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INVERSE SCHRODINGER SCATTERING ON THE LINE
WITH PARTIAL KNOWLEDGE OF THE POTENTIAL*

TUNCAY AKTOSUNt

Abstract. The one-dimensional Schr6dinger equation is considered when the potential and
its first moment are absolutely integrable. The potential is uniquely constructed in terms of the
scattering data consisting of the reflection coefficient from the right (left) and the knowledge of the
potential on the right (left) half line of the real axis. Hence, neither the bound state energies nor the
bound state norming constants are needed to determine the potential, and in fact these are uniquely
determined by the scattering data. An explicit example is provided. Also considered are two inverse

scattering problems for a generalized Schr6dinger equation with two potentials when the potential to
be recovered is partially known.
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1. Introduction. We consider the one-dimensionM Schr6dinger equation

(.) "(,) + (, x) Q()(, x), x R,

where k is energy, x is the space coordinate, the prime is the derivative with respect
to x, and Q(x) is the potential belonging to L(R), the class of potentials satisfying
f_(1 + xl)IQ(x)l dx < +oc. For such potentials there are two linearly independent
solutions of (1.1), f(k,x) and f(k,x), known as the Jost solutions from the left and
from the right, respectively, satisfying the boundary conditions

e-ixf(k,x) 1 + o(1) and e-if[(k,x) ik + o(1), x +,

(1.2) eixf(k,x) 1 + o(1) and eixf;(k,x) -ik + o(1), x -.
The scattering matrix associated with (1.1) is defined as

(13) S(k)- T(k) R(k)
L(k) T(k)

where T(k) is the transmission coemcient and R(k) and L(k) are the reflection coef-
ficients from the right and from the left, respectively; these coecients appear in the
asymptotics of the Jost solutions in the form

+ o(1) +f,(k,x)- T(k) + T(k)

f<(k,x) T(k) e + T(k) + o(1), x +.

N (xj, wherex0- ,xN+l--Let us partition the real axis R as R Uj=0 Xj+l
+, and xj < Xj+l for j -0,...,N. Defining

0, x
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we can express Q(x) in terms of its fragments Qj,j+l(X) as

N

() ,+().
j=0

Let Sj,j+l(k) denote the scattering matrix associated with the potential Qj,j+(x);
analogous with (1.3) we can write

rj,j-l- lg
Sj,j+l(k) Lj,j+l(k)

where Tj,j+(k) is the transmission coefficient and .[j,j+l(k) and Lj,j+(k) are the
reflection coefficients from the right and from the left, respectively, corresponding to
the potential Qj,j+l(X). When each Q0+(x) is absolutely integrable, it is already
known [Ak92] that S(k) can be written explicitly in terms of S,j+l(k) in the form of
matrix product

(.)

where

A(k) Ao, (k) A1,2(k) AN,N+ (k),

A(k) T() T() T,,+,() T, +,()
L(k) Aj,j+I (k) Lo,o+, (/) 1
r() r(-) T.,+()

It is known [Fa64], [DT79], [Ne80], [Ma86], [CS89] that S(-k) S(k) and
tierS(k) T(k)/T(-k), where the overline denotes the complex conjugation and
det stands for the determinant; we also have

(1.5) R(k) T(-k) + L(-I) T(k) O.

These properties are also satisfied by each SjO+ (k). Hence, it follows that

det A(k) det Aj,+ (k) 1.

In the special case N 2, let us use the following simpler notation. Define

(1.6) Q (x) O(-x) Q(x) and Q2(x) O(x) Q(x),

Where O(x) is the Heaviside function, and let S(k) and S2(k) be the corresponding
scattering matrices for Ql(X) and Q2(x), respectively, given by

(]g) -1 (]g)Sl() L (k) T (k) S2(k) L2(k)

From (1.4) and (1.6)we obtain

T (k) T (k) -T(k)
L() L()
T(k) Tl(-k) T(k)

and hence we have

T() T(-) T()
L,(k)

T(-k) Tz(k) T.(k)

T(k) T2(-k)
R(k) Lu(k) 1 R(k) R2(-k)+ T(k) T2(k) T(k) Tz(-k)

(1.8) TI()
n()-()
T() T.()



INVERSE SCATTERING WITHOUT BOUND STATE INFORMATION 221

Thus, from (1.7) and (1.8) we obtain

(1.9) -l(k) [1 R(k) R2(-k)] T2(k)"
Similarly, we have

(1.10) [L(k) Ll (k)] T (-k)
L.(k) [1 Lj ii=k-)] T (k)"

