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Abstract: We consider the direct and inverse scattering problems for the third-order dif-
ferential equation in the reflectionless case. We formulate a corresponding Riemann-—
Hilbert problem using input consisting of the bound-state poles of a transmission coef-
ficient and the bound-state dependency constants. With the time-evolved dependency
constants, using the solution to the Riemann-Hilbert problem, we construct soliton so-
lutions to a certain integrable system of fifth-order nonlinear partial differential equa-
tions. By imposing some appropriate restrictions on the dependency constants, we show
that those soliton solutions yield soliton solutions to the Sawada-Kotera equation.
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1 Introduction

We are interested in soliton solutions to a certain integrable system of coupled fifth-
order nonlinear partial differential equations and, in particular, one of its special cases,
namely, the Sawada-Kotera equation [26]. We construct such solutions by solving the in-
verse scattering problem for a third-order linear differential equation in the reflection-
less case. The solution to the inverse scattering problem is obtained by solving a related
Riemann-Hilbert problem using input consisting of the bound-state poles of a transmis-
sion coefficient and the bound-state dependency constants. Using the time-evolved de-
pendency constants in the input data set, we show that the solution to the inverse prob-
lem yields soliton solutions to the aforementioned integrable nonlinear system and also
soliton solutions to the Sawada—Kotera equation. Our method also explains the physical
origin of the 2N real parameters appearing in the relevant N-soliton solution formula
obtained by the bilinear method [17] of Hirota, by relating N of the real parameters to
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the bound-state poles and relating the remaining N real parameters to the bound-state
dependency constants.

Our work presents the construction of soliton solutions to the Sawada—Kotera equa-
tion via the inverse scattering transform method [14]. Such solutions to the Sawada-
Kotera equation are usually obtained by using Hirota’s bilinear method [17] or a slight
modification [16, 24] of that method. Hirota’s bilinear method is an effective algebraic
method to obtain soliton solutions to various integrable nonlinear partial differential
equations. However, it is an ad hoc procedure, and it does not provide any insight or
physical motivation for the construction of those soliton solutions. In particular, it does
not explain how the parameters appearing in those soliton solutions may be related to
any physical quantities. On the other hand, the method we use to construct those soli-
ton solutions is a fundamental procedure that can be applied to a wide variety of other
integrable evolution equations, and it also relates the parameters appearing in soliton
solutions to the bound-state poles and bound-state dependency constants for the rele-
vant ordinary linear differential operator.

In the inverse scattering transform method [14], a time-evolved potential is con-
structed from the time-evolved scattering data. A soliton solution corresponds to a time-
evolved potential corresponding to a reflectionless scattering data set. A reflectionless
scattering data set comprises the bound-state information only. The bound-state infor-
mation in turn consists of the bound-state poles of a transmission coefficient and a
bound-state dependency constant for each bound-state pole. For example, an N-soliton
solution to the Sawada—Kotera equation is a real-valued function of x and ¢ and it con-
tains 2N real parameters. As our method indicates, N of those real parameters identify
the locations of the bound-state poles of a transmission coefficient and the remaining N
real parameters identify the corresponding bound-state dependency constants.

Our chapter is organized as follows. In Section 2, we introduce the fifth-order inte-
grable system (2.6) of coupled nonlinear partial differential equations associated with
the third-order linear equation (2.8). We indicate how the Sawada-Kotera equation
arises as a special case of (2.6) by uncoupling the integrable system (2.6). In Section 3,
we provide a summary of the direct scattering problem for (2.8) in the reflectionless
case. This is done by introducing three relevant solutions to (2.8) at each k-value in
the complex k-plane. We indicate how the left and right transmission coefficients are
related to the spacial asymptotics of two of the relevant solutions to (2.8). In Section 4,
we introduce the bound-state poles of the left transmission coefficient Tj(k), and we
describe the bound-state dependency constant for each bound-state pole. For simplicity
we assume that each bound-state pole is simple. In Section 5, we describe the solution
to the inverse scattering problem for (2.8) in the reflectionless case. This is done by
providing some explicit expressions for each of the potentials Q and P in terms of the
input data set consisting of Tj(k), the bound-state poles of Tj(k), and the bound-state
dependency constants. In the case of the recovery of the potentials Q and P that depend
on the parameter ¢, the use of time-evolved dependency constants yields soliton solu-
tions to the corresponding integrable system. In Section 6, by imposing the appropriate
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restrictions on a certain solution to the nonlinear system (2.6), we obtain the N-soliton
solution to the Sawada—Kotera equation (2.1). Finally, in Section 7, we illustrate the
N-soliton solution to the Sawada—Kotera equation when N takes the values of 1, 2, and 3.

2 The integrable system and the Sawada-Kotera
equation

The Sawada—Kotera equation is the fifth-order nonlinear partial differential equation
given by

Qt + Qxxxxx + SQX Qxx + 5QQxxx + SQZ Qx =0, xteR (2.1)

where R is the real axis and the subscripts denote the corresponding partial derivatives.
Itis used as a model to describe the propagation of surface water waves in long, narrow,
shallow canals, similar to the modeling used by the KdV (Korteweg—de Vries) equation
[19]. For both the KdV equation and the Sawada—Kotera equation, we assume that the
solutions are real valued. Hence, the quantity Q appearing in (2.1) is assumed to be real
valued. Compared to the third-order nonlinear KdV equation, the Sawada—Kotera equa-
tion takes into account higher-order nonlinear and dispersive effects. In Section 7, we
remark on some similar behaviors of soliton solutions to the Sawada—Kotera equation
and to the KdV equation.

The Sawada—Kotera equation is integrable in the sense of the inverse scattering
transform method. This is due to the fact that it has a Lax pair, i.e. it is related to two
linear differential operators L and A satisfying the Lax operator equation [20]

L,+LA-AL=0, 2.2)

where L, is obtained by applying the partial ¢-derivative on L. When we use the Lax
pair (L, A) for (2.1) on the left-hand side of (2.2), that left-hand side becomes the zero
multiplication operator. There are actually two distinct Lax pairs for the Sawada—Kotera
equation (2.1). The first pair (L, A) is given by

3
{L =D’ +QD, 23

A=9D°+15QD% +150Q, D* + (10 Q,, +5Q%)D,

where we have let D := d/dx and D" := d"/dx" for n > 2. The second Lax pair (L, A) for
(2.1) is given by

_n3
{L =D*+ QD+ Q,, 04

A=9D°+15QD% + 30 Q, D* + (25Q,, +50%)D + (10 Qy, +10Q Q, ).
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The Lax pairsin (2.3) and (2.4) can be obtained as the two special cases of the general
Lax pair (L, A) given by

{L =D*+QD+P,
A=9D°+15QD% + 15P +15Q,)D* + (15P, + 10 Q,, + 5Q*)D + (10 P,, + 10 Q P),
2.5)
where the potentials Q and P are independent of each other and are allowed to take
complex values. The Lax pair in (2.3) is obtained from (2.5) when Q is real valued and
we have P = 0, and the Lax pair in (2.4) is obtained when Q is real valued and we have
P = Q,. The general Lax pair (L,A) given in (2.5) satisfies the Lax operator equation
(2.2) provided the potentials Q and P appearing in (2.5) satisfy the coupled system of two
fifth-order nonlinear partial differential equations given by

Q¢ + Qoo + 5Qx Qo +5Q Qe +5Q°Qy + 150, P+15Q, P, 30 PP, = 0,
Pi+Pyx +50QPyy +15Q, Py, +20Q,, Py + 5 Qz P, +10Q,, P-15PP,, (2.6)
+10Q0Q,P-15(P,)* = 0.
We assume that Q and P belong to the Schwartz class in x € R for each fixed ¢t. In

order to uncouple the nonlinear system (2.6), from the last three terms on the left-hand
side of the first coupled equation in (2.6), we see that we must have

15Q,, P +15Q, P, —30PP, = 0,

which is equivalent to
[(@Q-P)P], =0. @7

Integrating both sides of (2.7) with respect to x and using the fact that Q and P must
vanish as x — +oo for each fixed t, we obtain

(Qx-P)P =0,

which shows that the uncoupling in (2.6) occurs when P = 0 or when P = Q,. For each
of those two cases, one can directly verify that the left-hand side of the second coupled
equation in (2.6) vanishes identically when the first equation in (2.6) holds. Hence, we
confirm that the use of P = 0 or P = Q,, in (2.6) yields (2.1).

