
Why do we need so many CT modalities?

Different: contrast, resolution, stability, safety, cost.

Different modalities “see” different things.

X-ray, SPECT, PET - high resolution, stable, not safe, ex-

pensive.

Optical, electrical impedance - high contrast, low resolution,

unstable, safe, cheap.

Ultrasound - high resolution, stable, low contrast, safe, cheap.



2. New hybrid techniques. Thermoacoustic Tomography

(TAT) and its sibling Photoacoustic Tomography (PAT)

S - observation surface

Goal: recover EM energy absorption f(x). Cancerous

cells absorb several times more energy than the healthy ones

⇒ high contrast. Also high resolution of ultrasound.



3. Mathematics of TAT






ptt = c2(x)∆xp, t ≥ 0, x ∈ R
3

p(x,0) = f(x), pt(x,0) = 0,
p(y, t) = g(y, t) for y ∈ S, t ≥ 0.

c(x) - speed of sound; g(y, t) - measured data, S - observation

surface. One needs to recover f from g.

WHY IS THIS PROBLEM SOLVABLE?



When c = 1, equivalent to inversion of restricted spherical

mean Radon transform:

RSf(p, r) = ω−1
∫

|y−p|=r
f(y)dσ(y), p ∈ S, r ≥ 0.

We will assume that supp f - compact, S closed. There is

uniqueness of reconstruction then.



4. Possibility of reconstruction

Linear operator R : f 7→ g transforms the image into the

measured data.

Q.: Can one uniquely reconstruct f from g = Rf?

A.1: If S is closed - yes, even for a variable speed (PK ’93,

Agranovsky-PK ’07).

A.2: 2D and constant speed - yes for S that does not fit

into a Coxeter cross
⋃

finite set (Agranovsky-Quinto ’96):

Coxeter cross



A.3: 3D and constant speed - conjectured yes, if S does

not fit into the cone of zeros of a homogeneous harmonic

polynomial
⋃

algebraic set of codimension ≥ 2.



5. Inversion formulas and procedures

Three types of reconstruction methods

• Filtered backprojection (FBP) formulas (Finch-Patch-

Rakesh ’04, Xu-Wang ’05, Finch-Haltmeier-Rakesh ’06, Kun-

yansky ’06, Nguyen ’09)

f(y) = − 1
8π2∆y

∫

S
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dA(z),
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Known for constant speed and S - sphere. Incorrect re-

constructions when f is supported (even partially) outside

S.



• Eigenfunctions series expansions (Kunyansky ’06, Agranovsky-

PK ’07)

B - interior of S, ψk(x), λ
2
k - eigenfunctions and eigenvalues

of A = −c2(x)∆ in B with Dirichlet conditions on S, E - har-

monic extension from S to interior. Speed c-non-trapping.

f(x) = (Eg|t=0) −

∞∫

0

(A)−
1
2 sin (τ (A)

1
2)E(gtt)(x, τ)dτ.

Series expansion

f(x)|B =
∑

k
fkψk(x),

fk = −λ−1
k

∞∫

0

∫

S
sin (λkt)g(x, t)

∂ψk
∂ν (x)dxdt.



• Time reversal (Finch-Patch-Rakesh ’04, Burgholzer et al

’07, Hristova-PK-Nguyen ’08)

Choose T so large that p(x, T) is small inside S. Solve back

in time





ptt = c2(x)∆xp, t ≥ 0, x ∈ R
3

p(x, T) = 0, pt(x, T) = 0,
p(y, t) = g(y, t) for y ∈ S, t ≥ 0.

to find at t = 0 an approximation for f(x) = p(x,0).

Exact only when dimension n > 1 is odd and speed is con-

stant. Works approximately, best in odd dimensions and with

non-trapping speed.

Works for any shape of S, any speed and support of the

image that might be reaching outside S.



Time reversal reconstruction of Shepp-Logan phantom



FBP reconstruction of a physical phantom.



6. Non-trapping H = c2(x)
2 |ξ|2:






x′t =
∂H
∂ξ = c2(x)ξ

ξ′t = −∂H
∂x = −1

2∇
(
c2(x)

)
|ξ|2

x|t=0 = x0, ξ|t=0 = ξ0.

Solutions - bicharacteristics, their projections to Rnx - rays.

Non-trapping: Rays (with ξ0 6= 0) tend to ∞ when t→ ∞.

Non-trapping ⇒ decay and eventual smoothing in any com-

pact region.