The bound states associated with Q(x) correspond to the square-integrable solu-
tions of (1.1), and such solutions can occur only at certain discrete negative energies
k -,...,-, where j are distinct and j > 0 for j 1,...,Af and Af is
the number of bound states. At the bound states, the Jost solutions of (1.1) become
linearly dependent, and the ratio

(1.11)

is a nonzero constant known as the norming constant associated with the bound state
of energy -. Instead of the norming constants cj, one can use

y f,(i/3i, z) dx

as norming constants; these are related to each other as [Ma86], [AKV93]

This paper is organized as follows. In 2 we prove that a potential in LI(R) is

uniquely constructed in terms of the scattering data consisting of the reflection co-
efficient from the right (left) and the knowledge of the potential on the right (left)
half line of the real axis. Hence, neither the bound state energies nor the bound s-
tate norming constants are needed to determine the potential, and in fact these are

uniquely determined by the scattering data. In 3 we illustrate our result with an

explicit example. In 4 we consider two inverse scattering problems for a generalized
Schrhdinger equation with two potentials when the potential to be recovered is partial-
ly known; we obtain two theorems on the solution of these inverse problems without
using the bound state data.

2. Inverse problem. The direct scattering problem for (1.1) consists of the
determination of S(k) when Q(x) is known. The inverse scattering problem is about
the construction of Q(z) in terms of the scattering data. In the Ll-class of potentials, it
is already known that Q(z) can be uniquely constructed if the scattering data consist of
one of the reflection coefficients, the bound state energies, and the bound state norming
constants; there are various methods to construct Q(z), such as the Marchcnko method
[Fa64], [Nc80], [Ma86], [CS89], the Gel’fand-Levitan method [Ne80], the trace method
[DT79], and so on.

In this section we show that Q(x) can be uniquely constructed from the scatter-
ing data {R(k), O(x b)Q(x)} or {L(k), O(b- x)Q(x)}, where b is a real constant.
Note that, in order to construct Q(x), neither the bound state energies nor the bound
state norming constants are needed, and in fact both the bound state energies and
the bound state norming constants are uniquely determined in terms of the scatter-
ing data {R(k), O(x b)Q(x)} or {L(k), O(b- x)Q(x)}. The question whether Q(x)
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is dcterrnined by the scattering data consisting of a reflection coefficient, the bound
state energies, and the knowledge of the potential on a half line was communicated to
the author by Ricardo Weder during the International Conference on Differential E-
quations and Mathematical Physics in March 1994 in Birmingham, Alabama. In fact,
in a recent paper, by modifying the trace method of [DT79], Grebert and Weder have
proved [GW95a] that an Ll-potcntial which is piecewisc absolutely continuous and
with derivative in L (R) can be uniquely reconstructed by using the scattering data
consisting of tile reflection coefficient from the right, the bound state energies, and the
knowledge of the potential on the right half line. In this paper we will show that the
bound state energies need not be specified separately, and the unique construction can

be obtained without requiring piccewise absolute continuity and Ll-derivative. As seen

from the proof of Proposition 2, the bound state energies can be obtained by using an

analytic extension from the real axis to the upper half complex plane; for a numerical
reconstruction of the potential, exploiting analytic extension may not be a desirable
choice. One corollary of our result is that the scattering data {R(k), O(z-b)Q(z)} or

{L(k), O(b- z)Q(z)} uniquely determine the bound state energies and the norming
constants associated with Q(z). In order to construct O(b-z) Q(z) using the scattering
data {/(k), O(z- b)Q(z)}, it is sufficient to show that the scattering data uniquely
determine the reflection coefficient, the bound state energies, and the norming con-

stants associated with the potential O(b-z) Q(z). Once these arc known, the potential
O(b-z) Q(z) can uniquely be constructed using one of the inverse scattering methods.
Since there is no loss of generality in choosing b as zero, we will do so in our proofs.