Associated with the linear operator L in (2.5), we have the third-order ordinary lin-
ear differential equation

"+ Q)Y + P Y =Ky, XxeR 2.8)

where the prime denotes the x-derivative. We suppress the dependence on t for the
potentials Q and P, and we write Q(x) and P(x), respectively, instead of Q(x, t) and P(x, t).
The adjoint equation [3] for (2.8) is given by
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J’" +0(x) J’ +POY =K1Y, xeR, (2.9)
with the adjoint potentials Q and P related to Q and P as
0x) = 0(x)*, Px)=0'(0)* -P(x)*, xeR, (2.10)

where we use an asterisk for complex conjugation and use an overbar to denote the
quantities associated with the adjoint equation (2.9). Comparing (2.8) and (2.9), with the
help of (2.10) we observe that, when the potential Q is real valued and the potential P
is zero, the adjoint potential Q is equal to Q and the adjoint potential P becomes equal
to Q,. In that case, the equation in (2.8) reduces to

"+ Q)Y =Ky, xeR, @.11)

and the adjoint equation in (2.9) reduces to

P +0000 +0,09=kKP, xeR 2.12)

The Lax pair in (2.3) is associated with the reduced equation (2.11), and the Lax pair
in (2.4) is associated with the reduced adjoint equation (2.12). This explains why the
Sawada—Kotera equation (2.1) has two distinct Lax pairs given in (2.3) and (2.4), respec-
tively.

3 The direct scattering problem in the reflectionless
case

In this section, we present the basic ingredients for the direct scattering problem for
(2.8) in the reflectionless case. We assume that the two complex-valued potentials Q and
P appearing in (2.8) each belong to the Schwartz class in x € R for each fixed value of t.
That particular direct problem consists of the determination of the solutions to (2.8) and
the left and right transmission coefficients Tj(k) and T,.(k), respectively, for (2.8) when
the potentials Q and P are known. For the description of the direct scattering problem
when the reflection coefficients are not zero, we refer the reader to [3, 18, 27].

It is convenient to divide the complex k-plane into four open sectors Q;, Q,, Q3, Q4
as indicated on the left plot of Figure 1.1 by using the directed half lines £, £,, L3, Ly,
which are parametrized as

Ly :=1{k € C:k =2zsfors e [0,+00)}, (3.1
Ly :={k e C:k=2zfors e [0,+00)},

L3:=1{k € C:k =-zsfors € [0, +00)}, (3.2)
L4:={k e C:k=-z*fors ¢ [0,+0c0)}.
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We use z to denote the special complex number e”/3 which is also expressed as
Z:= —1+i§. (3.3)
2 2

The open sectors Q;, Q,, Q3, Q4 are described by using the parametrizations given by
4
lez«ke(C:E<arg[k] < —H}
3 3
2 b4
QZ::«ke(C:—? <arg[k]<—§ ,

ngz«ke((j:—%<arg[k]<%},

94::«keC:7§T<arg[k]<%ﬂ},

where arg[k] denotes the argument function taking values in the interval (-27/3, 47/3).
We use Q;, Q,, Q;, Q, to denote the closures of the open sectors Q;, Q,, Q3, Q,, respec-
tively, where we recall that the closures are obtained by adding the boundaries to the
corresponding open sectors.

We define the left Jost solution f(k, x) and the right Jost solution g(k, x) as the solu-
tions to (2.8) with the respective spacial asymptotics given by

fk,x) = e*[1+0(1)], X — +00, k € Qj,

1f'(k,x) = ke™[1+0(1)], X — +00, k € Q,, (3.4
f" (k,x) = K2 *[1+ 0(1)], x — +00, k € Qy,
gk, x) = e™[1+0(1)], X — —00, k € Q,

18'(k,x) =ke*[1+0(1)], X — —oco, k € s, 35)

g"(k,x) = K e™[1+0(1)], x — —00, k € Q.

When the reflection coefficients for (2.8) are all zero, the left transmission coefficient
Ty(k) and the right transmission coefficient T,.(k) are obtained by using the appropriate
respective spacial asymptotics of the Jost solutions f(k, x) and g(k, x). We have

fk,x) =T (k) 1+ 0(1)], x — —c0, k € Qy,
g(k,x) = T, (k) [1+0(1)], X — +00, k € Q5.

When the potentials Q and P in (2.8) belong to the Schwartz class in x € R, the trans-

mission coefficients T;(k) and T,(k) have meromorphic extensions from their respective

k-domains Q; and Q; to the entire complex k-plane. In fact, those extensions satisfy [3]
1

Tr(k) = m, k € (C (36)
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It is known [3] that (2.8) has the particular solutions m(k,x) and n(k, x) with the
respective k-domains Q, and Q,, and in the reflectionless case they satisfy the spacial
asymptotics given by

m(k,x) = *[1+0(1)], x - -c0, k€ Q,,

n(k,x) = €*[1+0(1)], x - -oo, k € Q.
In the reflectionless case, we have [3] the spacial asymptotics

m(k, x) = e Tl(zzk)_1 T.(zK)[1+0(1)], x — +00, k € Q,,
n(k, x) = e Tl(zk)_1 Tr(zzk) [1+0(1)], x— +co, k € Qy,

where we recall that z is the cube root of unity appearing in (3.3).

Since k appears as k> in (2.8), it follows that y(zk, x) and 1(z%k, x) are also solutions
to (2.8) whenever ¥(k,x) is a solution. The k-domain of (zk, x) is obtained from the
k-domain of y(k,x) by a clockwise rotation of 277/3 radians around the origin of the
complex k-plane. Similarly, the k-domain of (z%k, x) is obtained from the k-domain of
Y(k, x) by a clockwise rotation of 47r/3 radians. This allows us to determine three linearly
independent solutions to (2.8) at each k-value in the complex k-plane. Toward that goal,
we divide Q; into the open subsectors Q,* and QIoWN 1y using the negative real axis R,
and we divide the open sector ©, into the open subsectors Q"™ and Q;" by using the
positive real axis R*. On the middle plot of Figure 1.1, we show the partitioning of the
complex k-plane into the six open sectors Q,*, Qdown g, Qdown, Q,”, and Q,. We use
-R™ and R", respectively, to denote the directed half lines parametrized as

R" :={k=5:5¢€[0,+00)},
-R :={k=-s:5€[0,+00)}.

On the right plot of Figure 1.1 we indicate three linearly independent solutions to (2.8)
in each of the six closed sectors Q_'fp, Qdown @), Qdown, Q_gp, and Q,, where we recall that
the overbar denotes the closure of the corresponding open sector.

For fixed real values of x and ¢, the large k-asymptotics of the basic solutions f(k, x),
g(k,x), m(k, x), and n(k, x) in their respective k-domains are given by [3]

[ U (x)  uy(x) 1 L=
fk,x) =€ _1+1T+ 3{2 +0<F> , k—ocoing, 3.7
ke[, viX)  v(X) 1 L=
g(k,X):eX_l'FTﬁ'?'FO F , k—>001n93, (38)
m(k, x) = e 1+0<%>], k > coinQ,, (3.9)
n(k,x) = e 1+0<%>], k - coin Q, (3.10)
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Figure 1.1: The directed half lines £,, £,, L3, £, and the open sectors 4, Q,, Q3, Q4 in the complex
k-plane are shown on the left plot. The complex k-plane is divided into the six sectors Q:’p, Qﬁm‘”“, Q,,
Qg"‘”” 0P, and Q, as shown on the middle plot, and the k-domains of three basic solutions to (2.8) in

3383

each of the six regions, respectively, are shown on the right plot.

where we have defined

w0 = 3 [ oW,

Upy(x) = —% T
vi(x) := —1 j(

v =3 [ 100 -Po) +

dy Q(y),

[0'0) - P)] + —“dy@(y)]

X eR,

X eR,

X

2

2

X € R,

%[ J dyQ(y)] , Xe€R.

(311

(3.12)

(3.13)

(3.14)

Using (3.11)—(3.14), we express the potentials Q and P in terms of u;(x) and u,(x) as

=30 g
du (x) d*u x)  duy(x)
P00 =3 uy00) = i

or in terms of v;(x) and v,(x) as

, X€eR,

(315

(3.16)
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QW) = -3 dv{;)((x), XeR, (317)
dvy(x)  d*vy(x)  dvy(x)
PO =8Ivi(0) == - — 7~ - = = | XER (3.18)

4 The bound states and the bound-state dependency
constants

A bound state corresponds to a nontrivial solution to (2.8) which is square integrable
inx € R.If a bound state occurs at k = k; somewhere in the complex k-plane, then the
number of linearly independent square-integrable solutions to (2.8) at k = k; determines
the multiplicity of that bound state. In our work, we only consider simple bound states,
where the multiplicity of each bound state is equal to 1. We refer the reader to [4, 5, 6]
for the treatment of bound states with multiplicities for various differential and differ-
ence equations. The analysis of solutions to (2.8) at k = 0 is more challenging. When we
analyze bound states for (2.8), we assume that a bound state does not occur at k = 0.

