2.16) it follows that

QM () = % [ Z dARMI () eV 4 ) e~ B, (6.26)
Q) (y) == 217T L 0; AARIV (X)) e 4 Clun) g=Ar B, (6.27)
QP (y) = 2177 [ O; dARPI(N) e 4 (P9 e~ B, (6.28)
Q) (y) = 217T /_Z dARP)(N) e 4 ¢(ps) e VB (6.29)

From (5.21) and (5.22), in order to have consistency in (6.26) and (6.28) and consistency in
(6.27) and (6.29), we must have

Q@) — 5 Q)(}P’S)’ Qps) — iQﬁu,V).
In the next theorem we outline the derivation of (6.22) and (6.23).

Theorem 6.3. Assume that the potentials q(x) and r(x) appearing in the first-order system
(1.1) belong to the Schwartz class. Let u(x), v(x), p(x), s(x) be the potentials defined as in
(1.4), (1.5), (1.8), (1.9), respectively. Let ¥ (x,y) and f(x, y) be scalar quantities defined as
in (6.15)—(6.17) and let G™") (y), GW")(y), GP*(y), GP*)(y) be the quantities defined as in
(6.24)—(6.29). Then, ¥ (x,y) and K (x,y) satisfy the alternate Marchenko equations given in
(6.22) and (6.23), respectively.

Proof. With the help of (2.28) we can write the 2 x 2 Marchenko system in (2.27) as four
coupled scalar equations as

Ki(x,w) +/ dzK;(x,z) Qz+w) =0, x<w, (6.30)

24



Inverse Problems 35 (2019) 085002 T Aktosun and R Ercan

KI(X,W)+Q<X+W)+/ dzKi(x,2)Qz+w) =0,  x<w, (631

K> (x,w) + Q(x +w) +/ dz K> (x,2) Uz +w) =0, x<w, (6.32)

K> (x,w) + / dz K> (x,z) Q(z+w) =0, x < w. (6.33)

In order to get an integral equation involving ¢ (x,y), from the numerator of the right-hand
side of (6.15), we see that we need to write (6.31) for the potential pair (&, v) and integrate the
resulting equation over w € (y, +00). This yields

/ dw K" (x, w) + / dw Q) (x 4 w)
)

’ (6.34)

+/ dw/ dzl_(l("’v) (x,2) Q") (z +w) =0, x<z<y.
y x

Similarly, in order to get an integral equation involving .# (x,y), from the numerator of the
right-hand side of (6.16), we see that we need to write (6.32) for the potential pair ( p, s) and
integrate the resulting equation over w € (y, +00). This yields

/dwl_(ép’s)(x,w)—k/ dw QP9 (x + w)

Y ’ (6.35)

—|—/ dw/ deép’s)(x,z)Q(”"?)(z—i—w):0, x<z<y.
y x
By taking the derivatives of (6.24) and (6.25), we see that we can express Q) Q) Ops),
Q%) in terms of G®), G#Y), GP9 G(PS) a5

QI (y) = =G (y), QI (y) = =G (), (6.36)

QP9 (y) = _Gép,s) (), QPI(y) = —Gﬁ’”) o), (6.37)

where we recall that we use a subscript to indicate the corresponding derivative. From (6.15)
and (6.16) we get

o0 o0 71
H(x,y) = {/ dw K" (x, w)} {1 +/ dz K" (x, z)] , x <y,
’ (6.38)

o0 o0 -1
H(x,y) = {/ dw K7 (x, w)} {1 +/ dz K7 (x, z)} , x < y.
’ ' (6.39)

With the help of (6.36) and (6.38), we write (6.34) as an integral equation involving ¢ (x, y),
G (y), and G™")(y). Applying integration by parts on the resulting integrals and finally
dividing the resulting equation by the denominator of the right-hand side of (6.15), we obtain
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the integral equation (6.22) in the alternate Marchenko system. The derivation of (6.23) is
obtained in a similar manner. First, by using (6.37) and (6.39) we write (6.35) in terms of
H (x,y), GP(y), and G(P*)(y). Applying integration by parts in the resulting integrals and
finally dividing the resulting equation by the denominator of the right-hand side of (6.16) we
obtain the integral equation (6.23) in the alternate Marchenko system. O
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