Ricardo Wcder raised the question of whether one can uniquely construct a potcn-
tial in LI (R) by using the scattering data consisting of the bound state energies, the
knowledge of the potential in a finite interval, and either of the reflection coefficients.
Note that when the bound state energies and either one of the reflection coefficients
arc given as the scattering data, we can construct a potential containing A/arbitrary
parameters, namcly the unspecified norming constants c1,..., cv. If the knowledge of
the potential in a finite interval gives enough algebraic equations to determine the
arbitrary parameters, the potential can bc constructed uniquely, and in 3 we provide
an explicit example for this construction. However, the answer to Wcdcr’s question
is in general negative, and for this Grcbcrt and Wcder constructed [GW95b] two dis-
tinct potentials of at least two bound states such that these two potentials have the
same reflection coefficient and tile same bound state energies and arc both equal to
the same (negative constant) value in the interval (0, 1). Grcbcrt and Weder have also
proved [GW95b] that a potential with one bound state is uniquely determined by one

reflection coefficient, the bound state energy, and the knowledge of the potential in a

finite interval provided that the value of the potential is not a constant in this interval.
Let C+ denote the upper (lower) half complex plane, and let us use C+ to denote

C+/-U R. Recall that by S(k) and S2(k) we denote the scattering matrices corre-

sponding to the potentials Q1 (z) and Q2(z), respectively, defined in (1.6). It is known
[DT79], [AKV93] that R (k)/T. (k) and Lz(k)/T(k) can be extended from the real
axis R to C+ in an analytic manner and R(k)/TI (k) 0 and L2(k)/T2(k) --, 0 as

k - oc in C+. Thus, the analytic extensions of/.(k)/T(k) and Lz(k)/T.(k) in C+

are completely determined by their values on the real axis. The poles of T (k) in C+
correspond to the bound states for ()(z) and the poles of T.(k) in C+ correspond
to the bound states for Qz(z). Let the bound state energies for Q(z) be given by
kz -/,1, ,- ,v, where .,.i arc distinct and/,.i > 0 for j 1,... ,A/ and
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is the number of bound states for Q(x); similarly, let the bound state energies for
Q2(x) be given by k2 -/,1, 2"",-/2,,2, where /,j are distinct and ,j > 0 for
j 1,..., A/ and A/’,2 is the number of bound states for Q. The following proposition
shows that, for potentials vanishing on the right (left) half line, the meromorphic ex-
tension of the reflection coefficient from the right (left) has simple poles at the bound
states coinciding with the poles of the transmission coefficients.

PROPOSITION 1. For the potential Q(x) defined in (1.6), the ratio Rl(k)/Tl(k)
cannot vanish at k i/,j for j 1,... ,JV’; hence the poles of T(k) and R(k) in
C-/ coincide. Similarly, ]’or the potential Q.(x) defined in (1.6), L2(k)/T(k) cannot
vanish at k i,. for j 1,...,Aft; hence the poles of T(k) and L(k) in C+
coincide.

Proof. We will give the proof for RI(k)/TI (k)only because the proof for the ratio

L(k)/Tv.(k) is similar. Let y,(k, x) and f,,.(k, x) be the Jost solutions corresponding
to Q (x). For x _> 0, we have

At the bound state k i,j we have 1/T(i,j) O. Thus, if R, (k)/T (k) were zero
at k i/,j, that would mean f,,(i[3,j,z) 0 for x >_ 0; however, by (1.2) this is
not possible because the two Jost solutions f,z(k,x) and f,(k,z) arc proportional
to each other at k i/,j independently of the z value.

It is already known that the bound state norming constants are not needed to con-
struct a potential whose support contained in a half line [AKV93], [Ak94], [GW95a],
[RS94]. The next proposition shows that the bound state energies and norming con-
stants for a potential whose support contained on the right (left) half line are unique-
ly determined by the reflection coefficient from the left (right) corresponding to this
potential.

PROPOSITION 2. The bound state energies and norming constants for the poten-
tial Q(z) defined in (1.6) are determined by/l(k) alone. Similarly, the bound state
energies and norming constants for the potential Q(x) defined in (1.6) are determined
by L k alone.

Proof. We will prove only the first sentence of the proposition because the proof
of the second sentence is similar to that of the first. Define [DT79]

(1 f_ log(1-[_R(w)[)dw)T1,0(k)-exp - w-k-J0

The transmission coefficient for the potential Q1 (X) is given by

Thus, we have

As seen from Proposition 1, R(k)/Tl(k) does not vanish at k ix,j and hence

{i/,j}.__ can be obtained as simple poles in C+ of (I(k))/(T,o(k)), which are
constructed by Rx(k) tbr k R. Hence the bound state energies are determined by
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alone. Once {{/I,j}Afl are known, Tl(k) is obtained as in (2.1). We then haveRl(k)
the bound state norming constants

(2.2) C/1.
1:1 (i/l,j)

which is constructed in terms of _Rl(k) alone because T1 (k) is determined by _R1 (k)
alone.