We consider the bound states occurring at the zeros of Tj(k) " in Q°"™ or Q" With-
out loss of generality, it is enough to consider the bound states at the poles of T;(k)
in Qf"w“. It turns out [3] that the analysis of a bound state at k = k; with k; € Qf""‘m
yields useful information about the bound state at k = k]* with k]* € Q‘fp. We recall that
we use an asterisk to denote complex conjugation.

We define the 3-Wronskian of three functions F(x), G(x), and H(x) as

Fx) Gx) Hx)
F'(x) G'x) H'(x
F”(X) G”(X) HH(X)

>

[F(x); G(X); H(X)] =

where we have the determinant of the relevant 3 x 3 matrix on the right-hand side. The
3-Wronskian of any three solutions to (2.8) at any particular k-value is zero if and only
if those three solutions are linearly dependent. Furthermore, because of the absence of
the term ¥ in (2.8), the 3-Wronskian of any three solutions is independent of x and its
value can be evaluated at any particular x-value. For example, using their asymptotics
as x — +oo, we evaluate the 3-Wronskian of f(k, x), g(zk, x), and n(zzk, Xx) in Qf‘“’m as

[f(k, x); g(zk, x);n(2°k, x)] = -3z(1 - 2)K> Ty(k) ™", k € Qdovm, (CK))

Let us assume that the nonzero complex constant k; is located in the open sector
Qf"""“ and that it corresponds to a bound state. Then, we have Tl(k]-)’1 = 0.From (4.1) we
see that the three solutions f (k]-, X), g(zkj, X),and n(zzkj, X) to (2.8) arelinearly dependent.

This allows us [3] to express f (kj,x) as a linear combination of g(zkj, Xx) and n(zzkj, X) as

f(kj,x) = D(k;) g (zk;, X) + W(k) n(z’k;,x), X € R, (4.2)
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for some complex-valued constants D(kj) and W(kj).

Let us divide the open sector Q4°"", shown on the middle plot of Figure 1.1, into two
parts, the first of which is the sector with arg[k] € (r,77/6) and the second sector is
described via arg[k] € [77/6,47/3). The analysis in Section 3 of [3] shows that D(k]-) =0
when arg[k;] € (1,77/6), and hence (4.2) yields

Flg,x) = W) n(2k,x),  arglk] € (m %T) XeR, 43)

where the nonzero complex constant W (k;) corresponds to the dependency constant at
the bound state with k = k;. On the other hand, again from the analysis in Section 3 of
[3], it follows that W(kj) = 0 if we have arg[kj] € [7m/6,4m/3). In that case, from (4.2)
with W(k]-) =0 we get

[k, x) = D(k;) g(zk;, ), arg[k;] €

7—ﬂ4—ﬂ> X eR, 4.4
6 3

with the nonzero complex constant D(k;) corresponding to the dependency constant
at the bound state with k = k;. If the potentials Q and P in (2.8) depend also on the
parameter t, then the solutions to (2.8) also depend on t. Consequently, the dependency
constants W (k;) and D(k;) appearing in (4.3) and (4.4), respectively, also depend on ¢. For
further analysis related to the bound states of (2.8), we refer the reader to [3].

Let us consider the case where the potentials Q and P depend on the time variable
t with the time evolution governed by the linear operator A given in the second line of
(2.5). In that case, the bound-state dependency constants evolve in time as

4.5)

D(k]-) :E(,g)eg(zz_l)ls?z’ arg[kj] c [7_” 4_”),

6° 3

_ 9(z-1k’t Vi
W) = Utk V5, argll) € (.7 ),

where E(kj) and U (kj) are used to denote the values of the dependency constants D(kj)
and W(kj), respectively, at t = 0. We refer the reader to [3] for further information on
the time evolution of the bound-state dependency constants.

5 The inverse scattering problem in the
reflectionless case
In this section, we present the basic results for the inverse problem for (2.8) in the re-

flectionless case. In that case, the inverse problem consists of the determination of the
potentials Q and P when the transmission coefficients T;(k) and T,(k) are known. In
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fact, as a result of (3.6), the right transmission coefficient T,(k) is known when T;(k)
is specified. In general, the potentials Q and P cannot be determined uniquely when
we only know the transmission coefficients. For the unique recovery of the potentials,
we need some additional information. The specification of a dependency constant or
a normalization constant at each bound state is a conventional way to recover the po-
tentials uniquely. A bound-state dependency constant and a bound-state normalization
constant are related [3] to each other via the residue of a transmission coefficient at the
bound-state pole. The use of bound-state dependency constants is convenient when the
potentials are recovered from the solution to a related Riemann-Hilbert problem. The
use of bound-state normalization constants is appropriate when the potentials are re-
covered from the solution to a related linear integral equation, such as a Marchenko
integral equation [7, 8, 10, 13, 21, 22] or a Gel’fand-Levitan integral equation [8, 21, 22].
In the reflectionless case, we formulate the inverse problem for (2.8) as a Riemann—
Hilbert problem in the complex k-plane. Thus, the left transmission coefficient and
the bound-state dependency constants can be used as input to the Riemann-Hilbert
problem, and the potentials are uniquely recovered from the solution to the Riemann-—
Hilbert problem. We refer the reader to Section 4 of [3] for the details of the analysis
of the formulation of the corresponding Riemann-Hilbert problem. In this section,
we present the relevant Riemann-Hilbert problem when a specific left transmission
coefficient is used as input. The particular choice of the left transmission coefficient is
motivated by the goal of obtaining soliton solutions to the Sawada—Kotera equation (2.1).
We choose the left transmission coefficient Tj(k) as

T(k).
T(k) = o’ (5.1)
where I'(k) is given by
N
T(k) = [ [k + k) (k+K), keC. (5.2)

Jj=1

From (5.1) and (5.2), we see that the left transmission coefficient Tj(k) is defined on the
whole complex k-plane and that it has 2N poles located at k = k; and k = kj*, respectively,
for 1 <j < N. The large k-asymptotics of T(k) is given by
25%
Ty(k) =1+ ziN ey o(%), k - coinC,

where we have defined

N
Zy = ) (ki + k7). (5.3)
j=1
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The quantity Q appearing in the Sawada—Kotera equation (2.1) is real valued. Since
we would like to relate (5.1) eventually to (2.1), we are interested in the consideration of
the potentials Q and P appearing in (2.8) only when they are real valued. Since the orig-
inal k-domain of T;(k) is the sector Q;, the restriction of Q to the real values requires
[3] that each of the kj-values in (5.2) occurs on the directed half line with arg[k] = 77/6.
Thus, we have a restriction on the locations of the hound-state poles. Since we only con-
sider simple bound states, the restriction can be presented as

ki=izn, 1<j<N, (5.4)

where we recall that z is the special complex constant in (3.3). Without loss of generality,
we assume that we have the ordering 0 < ny < --- < .

We refer the reader to Section 4 of [3] for the formulation of the Riemann-Hilbert
problem in the presence of reflection coefficients. Here, we present the basic steps of
the formulation of the Riemann-Hilbert problem in the reflectionless case and we also
describe the basic steps to solve that Riemann-Hilbert problem. For the details of the
steps outlined here, we refer the reader to Section 4 of [3]. Using the basic solutions
f(k,x), gk, x), m(k, x),and n(k, x) introduced in Section 3, we form the solutions @_ (k, x)
and ®_(k, x) to (2.8) as

@, (k,X) = {Tl(k)f (ox), ke, (.5)
m(k, x), ke Qz;

®_(k,x) = {g (k). ke s, 5.6)
n(k,x), keQ,.

Using the directed half lines £, and £ defined in (3.1) and (3.2), respectively, we obtain
the directed full line £ via £ := £; U (-£L3), where we recall that —£ is obtained from
L4 by changing its direction. The parametrization of £ is given by

L:=1{keC:k=2zsfors e (-c0,+00)}.

The directed line £ divides the complex k-plane into two half planes P* and P~ as shown
in Figure 1.2. The open left-half complex plane P* and the open right-half complex plane
‘P~ can be parameterized as

P =lkeC:k=zsforseC"},
P ={keC:k=zsforseC},

where we use C* and C~ to denote the upper-half and lower-half complex planes. We
refer to P* as the plus region and refer to P~ as the minus region, as indicated in Fig-
ure 1.2. We use P* and P~ to denote their closures. Hence, we have P* := P* U £ and
P =P UL
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minus region
s

us function
d_(k,x)

3
=)

Relk]

plus region
P+

plus function

P (k.x Figure 1.2: The plus and minus regions in the complex k-plane are

separated by the directed full line £, and the plus and minus functions
have their respective k-domains as indicated.