“Crater” speed c(x) = |x| for r1 < |x| < r2 is trapping for

r1 < |x0| < r2, ξ0 ⊥ x0.



7. Stability

Stability: “small” errors in the reconstruction due to “small”

errors in data.

All tomographic problems are unstable to various degrees.

X-ray, emission, MRI - rather stable, optical and electrical

impedance - extremely unstable.

Reconstruction with full data and non-trapping speed is suf-

ficiently stable (comparable to X-ray CT scan).



8. Limited view

• Constant speed (PK-Lancaster-Mogilevsky ’96, Louis-Quinto

’00, Xu-Wang-Ambartsoumian-PK ’04, ’09)

The parts unstable to reconstruct are blurred.



• Variable speed and “full view” (Hristova-PK-Nguyen ’08)

Phantom and time reversal reconstructions (T = 4,6).

“Limited view” blurring due to trapping.



9. Finding the sound speed

What if we get the speed wrong?

Phantom, sound speed, and their overlap.

Reconstructions: correct (left) and average (right) speed.



Can one find the speed?

Transmission ultrasound tomography before TAT finds the

speed approximately (Xu-Wang).

Q.: Can one find the speed c and the image f from the same

TAT data?

A.: ??

Successful numerical experiments (Anastasio-Zhang ’06).

If f is supported strictly inside S, a constant speed is deter-

mined uniquely (PK-Nguyen ’08).

If f is supported inside S, the range conditions (Agranovsky-

PK-Quinto ’07) locally uniquely determine the coefficient α

in speed αc(x) (PK-Nguyen ’08).



10. Range descriptions

Radon’s range is of ∞ co-dimension. Knowing the range is

useful (error correction, incomplete data, etc.).

For standard Radon: for any integer k ≥ 0,

Gk(ω) =

∞∫

−∞

skg(ω, s)ds

is a homogeneous polynomial of degree k.



S - sphere. Range conditions for RS? Moment conditions

(Lin& Pinkus ’93, Agranovsky& Quinto ’96, Patch ’04) on

data g(p, r) = RSf(p, r) (p - center, r - radius): for any

integer k ≥ 0,

Gk(ω) =

∞∫

0

r2kg(p, r)dr

is a (non-homogeneous) polynomial of degree at most k. In-

complete set of moment conditions.

Complete conditions in:

• 2D (Ambartsoumian & P. K ’05),

• odd dimensions (D. Finch & Rakesh, 05),

• any dimension (various descriptions) (Agranovsky & P. K.&

Quinto, ’06, Agranovsky&Finch&PK ’09). Relations to PDEs

and spectral theory.



Spherical mean operator G(x, t) = ω−1 ∫
|x−y|=t f(y)dS(y).

Measured g = Rf = G||x|=1.

B = unit ball. S = unit sphere. C = cylinder B × [0,2].

G satisfies Darboux equation

Gtt + (d− 1)t−1Gt = ∆xG

Inside C, G vanishes when t ≥ 2.



Theorem 1. (Agranovsky&PK&Quinto ’07, Agranovsky &Finch

&PK ’09) The following four statements are equivalent:

(a) The function g ∈ C∞
0 (S × [0,2]) is representable as Rf for

some f ∈ C∞
0 (B).

(b) The solution G(x, t) of the interior Darboux problem sat-

isfies the condition

lim
t→0

∫

B

∂G

∂t
(x, t)φ(x)dx = 0

for any eigenfunction φ(x) of the Dirichlet Laplacian in B.



(c) Let −λ2 – eigenvalue of Dirichlet Laplacian in B, ψλ –

corresponding eigenfunction. Then the following orthog-

onality condition is satisfied:
∫

S×[0,2]

g(x, t)∂νψλ(x)jn/2−1(λt)t
n−1dxdt = 0.

(d) Let ĝ(x, λ) =
∫
g(x, t)jn/2−1(λt)t

n−1dt. Then, for any m ∈

Z, the mth spherical harmonic term ĝm(x, λ) of ĝ(x, λ) van-

ishes at non-zero zeros of Bessel function Jm+n/2−1(λ).



Theorem 2. (Agranovsky&PK&Quinto ’07)

(a) The range descriptions work in Sobolev scale Hs 7→ Hs+(d−1)/2

(uses recent results by Palamodov).

(b) The range conditions (except the ones using Bessel func-

tions) are necessary in arbitrary domain.