The bound state energies for Q (z) cannot be determined by L1 (k) alone. Simi-
larly, the bound state energies for Q.(z) cannot be determined by R2(k) alone. From
(1.5) we have Ll(k)/Tl(k) -Rl(-k)/Tl(-k), and hence L(k)/Tl(k) can be ex-
tended from the real axis R to C- in an analytic manner and Ll(k)/Tl(k) 0 as

k - oc in C-. However, the analytic extension to C- does not allow us to predict
the bound state energies. For example,

1 k+i
L(k) 2k. + l k_

may correspond to a potential with one bound state at energy k -1/2, in which
CaSe

e(+i)(2.3) R(k) -2k +1, Tl(k) 2k. +1

_Se.x
Q(x)

( + d) O(-x).

On the other hand, the same Ll(k) may correspond to a potential with no bound
states, in which case

(2.4)
-t- 3’ T1

-nt-- 2’

-16e2 + (8 + 6x/-)e/-x + (4 2x/)e(+/) ]
4 + 4e2 (3 + 2x/)e’/ (3 2x/)e(e+’/) J

in practice, in the recovery of a potential with support contained on the left (right) line,
it is more appropriate to use the reflection coefficient from the right (left) because the
measuring instruments are expected to be placed outside the potential being probed.

The following corollary recently announced in [Ak94] states that an L-potential
with support on the left (right) half line is uniquely determined by its reflection coef-
ficient from the right (left).

COROLLARY 3. The potential Ql(X) defined in (1.6) is uniquely determined by
tl(k), and Q(x) is uniquely determined by L(k).

Proof. As shown in Proposition 2, Rl(k) uniquely determines the bound state
energies and norming constants for Q(x), and hence one can use the Marchenko
method or one of the other inverse scattering methods to obtain Q(x) uniquely.
Similarly, L(k) uniquely determines the bound state energies and norming constants
for Q.(x), and hence it uniquely determines Q2(x).

THEOREM 4. An Ll-potential is uniquely determined by its reflection coefficient
from the right (left) and the knowledge of this potential on the right (left) half line.

Proof. There is no loss of generality in choosing the half lines as R- (-oc, 0)
and R+ (0, +oc). Hence, it is sufficient to prove that the potential Q(x) given
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in (1.6)is uniquely determined by _R(k) and Q(z); similarly, Q.(z) is uniquely de-
termined by L(k) and Q (z). Note that Q(z) uniquely determines T(k) and R2(k).
Then from (1.9) we see that Q(z) and R(k) determine Rl(k). However, from Corol-
lary 3 we see that R(k) uniquely deermines Q(z). Hence, using (1.6) we see that
R(k) and Q(z) together uniquely determine Q(z). Similarly, using (1.10), one can
show that Q(z) is uniquely determined by L(k) and Q (z).. Examples. In this section we first present an example to illustrate the result
of Theorem 4. Later we present an example of unique reconstruction of a potential in
terms of the scattering data consisting of the bound state energies, the knowledge of
the potential on a set of nonzero measure, and either of the reflection coecients.

Ezample 1. In this example, we uniquely reconstruct the potential in terms of
the scattering data consisting of R(k) and Q(z), where the notation of (1.6) is used.
As our scattering data let us use

-1 -4e-n()- + ’ ()-
( +-)

The scattering matrix corresponding to the potential Q(z) is given by

-1 +/ (+ i/)C()- 4 + 1’ n()- 4 + - i/’
T()- + /4

Then using (1.9) we obtain

3 +/
+ /4 + /()

Using Proposition 1, we see that QI(Z) has a bound state at k i7, which is the zero
of the denominator of Rl(k) in C+, where

52/3 51/3
a +(4+ a)-l/ +(4+ a)l/ 0.av969s

We can then construct Tl(k) as

(- /a)4r()
+ / + i/()

From (2.2), as the norming constant of Q (x), we obtain, +/a
/a

Then, using the method of [Ak86] we obtain

where

1()