We remark that the quantities @, (k,x) and ®_(k,x) in (5.5) and (5.6), respectively,
are certain specific solutions to (2.8). We proceed to set up our Riemann-Hilbert prob-
lem. It is known [3] in the reflectionless case that @, (k, x) and @_(k, x) satisfy

@, (k,x) =®_(k,x), kecL (5.7)

When (5.1), (5.2), and (5.4) hold, it is known [3] that, for each fixed x € R, the quantity
@, (k, x) is meromorphic in k € P* with simple poles located at k = k; and k = ki for
1 < j < N. On the other hand, for each fixed x € R, the quantity ®_(k, x) is analytic
in k € P. From (5.7), we conclude that ®_(k, x) is the meromorphic continuation of
@_(k,x) from k € P~ to k € P" and that ®_(k, x) is the analytic continuation of @, (k, x)
from k € P* to k € P~. Multiplying both sides of (5.7) by e ™ T(<k), we get

e I(-k) @, (k,Xx) = e T(-k) ®_(k,x), keL. (5.8)

For each fixed x € R, the left-hand side of (5.8) is analytic in k € P* and the right-hand
sideis analyticin k € . Hence, those two sides are analytic continuations of each other.
Consequently, each side of (5.8) is entire with their respective analytic continuations in
k € C. With the help of (3.7)—(3.14), by using the generalized Liouville theorem [25], we
conclude that each side of (5.8) is equal to a monic polynomial in k of degree 2N, where
the coefficients may depend on x and t. By suppressing the t-dependence in our notation,
we obtain the solution to our Riemann-Hilbert problem posed in (5.7) as

o KN + V(k) A(x)
I(-k) °’

o KN + V(k) A(x)
r(-k)

@, (k,x)=e kePt, xeR, (5.9

®_(k,x) =e keP,xeR, (5.10)



14 —— T.Aktosun etal.

where V(k) is the row vector with 2N components defined as
V(k) = [k kN2 k1], keC,

and A(x) is a column vector with 2N entries that are functions of x and t. Because of the
aforementioned meromorphic extensions, each of (5.9) and (5.10) holds when k € C. We
write A(x) in terms of its components as

Agn_q ()
AN (X)
A(x) = : , XeR.
Ay (x)
Ay(x)

We emphasize that we suppress the t-dependence in our notation for A(x) and its com-
ponents A;(x) for 0 <j < 2N - 1.

We remark that the solutions @ (k, x) and ®_(k, x) appearing in (5.9) and (5.10) com-
prise the general solution to the Riemann-Hilbert problem (5.7). In other words, those
solutions contain 2N arbitrary constants not depending on k but depending on x and ¢
through the scalar functions A;(x) for 0 < j < 2N - 1. From (5.9), with the help of (5.1)
and the first line of (5.5), we get

o KN+ V (k) Ax)

flk,x)=¢ T0) , keQ, xeR (5.11)
From (5.9) and the second line of (5.5), we obtain
N
m(k, x) = e K™+ V() AO keQ, xeR. (5.12)

I(-k) °
Similarly, from (5.10) with the help of (5.6) we have

o KN+ V (k) A(x)

gk,x)=e TR , keQg xeR, (5.13)
IN
nk,x) = ek’(%, keQ xeR. (5.14)

With the help of (5.2), we observe that the right-hand sides in (5.12)—(5.14) are analytic
in their respective k-domains and that the right-hand side in (5.11) is meromorphic in
its k-domain. Thus, we have confirmed the aforementioned meromorphic and analytic
properties stated below (5.7) for @ (k, x) and ®_(k, x), respectively.

In order to get a unique solution to (5.7), we use the dependency constants D(k;) and
D(k]-*) at the bound states at k = k] and k = k]* respectively, as follows. We recall that
D(kj) appears in (4.4) and (4.5). It is known [3] that when kj has the form given in (5.4),
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the bound-state dependency constants D(kj) and D(kj*) can be written in simpler forms
by introducing the modified bound-state dependency constant y; by letting

I(k)) E(ky)
yi = -————2L, 1<j<N, (5.15)
! I(~zk;)
where we recall that E(k;) and T'(k) are the quantities appearing in (4.5) and (5.2), respec-
tively. To use the bound-state dependency constants D(k]-) and D(kj*) in the solution to
the Riemann-Hilbert problem (5.7), we proceed as follows. With the help of (4.5), (5.11),
and (5.13), from (4.4) we obtain

KN + V (k) A(x) (zk)™ + V(zk;) A(x)

kix "J 9(Z2-DKt zkix .
= E(k; , 1<j<N. 1
R e e Ty N G0
The analog of (4.4) at k = k" is given by [3]
k* _ k* Zk* k* 2 51
f(k,x) = D(k’) g(z°k; . x), arg[k/] € T 6 | (5.17)

and the analog of (4.5) at k = k]* is given by [3]

o #\ 9(z-1) (k)¢ ¥ 2m 5w
D(K') = B ) 4V &), arg[kj]e<?ﬂ. (518)
With the help of (5.11), (5.13), and (5.18), from (5.17) for 1 < j < N we get
k' x (kj*)ZN + V(kj*)A(X) _ x\ 9(z-1)(k')’t Z°k’x (szj*)ZN + V(szj*)A(X)
e =E(k’)e it e . (19
1“(k]-*) J T(—szj")
Let us introduce the quantity y;, which is an exponential function of x and ¢, as
X = e(z—l)lgx+9(zz—l)l(]-5t) 1<j<N. (5.20)

When kj has the form given in (5.4), from (5.20) we conclude that

*_

X =Xp 1<j<N,

which indicates that each y; is real valued. Similarly, when k; is as in (5.4), with the help
of (4.5) and (5.2) where the quantities I'(k) and E(k;) appear, respectively, we get

(5.21)

(ki) E(K')  (T(k) E(ky)\" .
r(_Zij*) _< r(—ij) >> <j<N.

Then, by comparing (5.21) with the right-hand side of (5.15), we conclude that the mod-
ified bound-state dependency constant at k = k]* is equal to yjf", which is the complex
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conjugate of the modified bound-state dependency constant y; at k = k; appearing in
(5.15). Consequently, we can rewrite (5.16) and (5.19), respectively, as

KN+ V(k) AX) = -y g (2k)™ + V(zk) A)], 1<j<N, (5.22)

(k)™ + V() A = ] (22" + V(2K )AL 1<j<N. (5.23)

We remark that (5.22) and (5.23) comprise a linear algebraic system of 2N equations
for the 2N unknowns 4;(x) with 0 <j < 2N - 1. We write that linear algebraic system in
the matrix form as

M(x) A(x) = -B(x), (5.24)

where we have defined the 2N x 2N matrix M(x) and the column vector B(x) with 2N
entries as

Myn_q (k) Mon_p(ky) - my(k)  my(ky)
Moy (k) Mgn_o(ky) - my(ky) my(ky)
M(x) := : : : : , (5.25)
Myn_1(ky)  Mono(ky) - my(ky)  mylky)
myn_1(ky)  Mono(ky) - my(ky)  mg(ky)
myn (ky)
myy (k)
Bo)=| | (5.26)
myn (k)
My (ky)

The entries ml(kj) and ml(kj*) appearing in (5.25) and (5.26) are defined as
k) = k' + (zk) y: xi 1<j<N, 0<I[<2N,
mllg) =g + (,Z ) Yk J (.27)
m,(kj*):: (kj*) +(z kj*) yj*)(j, 1<j<N, 0<l<?2N

From (5.27), we see that we have
m,(kj*) = m,(kj)*, 1<j<N,0<I<2N.

We emphasize that we suppress the ¢-dependence in our notation for M(x), A(x), B(x),
and my(k;). It turns out that the potential Q is determined by Ayy_;(x) alone, and the
potential P is determined by A;y_;(x) and A;y_,(x) only. The remaining entries A;(x) for
0 <j < 2N-3, along with Ayy_1(x) and A,n_,(x), are used to construct the basic solutions
f(k,x), g(k,x), m(k,x), and n(k,x) to (2.8) given in (5.11)-(5.14). It is understood that,
when N = 1, we only have A;(x) and A,(x) and those two quantities determine both the
potentials and the basic solutions.
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In order to determine 4;(x) for 0 < j < 2N -1, we solve the linear system in (5.24)
and obtain A(x) as

Ax) = -M(0) ™ B(X). (5.28)
From (5.28), we recover A,y_;(x) and A,y_»(x), respectively, as

Apn)==[1 0 0 --- 0]MX) 'B(x), (5.29)
Apno)==[0 1 0 - 0]MX) 'B(x), (5.30)

where the row vector in (5.29) has 1in its first entry and the zeros in each of the remain-
ing 2N - 1 entries. Similarly, the row vector in (5.30) has 1 in its second entry and the
zeros in all the remaining entries. By using (15) on p. 12 of [9], from (5.29) and (5.30) we
obtain A,y_;(x) and A,y_»(x) as the ratio of two determinants as

0 1 0 O 0
A (0 det[ B(Y) M() ]
_4(X) = ,
AN det [M(x)]
01 0 0
A0 dEt[ B(Y) M) ]
_9(X) = .
N2 det [M(x)]

Alternatively, by using Cramer’s rule [15], from (5.24) we get

_ det[M;(x)]

AN (X) = 7det[M(x)] ) (5.31)
~ det{My(0)]

An_o(x) = 7det[M Ik (5.32)

Here, M;(x) denotes the 2N x 2N matrix obtained by replacing the first column of the
matrix M(x) with the column vector B(x), and M, (x) denotes the 2Nx2N matrix obtained
by replacing the second column of M(x) with B(x).

In order to solve the inverse scattering problem for (2.8) in the reflectionless case,
we recall that we use the input data set {n;, yj}}il, which allows a unique determination
of the potentials Q and P. From (5.27), we see that all entries in the matrix M(x) and all
components in the column vector B(x) are uniquely determined by the elements of the
set {n;, yj}jlil. Hence, as shown in (5.28) we uniquely determine A(x) by using the input
data set {;, yj}jlil. In particular, we determine A,y_;(X) and Ayy_»(X) uniquely in terms

of the elements in the input date set {;, yj}jlil.
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Having determined A,y_;(x) and A,y_»(x) uniquely by using the input data set
{nj> yj}jlil, we proceed to determine the potentials Q and P appearing in (2.8). Using (5.2),
(5.11), and (5.13), we obtain the asymptotics of f(k, x) as k — oo in Q, as

£k, x) = ekx[l N A2N71(I)<() -IN . AgN_o(X) - ZI}I{?ZN—l(X) + 1y N O<%>] (5.33)

and the asymptotics of g(k, x) as k — oo in Q, as

2(k,X) = ekx[1+ AN (X) + Iy N Apn_g(X) + EnAgn_(X) + Iy +O< 1 >] (534)

k K2 K®
We note that ITy appearing in (5.33) and (5.34) is the constant defined as

Iy :=ki(ky + k{ +--+ky +ky) + ki (k) + kg + - + ky + ky)
+hy(ky +ky +--+ ky + ky) + - + ky(ky + ky) + ky(ky)s

and we recall that Zy is the constant defined in (5.3). Comparing (3.7) with (5.33) and
comparing (3.8) with (5.34), we obtain

Uy (x) = Agn_1 (0 — 2y (5.35)
V1(X) = Aon_1(X) + s (5.36)
Uy (X) = Agn_o(X) — ENAgn_1(X) + I, (5.37)
Vy(X) = Agn_a(X) + EnAgn_1(X) + [y. (5.38)

With the help of (3.15)-(3.18) and (5.35)—(5.38), we get

dAyn_1(x
QL) = —32le(), (539)
dAN1(0) @A 100 dAgn (%)
P(x) = 3<A2N,1(x) zle - (211;‘(21 - ZZXZ > (5.40)
Since Ayy_q(x) and Ayy_,(x) are uniquely determined by the input data set {n;, y; }jlil, we

see from (5.39) and (5.40) that the same input data set uniquely determines the potentials
Q and P appearing in (2.8). With the help of the first lines of (3.4) and (3.5), from (5.33)
and (5.34), we obtain the spacial asymptotics given by

X111’+n AZN—I(X) = iZN, (5.41)
. _ v _
Xlirinm Ao (x) = Iy - y. (5.42)

We remark that the determinants of the matrices M(x), M;(x), and M,(x) appear-
ing in (5.31) and (5.32) have various useful properties. Next, we elaborate on some of
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those properties. For example, the determinant of M;(x) is determined in terms of the
determinant of M(x) as

d det[M(x)]

det[M;(x)] = Zy det[M(x)] + o (5.43)
which enables us to write (5.31) in the equivalent form as
e e p—— L (5.44)

det[M(x)] dx

Consequently, using (5.44) on the right-hand side of (5.39), we express Q in terms of the
determinant of M(x) as

(5.45)

o) =3 d < 1 ddet[M(x)] )

dx \ det[M(x)] dx

As seen from (5.22) and (5.25)—(5.27), the appearance of the parameters x and t is
restricted through the quantities X appearing in (5.20). In fact, from (5.25)-(5.27) we ob-
serve that each of the determinants of the matrices M(x), M, (x), and M,(x) is a polyno-
mial of degree 2N in the N real-valued variables y;, ..., yn- Because of the specific ap-
pearance of k; and kj* in(5.2) for1 <j < N, the variables y;, ..., x appear on those three
determinants in a symmetrical way. Each variable y; appears in the polynomial at most
quadratically. The aforementioned symmetry allows us to determine the coefficients in
those polynomials explicitly in terms of the parameters in the set {k;, k]-* »Vj> yj* }}i ;- For ex-
ample, if we determine the coefficient of the term y; in the polynomial, then we also get
the coefficient of each x; by exploiting the aforementioned symmetry. By setting y; = 0
for 2 <j < N, from (5.25), we get

KN4 (2k) ™ Yy o kirzkiyin 1+vin
KON ECON i - K +2Kn 1+vin
det[M(x)] = det : : : , (5.46)
JN e ky 1
()21 o K 1

which can be written as
det[M(x)] = ag + ay )y + ap X3 (547

where the coefficients ay, a;;, and ay, are explicitly expressed in terms of the parameters

in the set {k;, k", y;, ¥} }jlil. The coefficient q, is obtained by letting y; = 0 in (5.46), from
which we have
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KN ENTE L g 1
(kl*)ZN—l (kl*)ZN—Z . kl* 1
a, = det : : CTE T (5.48)
KN N k1
(k;\})ZNfl (k§)2N72 . k;\} 1

The right-hand side in (5.48) is related to a Vandermonde determinant, and we write
(5.48) as

(10 = V(kl, kl*’ kz, kZ*’ ceey kN’ k;}), (549)
where the Vandermonde coefficient on the right-hand side of (5.49) is defined as

V(@ @y, 3,0y, Gy 1, 03p) =[] (@ - a). (5.50)
1<j<I<2p

We write (5.49) as
Qo = Upo> (5.51)
we recover the coefficient a;; appearing in (5.47) from (5.46) as
ay = Y1 Uyg + Vi Ugy, (5.52)
and we also obtain the coefficient a;, in (5.47) as
(= ViVi Uns (5.53)
where we have defined

Upg = V(ki, ki kg, Ky kg K,
Uyg = V(ky, ki Ky, Ky kg K,
Uy = Viky, 22K Ky Ky Ky K,
Uy = V(zky, 22K Ky o K K-

(5.54)

In a similar manner, by setting y; = 0 for 2 < j < N in the expression for det[My(x)], we
get

det[My(0)] = By + By xa + Bro Xi- (5.55)

During the evaluation of det[M,(x)], we can factor out certain common terms from the
rows of the matrix M,(x) and then evaluate the determinant of the resulting simplified
matrix as a Vandermonde determinant. Hence, in order to express the coefficients Sy,
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Bi1, Prp in (5.55) explicitly in terms of the parameters in the set {k;, k]* Vj» yj* }jlil, itis con-
venient to introduce the modified Vandermonde coefficient V(ay, ay, a3, dy, . . ., gp-1> Azp)
as

V(ay, ay, @z, Ay, . . ., Agp_1, Agp) ::< z a]-a,>V(a1,a2,a3,a4,...,azp,l,azp).
1gj<i<2p

With the help of the modified Vandermonde coefficient, we determine the coefficients
Bos P11> Bz appearing in (5.55) as

Bo = —V(ki, ki’ Ky ky 5. ks k),
B =~y V(eky, ki ko, ks ks k) = vy V(b 22K Ky Ky s Ko K,
Bro = -y Vs V(zky, 2°KS Ky, Ky g, Ky

As mentioned already, the determinant of M(x) is a polynomial of degree 2N in the
N real-valued variables y;, ..., yn- The coefficient of the highest-degree term )(12)(3 “e )(ﬁI
in det[M(x)] is obtained in a manner similar to the evaluation of a;, given in (5.53), and
that coefficient is equal to the quantity given by

N
(H Vi Vi )V(zkl, 7k}, zky, 2K .., 2k, 2K (5.56)
j-1

Since det[M;(x)] is also a polynomial of degree 2N in the N real-valued variables
Xi>--->Xn» @8 In (5.47) and (5.55), by setting x; = 0 for 2 < j < N in the expression
for det[M;(x)], we obtain

det[Ml(X)] = 60 + 611X1 + 612)(12. (557)
With the help of (5.20), (5.43), and (5.47), we evaluate the coefficients in (5.57) as
€ =Iny € =[En+(@-Dkilay, € = [Ey +2(z - Dki]ay,

where we recall that Zy, ay;, and a;, are the quantities in (5.3), (5.52), and (5.53), respec-
tively.