WI(X)- _4(?2x _}_ -(/ nu 1)2ev +
4-2 +

5

W,(x) 1 + e
1 1-(x/ + 1)e/z -(x/5 1)e/x+"
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Example 2. in this example, we uniquely reconstruct the potential in terms of the
scattering data consisting of the bound state energies, the reflection coefficient R(k),
and the knowledge of the potential on a set of nonzero measure. As our scattering
data let us use

1 k+2i 1
/(k)

2k2 -+- 1 k- 2i’ /1 h/-’ 2 2,

(3.1) [O(x) O(x 1)]Q(x) G(x),
where

F(x) =(4 +
4(22x/- 25) e_sz_,j (288- 128x/)e-4x-2/z+ 7

G(x) 1 (2x/ -+- 1)e-x/ + e-4
7

Using (2.1) we construct the transmission coefficient

e( +i) + eT(k)
2k2 +1 k- 2i"

Using the method of [Ak86] we then construct the potential containing two arbitrary
parameters cl and c2 defined as in (1.11). We have

d
(S.) Q()

PI( ) 8+9 8

14
[(X -F 1)Cl -F 1]e-x/-x -F - (12c2 -F 1)e-4x

4-v 
14

(12c + 1)[(x/ + 1)Cl + lie-4z-v/x,

where

1
(12c. + 1)e-4zP,(x) --1-

9 + 4x/- [(x/ + 1)Cl + lie-vx +28
9-4____ (12c2 -F 1)[(x/ + 1)Cl -+- 1]e-4x-vx.

196

Comparing (3.1) and (3.2) we see that we need to have c 21 13x/ and c2 1/2.
Thus, Q(x) is uniquely obtained for x > 0 by using these particular values in (3.2).
Knowing R(k),/1, 2, c1, and c2, we can then construct Q(x) for x < 0 to obtain

Q(x)
LPn(x)

x < 0,

where

1474x/- 432
P3 (z) 12e + 24e4- 12e6+

23217 16300V/
53292- 37434x/ ,x+/e’J-x +
23217 16300/

e

35844 19158x/ e4z+x/-z
_

648840 458666x/ a+
23217 16300 23217 16300x/

e
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4. A generalized Schrhdinger equation. In this section we obtain an ana-
logue of Theorem 4 for two inverse scattering problems related to the generalized
Schrhdingcr equation

(4.1) "(k,x) + k2H(x)(k,x) Q(x) (k,x), x E R,

where Q E L(R), H(x) is a strictly positive function satisfying H(x) - H+/- as
x -+-oc for some positive constants H+/-, 2HH"- 3(H’) L(R), and H+/- H
LI(R+/-). This equation describes wave propagation in a one-dimensional nonhomoge-
neous medium where 1/H(x) is the wavcspeed and Q(x) is the restoring force per unit

length. It is already known that the number of bound states for (4.1) is independent
of H(x) and equal to the number of bound states for (4.1) with H(x) 1 [AKV92a];
the bound state energies, however, arc affected by H(x).

Under the Liouvillc transformation

(4.2) () d H(),

we can transform (4.1) into the Schrhdinger equation

(4.3)
dc)(k’ y) + k(k y) V(y) (k, y)
@2

where

H"() 3 H’() ()
(4.4) V(y(x))

2H(x)3 4 H(x)4 H(x)2"

Let gt(k, y) and g,(k, y) be the Jost solutions from the left and from the right, respec-
tively, of (4.3). Let or(k) be the associated scattering matrix for (4.3), namely,

o-(k)- [z-(k) p(k)]
where -(k) is the transmission coefficient and p(k) and t(k) are the reflection coeffi-
cients from the left and from the right, respectively. We then have

y --OO,

1 e_i p(k)
gr(k, y) (k) + + o(1),

e-iv + o(1), y - -c.

The square-integrable solutions of (4.1) are the bound state solutions. Such solu-
tions may occur only at certain discrete, negative values of k2. If (4.1) has Af bound
states with energies k2 -/3, the transmission coefficient r(k) has simple poles at

k i/3j on the positive imaginary axis in C+ for j 1,... ,A.
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The Jost solutions of (4.1), Fl(k,x) from the left and F(k,x) from the right,
respectively, satisfy the boundary conditions

ei-r-/+ + o(1), z --+

Fl(k, z) 1 eight_ + l(k) i/_/_

t(k) t-e- + o(1),

where t,r(k) and h(k) are the transmission coefficients from the left and from the right,
respectively, and l(k) and r(k) are the reflection coefficients from the left and from
the right, respectively. Let s(k) denote the scattering matrix associated with (4.1);
we then have

We then have
(.)