As already indicated, the symmetrical appearance of the quantities k; in (5.2) for
1 < j < N allows us to determine the coefficients of x; and ij in the expressions for
det[M(x)], det[M;(x)], and det[M,(x)]. For example, with y; # 0 if we choose the re-
maining quantities y; as zero for [ # j, then we get the analog of (5.47) as

det[M(X)] = ag + @; x; + @iy ij) (5.58)

where a;; and ;.4 are the analogs of a;; and ay, in (5.52) and (5.53), respectively, and

they are expressed as
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a5 = Yiljo +Vj Uy gy = VjVj Uy 1<) <N, (5.59)

We remark that ¢4, for 2 < j < N is defined in a similar way ¢4,y appearing in the second
line of (5.54) is defined, i.e. by replacing k; appearing on the right-hand side of (5.49)
by zk;. Similarly, 4; is defined in an analogous manner ¢, appearing in the third line
of (5.54) is defined, i.e. by replacing k]* appearing on the right-hand side of (5.49) by
zzk]-*. Likewise, U4 is defined in a similar way 24, appearing in the fourth line of (5.54) is
defined, i.e. by replacing k; and k]* appearing on the right-hand side of (5.49) by zk; and

7 ki, respectively.

6 Soliton solutions to the Sawada-Kotera equation

In Section 5, we have constructed complex-valued solution pairs (Q, P) to the integrable
system (2.6). This is done by solving the inverse scattering problem for (2.8) in the reflec-
tionless case by using as input the bound-state poles of the left transmission coefficient
Ty(k) given in (5.1) and the time-evolved modified bound-state dependency constants.
By using the input data set {k;, yj}jlil, with k; being the quantity in (5.4) and y; being
the complex-valued modified bound-state dependency constant in (5.15), we have con-
structed the potential pair (Q,P) as in (5.39) and (5.40). Since we have used the time
evolution for the dependency constants as specified in (4.5) and (5.18), the resulting
time-evolved potential pair (Q, P) constitutes a solution to the integrable coupled sys-
tem (2.6).

In this section, by imposing the appropriate restriction on the solution pair (Q, P)
appearing in (5.39) and (5.40), we construct the N-soliton solution to the Sawada—Kotera
equation (2.1). It turns out [3] that relevant restriction is accomplished by specifying each
of the ratios s;/r; for 1 < j < N in the input data set {k;, yj}jli1 appropriately in terms of

the elements in the set {kj}jlil or equivalently in the set {nj}le. Here, we use r; and sj to

denote the real and imaginary parts of y;, respectively. Thus, we have

y]=r]+ls], 1S]SN (61)

Because of the symmetrical appearance of the quantities k; in (5.2), for the determination
ofs;/r; for1 < j < N, itis sufficient to determine the explicit expression only for s, /r; and
use the appropriate symmetries to determine the remaining ratios s;/r;. The restrictions
on the ratios s;/rj for 1 < j < N assure that Q is real valued and that we have either
P =0or P = Q,. The resulting real-valued expression for Q contains the 2N real-valued
parameters n; and r; for 1 < j < N, where we recall that n; is related to k; as in (5.4).

In the following steps, we show how the real-valued N-soliton solution Q to (2.1)
expressed in terms of the parameters in the set {n;, rj}]-lil is obtained from the complex-
valued solution pair (Q, P) in (5.39) and (5.40) expressed in terms of the parameters in
the set {r]j, Tjs sj}}‘il.
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When P = 0, by integrating both sides of (5.40) and using (5.41) and (5.42), we write
(5.40) in the equivalent form as

1 2 1

E[AZN—l(X)] — Apn1(0) = Ay o () =TIy — 2 o (6.2)
where we recall that we use a prime to denote the x-derivative. Using (5.32) and
(5.44) in (6.2), after some simplifications, we obtain the expression equivalent to

(6.2), which is given by

ddet[M(x)] d? det[M(x)]
dx dx?

1 <ddet[M(x)] )2
 2det[M(x)] dx '

(Tly — 2%) det[M(x)] + Zy

+ det[My(x)]

(6.3

On the other hand, if P = Q, then (5.39) and (5.40) yield
AN 1 (X) Aoy 4 (X) = Ajy 5 (x) = 0. (6.4)
Integrating both sides of (6.4) and using (5.41) and (5.42), we write (6.4) in the equiv-

alent form as

%[AZN—l(X)]Z —Agnp(X) =TIy —

1.
o3, (65)

Using (5.32) and (5.44) in (6.5), after some simplifications, we write (6.5) in the equiv-
alent form given by

d det[M(x)] . d? det[M(x)]

(Tly - Zx) det[M(x)] + Zy o TR det[M,(x)]
B 1 ddetM(x)] \*
N _Zdet[M(X)]< dx ) ' ©6)

From Section 5, we know that each of det[M(x)] and det[M,(x)] is a polyno-
mial of degree 2N in the N real-valued variables y, ..., yn. Consequently, each of
ddet[M(x)]/dx and d? det[M(x)] /dx2 is also a polynomial of degree 2N in yy, ..., ¥n-
Thus, the left-hand sides of (6.3) and (6.6) are some polynomials of degree 2N in
X1>--->Xn- We remark that the left-hand sides of (6.3) and (6.6) coincide while their
right-hand sides differ by a minus sign. Thus, those right-hand sides must also be
polynomials of degree 2N in x, ..., Xn-

In order to satisfy the restrictions that the right-hand sides of (6.3) and (6.6) must
each be a polynomial of degree 2N in y;, ..., yy, We let

det[M(¥)] = ao[A()], 6.7)
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where q is the constant appearing in (5.47)—(5.49) and A(x) is a polynomial of degree
Ninys,...,xn. The use of a, in (6.7) ensures that A(x) is normalized in the sense that
A(x) = 1when we let y; = 0 for 1 < j < N. Comparing (5.47) with (6.7), we see that, if
we set y; = 0 for 2 <j <N, then A(x) must satisfy

a. a
A =1+ 2y, + 22,2 6.8)
a a

and hence the coefficients a;, ay;, a;, appearing in (5.47) must be related to each
other as

2

@=Gﬂ> 6.9)
a 2ay/) '
or equivalently as

4aq ayy = (ay)". (6.10)

From (5.51)-(5.54) we observe that the constraint (6.10) can be expressed in terms of
the Vandermonde coefficients appearing in (5.54) as

* * 2
AUoo Uy Y1 Vy = Ug V1 + Ut V1) (6.11)
Using (6.1) in (6.11), we write (6.11) in terms of r; and s; as
2

4 Uy, ull(rf + sf) = [Uyg (g + 18y) + Uy (ry = i87)] (6.12)

We divide both sides of (6.12) by rf and write the resulting equality in the equivalent
form expressed as a quadratic equation in s;/r; as

2
21 S L2 2N( S 2
[4Uoo Uy + Uyg — Upy) ](é) ~2i(Uyg - u01)<r_1> + [4Ugo Uy — Uy + Upy) ] = 0.
(6.13)

The two solutions to the quadratic equation (6.13) are given by

)
§1 _ 1 Uy — Uy) + AU Uny Uy Uoy — Uoo Uhy) 6.14)
r AUy Uy + (Uyg — Upy)?

From (5.50) and (5.54), it follows that the denominator on the right-hand side of (6.14)
isreal and nonzero, the quantity inside the square root in the numerator is positive,
and (Z/lfo - ugl) is purely imaginary. Hence, the quadratic equation (6.13) has two
distinct real roots specified in (6.14). In fact, one of them is related to the constraint
regarding the right-hand side of (6.3), and the other is related to the constraint re-
garding the right-hand side of (6.6).
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By exploiting the symmetries existing in (5.47) and (5.58), with the help of (5.59), from
(6.14) we obtain the ratios S; /rj as

o2
5 1 — ) + 4Juhoo Uy W Uy — Uoo Uy)
r 4 Ugo Uyj + Uy — Upp)?