-()

where

() t,()

h(k)eiA
H_

t()ea,

(4.6) A+/- + J0 [/+/- ()]’

A A+ + A_ s [_ ()] + [+ ()].

There are two inverse scattering problems related to (4.1). The first one is to
recover Q(z) in terms of the scattering data consisting of H(z), either of r(k) or/(k),
the bound state energies and norming constants; this problem was studied and solved
in [AKV92a]. The second inverse problem is to recover H(x) from the scattering data
consisting of Q(x), either of r(k) or l(k), either of H+, the bound state energies and
norming constants; this problem was studied and solved in [AKV92b]. We note that
we cannot simultaneously determine both Q(x) and H(x) uniquely from the scattering
data consisting of either of r(k) or l(k), either of H+, the bound state energies and
norming constants. To illustrate this let us use the scattering data with r(k) 0 and
a fixed H+, and having no bound states. One set of Q(x) and H(x) for the stated
scattering data is given by

O(:)

_
5() +

8V/lg-2x
0(),

H(x)-H+( x/-e--2)x/+e_2x O(x)+H+( v/--l)x/+l
2

0(-),
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with the Jost solution from the left

x<0.

Another pair of Q(x) and H(x) for the stated scattering data is given by

() -45e() + 0(-),

H(.) H+ 0(.) + m g5 + 5-
v/-i v+e

2

0(-),

with the Jost solution from the right

+lexp
v/- 1 \ /

S( ) 45 + /5 + - +_e2x
exp ikH+ -1 + e’

x<0.

We will now consider the two inverse problems when the scattering data contain
neither the bound state energies nor the norming constants but do contain partial
knowledge of the potential to be reconstructed.

THEOREM 5. The quantity Q(x) in (4.1) is uniquely reconstructed in terms of the
scattering data consisting of H(x), r(k), and the knowledge of Q(x) on the right half
line. Similarly, Q(x) is uniquely reconstructed in terms of the scattering data consist-

ing of H(x), l(k), and the knowledge of Q(x) on the left half line. Either scattering
data uniquely determine the bound state energies and norming constants.

Proof. We will omit the proof of the second statement of the theorem because it
is similar to the proof of the first. There is no loss of generality in choosing the right
half line as R+. From (4.5) and (4.6), using r(k) and H(x), we can construct the right
reflection coefficient p(k) corresponding to the potential V(y) given in (4.4). Since we
know Q(x) and H(x) for x E R+, we can construct the transmission coefficient we(k)
and the reflection coefficient p2(k) corresponding to the potential V(y)O(y). Let Pl (k)
be the reflection coefficient for the potential V(y)O(-y). Using the analogue of (1.9)
given by

b()- .()] (-)() [ ()(-)] -()

we can construct p(k). By Corollary 3, V(y)O(-y) is uniquely determined by pl (k).
Then from (4.4) we can construct Q(x) for x E R- because the scattering da-
ta contain H(x) for x R-. Clearly, the bound state energies and norming con-
stants are uniquely determined because H(x) and Q(x) are now uniquely known for
xR. [
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THEOREM 6. The quantity H(x) in (4.1) is uniquely reconstructed in terms of the
scattering data consisting of Q(x), r(k), and the knowledge of H(x) on the right half
line. Similarly, H(x) is uniquely reconstructed in terms of the scattering data consist-
ing of Q(x), l(k), and the knowledge of H(x) on the left half line. Either scattering
data uniquely determine the bound state energies and norming constants.

Proof. We will omit the proof of the second statement of the theorem because it
is similar to the proof of the first. Again, there is no loss of generality in choosing the
right half lines as R+. As in the proof of Theorem 5, V(y) is determined by p(k) and
tim knowledge of Q(x) and H(x) for x E R+. At k 0, the Jost solutions of (4.1) and
those of (4.3) are related to each other by [AKV95]"

v/H(.) v/H_

Then we can obtain y(x) by solving the first-order separable differential equation

dy
H+

g(O, y)
dx F(O,x)

with the initial condition y(O) O. Then H(x) dy/dx gives us the potential H(x)
for x E R-. Clearly, the bound state energies and norming constants are uniquely
determined because H(x) and Q(x) are now uniquely known for x
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