, 1<j<N (6.15)

Asindicated in (e), the two root values appearing on the right-hand side of (6.15) are
real and distinct.

We already know that each of 14y, Uy, Uy, Uj; is determined in terms of the elements
in the set {kj}}il or equivalently in the set {r)]-}]-li1 due to (5.4). From (6.15) we observe
that each ratio s;/r; is uniquely expressed in terms of the elements in {nj}jlil in each
of the cases P = 0 and P = Q,. Thus, each of the quantities (1 + isj/rj) is a constant
uniquely expressed in terms of the elements in the set {r)j}jl\il. Let us write (6.1) as

S4
yj:rj<1+i—]>, 1<j<N. (6.16)

J

Using (6.15) on the right-hand side of (6.16), we express each y; as a product of r; and
a constant determined by the elements of the set {'7]'},'111- By using the right-hand
side of (6.16) on the right-hand side of (5.27), we express all entries of the matrix
M(x) appearing on the right-hand side of (5.25) in terms of the elements in {n;, rj}jl\il.
Using the resulting expression for M(x) on the right-hand side of (5.45), we obtain
the solution Q to (2.1) in terms of the elements in {;, rj}}il.

Alternatively, we obtain Q by proceeding as follows. Using either of the two roots
specified in (6.15), we uniquely determine the quantity A(x) appearing in (6.7) in
terms of the parameters in the set {k;, rj}}\il or equivalently in the set {n;, rj}jlil. Using
(6.7) in (5.45) we recover the solution Q to (2.1) as

o) = 6% < AA’(())(()) )

6.17)

where we recall that the prime is used for the x-derivative and we suppress the
t-dependence in our notation for A(x).

We recall that A(x) is a real-valued polynomial of degree N in the N real variables
X1i>---»Xn- The constant term not containing any of those N variables is equal to 1.
In each term of A(x), a specific x; either does not appear or appears only to the first
power. From (5.51), (5.52), (6.1), and (6.7)-(6.10), it follows that the coefficient of y; in
A(x) is equal to ay1/(2a,), where we have

— = —— [ (U + Uyy) + 1 (U —Up) = |, 6.18
20, 2l (U +Upy) + T (U — Upy) r (6.18)

with the understanding that (6.14) is used for the expression s;/r; appearing on
the right-hand side of (6.18). In a similar way, with the help of (5.58), (5.59), (6.1),
(6.7)-(6.10) it follows that the coefficient of y; is equal to a;/(2a,), where we have
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)

% Uy +U —up2], 1<j<N (6.19)
20 zu Uy + Upy) + 1 (U9 0j)7j» <J<N\, :
with the understanding that (6.15) is used for the expression s;/r; appearing on the
right-hand side of (6.19). The sign of the free real parameter r; is chosen so that the
right-hand side of (6.19) is positive.
We introduce the quantities y; as

yj = g 1<) <N (6.20)
where a;;/(2a,) is given by the right-hand side of (6.19), and we recall that y; is the
quantlty in (5.20). Using (5.4) in (5.20) we get

K=o g < joN, (6.21)

and hence y; remains positive for all real values of x and t. By choosing the sign of
eachr; appropriately so that the right-hand side of (6.19) is positive, we observe from
(6.20) and (6.21) that the quantity y; defined in (6.20) remains positive for1 <j <N
for all x and t. We can then write A(x) as

N
A(X) =1+ ZyJ + Z ]ﬂzyhyjz
j=1 1<), <j,<N

+ Z Ay g A Vi Vi Vs
1)1 <j,<j3<N

+[Ap A An-on Yz Ino (6.22)

where the right-hand side is a polynomial of degree N in y,,y,, ..., yy with the last
term containing the product y, y, - - - yy. We remark that (6.22) is the analog of (32) in
[24]. With the help of (5.56) and (6.7), the double-indexed quantity A; is determined
by the elements in the set {k; }N1 and is given by

(k; = k*(i + K7) .
= —————2——, 1<j<I<N (6.23)
(kj + k)33 — k)

Using (5.4) in (6.23), we can express A;; in terms of the elements of {r]j}}il as

;- >} + )
Aﬂz%, 1<j<l<N (6.24)
j A

We remark that (6.24) is the analog of (33) in [24]. Because the qj-values are distinct,
from (6.24) it follows that A;; is positive. Consequently, from (6.22) we observe that
the quantity A(x) remains positive for all real values of x and ¢, and this assures that
the N-soliton solution Q to (2.1) appearing in (6.17) and containing the 2N real-valued
parameters ); and r; for 1 < j < N does not have any singularities.
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7 Soliton behaviors

In Section 6, we have presented the construction of the N-soliton solution to the Sawada—
Kotera equation (2.1) with the input consisting of the 2N real parameters in the set
{nj» rj}jlil. In this section, we elaborate on the method of Section 6, when N takes the val-
ues of 1, 2, and 3. We remark that in this section we no longer suppress the ¢-dependence
in the relevant quantities.

When N = 1, we use the input data set {1y, r} to have the 1-soliton solution Q(x, t)
via (6.17) by constructing the key quantity A(x, t) appearing in (6.22). In this case, (6.22)
reduces to

ALt =1+, (7.0

where y; is obtained from (6.20) with y; being the quantity we get from (6.21) whenj = 1,
i.e. we have

Xi= e V3me9nio, (7.2)

The coefficient a;;/(2a,) in (6.20) is evaluated with the help of (5.54), (6.14), and (6.18). By
using (5.54) in (6.14), we obtain

ﬁ—{ﬁ’ =0 73)

r 0, P=¢Q,

where the first line on the right-hand side refers to the case P = 0 and the second line
refers to the case P = Q,. Next, using (5.54) and (7.3) in (6.20), we obtain the quantity y,
as

-2r.x., P=0,
Yy = { s (7.4)

X1 p= Qx-

We remark that either of the two lines on the right-hand side of (7.4) yields two equiva-
lent values for y, by restricting the parameter r; in the first line to negative values and
by restricting the parameter r; in the second line to positive values. Using (7.1) and (7.4)
in (6.17), we obtain the 1-soliton solution to (2.1) as

_ 361’117%){12 P=0
— (1-2ry0)*” -7
Q0G0 =7 1512y, oo (7.5)
W) = Qo

where it is understood that r; < 0 in the first line on the right-hand side and r; > 0 in
the second line. We observe that the substitution r; — -r;/2 in the first line yields the
second line in (7.5). Since y; appearing in (7.2) is a function of (x — 9nft), from (7.5) we
see that the 1-soliton Q(x, t) moves from the left to the right with the speed 917;1.



28 =—— T.Aktosun etal.

In Figure 1.3 we show the four snapshotsat ¢t = -2, ¢t = -1,t = 0, and t = 1, respec-
tively, for the 1-soliton solution to (2.1) constructed with the input parameters given hy

(mr) =11, (7.6)

where we use the second line on the right-hand side of (7.5) corresponding to P = Q,.
From (7.5), we see that the same soliton solution can be constructed by using the first
line of the right-hand side of (7.5) with the input parameters 1, and r; given by

1
(’71’ rl) = <1a _E>)

in which case the corresponding P has the value P(x, t) = 0. The 1-soliton solution Q(x, t)
in (7.5) is a real-valued solitary wave moving from the left to the right with the constant
speed 9!]‘11, which is equal to 9 in this particular case. We remark that the 1-soliton be-
havior for the Sawada—Kotera equation (2.1) illustrated in Figure 1.3 is similar to the
behavior [1, 2, 11, 12, 23] of the 1-soliton solution to the KAV equation in the sense that the
soliton moves with a constant speed from the left to the right without changing its shape.

R —

Figure 1.3: The snapshots for the 1-soliton solution Q(x, t) to (2.1) with the parameter values in (7.6) at
t=-2,t=-1,t=0,andt = 1, respectively.

When N = 2, we use the input data set {1y, 5, 14, ;} to construct the 2-soliton solution
Q(x, t) to (2.1) via (6.17) by forming the quantity A(x, t) appearing in (6.22). In this case,
(6.22) yields

A(X, t) = 1 +y1 +_y2 +A12y1y2, (77)

where A, is obtained from (6.24) and the quantities y; and y, are constructed with the
help of (6.15) and (6.18)—(6.21). Using (5.54) in (6.14) and exploiting the symmetrical ap-
pearance of k; and k; in (5.2), we obtain

3 3
s \/;ﬂzz) P=0, s ;/7’112’ P=0,
2 2 mn (7.8)
r REY _ r, _ 3} _ '
wag P= Qo zgg P = Qo

where the first lines on the right-hand sides refer to the case P = 0 and the second lines
refer to the case P = Q,. Next, using (5.54) and (7.8) in (6.18), we obtain the quantity y,
appearing in (6.20) and (7.7) as
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A2 p _
(m-n)@nj+ny) 7 ’ (7.9)
_ (i 2 p 0
(m-n)ni+2ny) > x

Y11=

with y; being the exponential function given in (7.2). Due to the ordering 0 < n; < n,, in
the first line on the right-hand side of (7.9) we use r; < 0 and in the second line we use
ry > 0 so that the quantity y; remains positive for all real values of x and ¢. The value
of y, is obtained with the help of (7.9) by using the replacement (14, 7,,71) = (99, 1, T9)-
Thus, we get

UL SR AL

_ ('71_‘72)('7%*'2'7%) > (7 10)
Y2 = g on e P=0 '
(m=-n)@m+m) x

with y, being the exponential function obtained from (6.21) when j = 2, i.e. we have

¥y = eV3m09m0, (7.10)

In order to have y, to remain positive for all real values of x and ¢, as a result of the
ordering 0 < n; < 1y, we see that we must use r, > 0 in the first line on the right-hand
side of (7.10) and use r, < 0 in the second line.

In Figure 1.4, we show the behavior of the 2-soliton solution corresponding to the
input data set {1y, ny, 14, 7} with the specific values of the parameters given by

2
b bl bl = 1 1 7'12
(N> N> T15T2) (\/— ek > (7.12)

where we use the second lines on the right-hand sides in (7.8)-(7.10) corresponding to
the case P = Q,. Using the method of Section 6, we explicitly construct the 2-soliton
solution with the input data set related to (7.12). Using the values specified in (7.12) as
input to the key quantity A(x, t) appearing in (7.7), we obtain

14 14
Ax,t) =1+ ?Xl +7 ) + 3)(1)(2, (7.13)

where the quantities y; and y, are constructed with the help of (7.2) and (7.11) as

Y= ex—t, X = eZ(x—th)-

Using (7.13) in (6.17), we obtain the solution Q(x, t) to (2.1) as

28),+168 ), + 2801 1o + 22 i o + 203

T 5 ) (7.14)
A+Fx1+7x2 + yXle)

Qx,t) =

with the understanding that we have P(x,t) = Q,(x,t). By exploiting the symmetrical
appearance of k; and k, in (5.2), we determine that we obtain the same Q(x, t) given in
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(7.14) with P(x,t) = 0 if we use not the input values in (7.12) but instead use the input
values given by

1 2 23 )
V3 V3 32/

The left plot in Figure 1.4 shows the snapshot at t = —0.6 when the two solitons are
apart from each other and not yet interacting with each other. The taller soliton has the
speed 16 and is behind the shorter soliton having the speed 1. Both solitons move from
the left to the right. The next plot shows the snapshot at t = —0.2 soon after the beginning
of the nonlinear interactions between the two solitons. The third plot shows the snapshot
att = 0.2, when the nonlinear interactions are about to end. Finally, the right plot shows
the snapshot at t = 0.6, when the two solitons are apart from each other and there are no
longer any interactions. By comparing the four snapshots in Figure 1.4, we observe that,
as a result of the nonlinear interactions, the shorter soliton has been pushed backward
as the taller soliton overtakes that shorter soliton. During the nonlinear interactions the
taller soliton overtakes the shorter soliton. We also remark that, even though we do not
show the snapshot at t = 0 in Figure 1.4, the two solitons at ¢ = 0 in this case overlap in
such a way as if there were a single soliton at that moment. The 2-soliton behavior for
the Sawada—Kotera equation is similar to the 2-soliton behavior for the KdV equation.

(N> N2> T1,T2) = <

Figure 1.4: The snapshots for the 2-soliton solution Q(x, t) to (2.1) with the parameter values in (7.12) at
t=-06,t=-02¢=0.2,and t = 0.6, respectively.

When N = 3, by using the input data set {1, 1y, )5, 71,75, T3}, We construct the 3-soli-
ton solution to (2.1). As explained in Section 6, we first construct the quantity A(x, t) given
in (6.22) and then obtain the 3-soliton solution Q(x, t) via (6.17). When N = 3, from (6.22)
we get

ACGE) =14y + Yy + Y3+ Ap Y1 Yo + Az Y1Y3 + A Yo Y3 + Ap Az Az Y10 Y3 (7.15)

where the coefficients Ay, A3, Ay3 are obtained in terms of 1y, 17y, N3 by using (6.24). We

have
-0’} + ) (-0’ + ) (-1 + 1)
Ap = 3013 _ 3\’ A = 3013 _ 3\’ Ags = 3013 _ 3\
(’71 + ’72) (’71 - '72) (’71 + ’73) (’h - ’73) (’72 + ’73) ('72 - ’73)

We remark that the quantities A;; and A,; can readily be obtained from the quantity
A;, by exploiting the symmetrical appearance of k;, k,, and k3 in (5.2). The quantities y;,
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Y9, Y3 are as in (6.20) with x;, xo, x3 being the exponential functions appearing in (6.21).
Thus, we have
" ) -
Y= 2 X1 Y2 24, X2o V3 24 X3

where the three coefficients a]j/(ZaO) for j = 1,2,3 are obtained with the help of (6.19).
We then construct the 3-soliton solution Q(x, t) by using (7.15) in (6.17).

In Figure 1.5, we illustrate the behavior of the 3-soliton solution corresponding to
the input data set {1, 5, N3, 1, '3, 3} with the parameter values given by

12 3
where we use the case P = Q,. Via the method of Section 6, we explicitly construct the

3-soliton solution with the input data set corresponding to (7.16). For this, we first use
(7.16) in (7.15) and obtain the corresponding A(x, t) as

(N1, N2> N3> 115 T T3) = < 1,-1, —1>, (7.16)

1235 1235 1235

247
AXD =1+ +95)y+ —— X3+ =~ Jade+ —— X3+ 247 Yo Xz + - Xa Mo X3 (717)

where the quantities yy, x5, 3 are obtained with the help of (6.21) and (7.16) as

xX—t 2(x-16¢t)

3(x-81t
xi=¢€¢ , yp=¢ , nge(x ).

The 3-soliton solution Q(x, ) to (2.1) is then constructed by using (7.17) in (6.17).

The left plot in Figure 1.5 shows the snapshot at t = —0.6, when the three solitons
are apart from each other and not yet interacting with each other. The next plot shows
the snapshot at t = —-0.1 near the beginning of the nonlinear interactions among the
three solitons. The third plot shows the snapshot at ¢t = 0.13 near the end of the non-
linear interactions. Finally, the right plot shows the snapshot at t = 0.4, when the three
solitons are apart from each other and they no longer interact. We also observe the fol-
lowing. All three solitons travel from the left to the right. Initially, before the nonlinear
interactions start, they are aligned in such a way that the tallest soliton is behind the
other two solitons, the shortest soliton is ahead of the other two, and the middle-height
soliton is between the other two. Prior to any nonlinear interactions, the tallest soliton
has the speed 81, the middle-height soliton has the speed 16, and the shortest soliton has
the speed 1. During the nonlinear interactions, the tallest soliton overtakes the other two
solitons and the middle-height soliton overtakes the shortest soliton. We further observe
that the shortest soliton has been pushed backward as a result of the nonlinear interac-
tions. In Figure 1.5. we do not show the snapshot at ¢ = 0, but we remark that the three
solitons at t = 0 in this case overlap in such a way as if there were a single soliton at
that moment. The 3-soliton behavior for the Sawada—Kotera equation is similar to the
3-soliton behavior for the KdV equation.
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Figure 1.5: The snapshots for the 3-soliton solution Q(x, t) to (2.1) with the parameter values in (7.16) at
t=-06,t=-0.1,¢t=0.13,and t = 0.4, respectively.

We recall that the input data set with the parameter values in (7.16) yields the quan-
tity A(x,t) in (7.17) and the corresponding 3-soliton solution Q(x,t) to (2.1) via (6.17),
where the associated quantity P(x, t) is related to Q(x, t) as P(x, t) = Q,(x, t). By exploit-
ing the symmetrical appearance of k;, k,, and k5 in (5.2), we construct the same A(x, t) in
(7.17) and hence the same Q(x, t) with the associated quantity P(x, t) satisfying P(x, t) = 0
if we use not the input values in (7.16) but instead use the input values given by

( r,«r)_<ili_§§__>
N> N2> N3 T, 1, 13) = > > Ty .
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